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Dedication

Formyteacheremeritusinabsentia

AugustusDeMorgan
1806-1871

Ihaveasoftplaceinmyheartfor
AugustusDeMorganand,forthesamereason,KarlMarx.
Whenthesemenlosttheirfavoritegrowndaughters,

theyprettymuchjustcurledupanddied.
AsEinsteinnoted,weshouldhavecompassionforeveryone.

Watchwords

Mathematicsisindependentofanyotherbranchofknowledge.
Itisautonomous,andinitselfmustbesought
itsnature,itsstructure,itslawsofbeing.

--JamesByrnieShaw

Mathematicsisananthropologicalactivity.
--LudwigWittgenstein
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TheCore

Inthestudyofalanguage,whenyouhaveacquiredthemostcommon1200-1500words
andtheirusage(conjugation,etc.),youhavethecoreofthatlanguage--abouttwo-thirds
ofitbyvolume.Thesewordstakeuptwo-thirdsoftheaveragepageprintedinthat
language.Whenyouhavethecore,thelanguagebecomesintelligibleandyoumoveonto
vocabularybuildingandadvancedgrammaracquisition.

Thesameideaofacoreappliestoanydiscipline,includingmathematics.Youcanacquire
thecoreofmathematicsand,fromthatfoundation,expandyourunderstandingfroman
adequatebasis.Withthecore,thelanguageitselfbecomesintelligibleandyoumoveonto
vocabularybuildingandadvancedgrammar.Sowhatdoyouneedinordertohavethe
coreofmathematics?YouneedtomasterEuclid,BooksI-VI.Andyouneedtomaster
thisbook--notbecauseIsaysobutbecauseIhavefoundittobeso.Letmeexplain.

Ihaveadegreeinmathematics.Buttheworldwasnotinterestedinpayingmetodo
mathematics.Andacademiawasinastateinwhichitwouldbeverydifficulttoborrowto
payforgraduateschoolandthenbeabletopayoffone'sdebt.Soit'sbeenahardtimefor
amathematicianand,overtheyears,mymathematicsslippedaway.WhenIreturnedto
thestudyofmathematics,Ifoundthat,whileIcouldstilldoevensomegraduatelevel
studies,Iwasnotsatisfiedwithmyunderstandingofanyofit.Iwasjustmovingsymbols
around.SoIwentbacktothebasicsasking,"Butwhatdoesallthismean?"

Onarchive.org,Ifoundhundredsofmathtextsfromthe1700stothe1990sandsomehow
cameacrossthebooksofAugustusDeMorgan.HehadwrittenElementsofArithmetic
(1830),ElementsofAlgebra(1835),andElementsofTrigonometry(1837)inorderto
preparestudentsforcollegeinaworldwherethepublicschoolsweresimplyteaching
memorisablefactoidsofresults.Soundfamiliar?Separately,butwithsimilarintent,he
wroteOntheStudyandDifficultiesofMathematics(1831),TrigonometryandDouble
Algebra(1849),ElementaryCalculus(1832),andothersimilarvolumes.

SoImoreorlessbeganmyreturntomathematicswiththesebooksbyAugustusDe
Morgan.Intheyearswhichhavefollowed,IfoundthatifIhadmasteredthesebooks,I
wouldhavesavedmyselfagreatdealofeffort.EverythingIdidn'tsolidlylearnfromDe
Morgan,I'vehadtolearnagainfromsomeoneelse.Andit'smademefeelquitestupidfor
notlearningitthefirsttime.HisseriesofElementsareinnowaysimpleortrivialand
everythinginthemcontinuestobeencounteredoverandoverasyouprogress.Thisbook,
DeMorgan'sElements,isacondensationofthesixbookslistedabove.AndIbelieveI
havecondenseditinawaythatleavesnothingoutwhichbelongstothecore.Ifyouwill
masterthistext,youwillsaveyourselfalotofeffortdowntheroad,gainafirmfoundation
forunderstandingmathematics,andacquireitscore--minusEuclid.

Intheschools,Euclidwaxesandwanes.Buthe'sstillaroundandwehaven'tpreserved
hisworkforovertwomillenniabecausewelovehistriangles.Eucliddevelopsthemind.
IfyouwillstudythefirstsixbooksofEuclidinagoodtext,workatsolvingthetext's
hundredsofproblems,andstudyallthesolutions,youwillfindyourselfwithanewmind.
I'mnotkidding.Youwillalsogainanunderstandingofandtheabilitytoconstructevery
kindofproofbutproofbyinduction,whichisaneasythingtolearn.Andyouwillgainan
understandingofpuregeometrywhichisvaluableinitself.Butmostlyyouwilldevelopa
newmindwithpracticalpowersthatyouwillonlyrealizeonceyouattainthem.
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Preparation

MathematicsisnotthevoiceofGod.Itisthepurestvoiceofreason.

Thefirstexerciseforthewould-bemathematicianistotrainone'smindtospeakinthis
purevoice'slanguage.

Youmust,firstofall,makesurethatyouhaveamind:andtobesureofthatistoseethat
themindisthenecessaryoutcomeofacourseofdevelopment.

Weallknowhowmuchofamindwehaveactuallydeveloped.Butmostpeopleare
concernedwithhowtheirscomparestootherpeople'sandagreatdealofdishonestyis
theresult.Forgetaboutotherpeople.Mindyourownbusiness.Developyourownmind.

Thedepthofthemindisonlysodeepasitscouragetoexpandandloseitselfinits
explication.

Somereaderswillbewondering:"Whoishequoting?"I'mquotingallkindsofthoughtful
people.Whotheyareisanexerciseforthereader.Chasedowntheonesyoucareabout.
ThisisnotanacademictextandIamnotanacademic.Idon'tdofootnotes.Ifyouneed
reassuranceastomypedigree,Ican'thelpyouthere--whoIamisnotthepoint:

Thedispositiontowardbeliefinauthoritymustbechecked:whateverisnotgainedby
yourownthoughtisnotgainedtoanypurpose.Youmustnottrusttheauthorityof
anyone.

Thatwasamathematicianandthisiswhatismeantbycourseofdevelopment.

Wedon'treallyknowhowmathematicswasbegun.SoI'llskipallthestoriesabout
countingsheepbyusingpebblesandwhytenfingersaresuchabigdeal.Youcan
understandmathematicswithoutsheep,pebbles,orfingers.Ourcurrentunderstandingof
mathematicsisbaseduponourtruth-grounds.

Mathematicsisanassertionthatnumber'sconsequencescanbestbedescribedbyusing
ourtruth-groundsandoperators.Iwantedtoadd"axioms"butaxiomsareeitheratruth-
groundoracheat.

Thetruth-groundsofourmathematicsarethenaturalnumbers:1,2,3,…andthefour
operators:+,-,×,÷.Everythingelsefollowsfromtheseandeverythingbeginswiththese
simplestofideas.

Inreality,oursensesareourfirstmathematicalinstructors;theyfurnishuswithnotions
whichwecannottraceanyfurtherorrepresentinanyotherwaythanbyusingsimple
wordswhicheveryoneunderstands:one,two,three,point,line,surface;allofwhich,let
thembeeversomuchexplained,canneverbemadeanyclearerthantheyalreadyaretoa
childoftenyearsold.

Buteachoftheseideasisdistinct.

Theideaoftwoisasdistinctfromtheideaofthreeasthemagnitudeofthewholeearthis
fromthatofamite.Thisisnotsoinothersimplemodes,inwhichitisnotsoeasy,nor
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perhapspossible,forustodistinguishbetweentwoapproachingideas,whichyetare
reallydistinct;forwhowillundertaketofindadifferencebetweenthewhiteofthispaper
andthatofthenextdegreetoit?

Andyet,therearemanywaysofexpressingeachdistinctidea.Amathematicalideacanbe
expressedinmanycontexts,fallingunderdifferentlawsanddifferentmodesof
expression.Thinkoftheideaasthenumberitselfandthewayitisexpressedineach
contextasaformofnumber.Thenkeepinmindaswegothat,regardlessofcontext,any
expressionofnumberissubjecttothelawsofitseveryform.Ifanysuchlawwillwork
meaningfullyinthecurrentcontext,youcanuseitthere--becausetheideaisone.

Youcouldalsosay:Therearemany"figuresseven"butthereisbutone"numberseven,"
because"numberseven"isidea,oneidea.Onthesameprinciplethereisbutone
everything.

Ihavetoassumeyouknowsomethinginordertobegin.Iwon'tassumeverymuch,only
whatDeMorganseemedtoassume.Iwillassumeyouunderstandbasicarithmetic,the
followinglawswherea,b,careanynumbers:

CommutativeLaw:a+b=b+a ab=ba
AssociativeLaw: a+(b+c)=(a+b)+c a(bc)=(ab)c
DistributiveLaw: a(b+c)=ab+ac

andourpositionaldecimalsystem:

Whenonehas4thousands,5hundreds,6tens,and7individualsofsomeobject,stilltheir
representationas4567isa"matterofchoice."Thechoiceisdrivenbysimplicityand
utility.4567isouronewayofrepresentationandfacilitatestheuseofouroperations
uponit.

Thisisachoiceofrepresentationbecauseifthepositionswereninesinsteadoftens,4567
wouldbe6234andour"childoftenyearsold"wouldbeeleven,yetnotadayolder.The
readerwhofindsanyoftheaboveassumedknowledgedifficultwillsoonerfindhisway
barefoottoJerusalemthanunderstandthegreaterpartofthiswork.

Youmuststudythisbookwithpencilandpaperathand.LikeDeMorgan,Iprovidefew
exercises.Iprovidethecore.Youprovidetheexercises.Justproducevariationsonthe
themeofwhateverexamplesareinthisbook.Orgofindexamples;therearehundredsof
freemathematicaltextsofallkindsavailableon-lineinPDFformat.Youwillneedtowork
exercisestotheextentofestablishingtheseideasinyourmind.Welearnmathematicsby
doingmathematicsandifyoudon't,youwon't.
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Arithmetic

SenseandMeaning

Aseriousthreattothelifeofscienceisimpliedintheassertionthatmathematicsis
nothingbutasystemofconclusionsdrawnfromdefinitionsandpostulatesthatmustbe
consistentbutotherwisemaybecreatedbythefreewillofthemathematician.Ifthis
descriptionwereaccurate,mathematicscouldnotattractanyintelligentperson.Itwould
beagameofdefinitions,rules,andsyllogismswithoutmotiveorgoal.Thenotionthatthe
intellectcancreatemeaningfulpostulationalsystemsatitswhimisadeceptivehalf-truth.
Onlyunderthedisciplineofresponsibilitytotheorganicwhole,onlyasguidedbyintrinsic
necessity,canthefreemindachieveresultsofscientificvalue.

Withoutmeaning,wehavenothingtosay.

Mathematicscanbeusedtosaythingsabouttheworldandsomepeoplecallthis"applied
mathematics"whichtriestoexpressmeaningregardingtheworld.Also,mathematicscan
beusedtosaythingsaboutitself.Peoplecallthis"puremathematics"andhere
mathematicshasaninternalsense,independentofobjectsintheworld.Intruth,applied
andpurearethesamething.TheCalculusthatisfoundinHydrodynamicsisthesame
CalculusthatisfoundinRealAnalysis.Identicalideasarefounddifferentlyexpressedin
eachcontext.Forthosewhounderstandbothcontexts,thesynergyofmeaningis
continuous.

Andanypartofmathematicswhichsaysnothing,meansnothing.ForDeMorgan,these
were"sentences"whichsaysomething:

2+7=9
1+8+4-6=4+2+1

Verysimplesentencesdon'tsaymuch.Butevenatasimplelevel,themeaningof
arithmeticisimportant.4×7isnot7×4.Thefirstis"fourtakenseventimes"andthe
secondis"seventakenfourtimes."Ifyouweretoldtotakefourpills,seventimesaday
andinsteadtooksevenpills,fourtimesaday,youmightfindyourselfwellandtrulydown
therabbit-hole.Ontheotherhand,thesenseofbothisthesame:28.

Iwilladmitthatthetwo"xtakenytimes"arearbitrarilychosen.Youcouldassignthem
eitherway.DeMorgan'stimeassignedtheminthefashiongivenabove.Butwhenweuse
mathematicstoexpressmorethanitself,wemakethesechoicesandourchoiceshave
significance.Andconsequences.

Therearechoicesofsenseaswellasofmeaning.

Considermultiplicationbyzero.Whatshouldanythingmultipliedbynothingbe?IfI
multiply3applesby0,don'tIstillhavethreeapples?Whyis3×0=0?Itwasachoice.
Wealreadyhad3×1=3.So3×0=3wouldbreaktheideathatforanynumbern,3×n=
someoneandonlyoneparticularnumber.ZerocamelatetothepartyfromIndiaand3×
0=0completedtheideaofmultiplicationforthenewzero.Inthiswayitsharestheabove
meaningofmultiplication:

3×0 threetakenzerotimes
0×3 zerotakenthreetimes
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Bothhavethesamesense:0.Andifyoutakesomething0times,youdidn'ttakeit,didyou?

Negativenumbersareanotherchoice.Therearenonegativequantities:nonegative
dollars,apples,ortimeintervals.Withquantitiesormagnitudes:ifAisgreaterthanB(A>
B),thentakingAfromB(B-A)isnonsense.

Toseethetruthofthis,letusimaginethatyouareacriminalsellingsomethingillegaland
thatyouoweyoursupplier$10,000.Unfortunately,youonlyhave$3000.Whenyour
supplier(alsoacriminal)showsupforhismoney,hedoesnottake$10,000leavingyou
withnegative$7000.Hetakesallyouhave--$3000--andgivesyouacompellingreason
tocomeupwiththeother$7000sofastthatyoumayhavetodonewandexciting
criminalthingsinordertostayalive.

Butifwedesignateadirectionfrom apoint,inanysense,aspositive,theopposite
directionisnegative.Thennegativetimeintervalsrefertopasttime,negativedollarsto
debt.Notethatintheworld,thepasthoursarestillpositivehourswithsixtypositive
minutesandthenegativedollarsarestillexactlythedollarsfoundinyourpaycheck,only
nowtheybelongtosomeoneelseassoonasyougetthem.

Theserepresentationsofdirectionareagainachoicewhichgivestheideasof"negative,"
"lessthanzero,"and"-3"asenseinmathematicsandameaninginthemeasurementof
timeandbankaccounts.

AnotherinterpretationDeMorgangivesofnegativenumbersisthis,assuminga>b:

a-b=c b-a=c
8-5=35-8=-3

8>5by3 5<8by3
a>bbycb<abyc

. | | | .
-a 0 a

Thesenseof-aisusuallytakenfromthenumberline.Fromtheorigin(orzeropoint)the
distancetosomenumberatotherightisaandthesamedistanceatotheleftoftheorigin
is-a.Thismeansthat

a-(-b)=a+b
or(aminusbinoppositedirectionfromorigin)
=(aplusoppositedirectionofbinoppositedirectionfromorigin)
=(aplusb)

whichisconfusinginprosebutmakesperfectsenseifyoudrawaquicknumberlinewith
ana,b,andtheirrespectivenegatives.Mathematicsisthescienceofdiagrams.Getused
todrawingthem.

Ittookmathematiciansdecades,atleast,tocometothischoiceofnegationasdirection.
TheywerestillsortingitoutwhenDeMorganwaswritinghisfirstElementbooks.The
pointis,thatbyinterpretingnegativenumbersasdirectional,theoperationsofarithmetic
couldbeconsistentlyextended.Andthiskindofextensionalwaysenlargesmathematics.

Ifthesenseofnegationbydirectionhadbeeninconsistent,negativenumberswouldhave
beenexcludedfrom mathematics.Asitis,anycontradiction,suchasnegative,non-
existentapplesisinyourownmisunderstandingaloneandneitherinmathematicsnorin



10

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

theuseofmathematicstorepresenttheworld.

Ifyouunderstandthisinterpretationofnegatives,youcanseethat:

(a-c)+(b+c)=a+b
(a+c)-(b+c)=a-b
(a-c)-(b-c)=a-b

Andifyoucan'tsimplyseethis,workonituntilyoucan.Thepointofgraspingthecoreof
mathematicsistoclearlyseethingswhichareequivalent,yetdifferent,formsofthesame
essence.Youhavetobeginwithverysimpleformsinthiswayifyouareevertograsp
morecomplicatedformsasequivalent.Therealpowerofmathematicsistorecognizeand
interchangeablyuseequivalentformsinameaningfulway.

Beforewegoon,let'sclarifythatparenthesesor"parens"asusedaboveunifywhatthey
contain:

a-(b+c)=a-b-cHerewesubtractallofbandallofcfromabecausetheparensforce
theaddition,creatingaunifiednumbertosubtractfroma.

a-(b-c)=a-b+cHereweareonlysubtractingtheexcessofbovercbecausethe
parensinitiallyforcetheirsubtraction.

Toseethisideaofunityclearly,consider:

1+(2+3)(4+5) a+(b+c)(d+e)
1+5⋅9 a+(bd+be+cd+ce)
1+45 a+bd+be+cd+ce
46

Ontheleft,weunifywhatisintheparens,firstwithintheparensandthenwithout.Then
weadd1fortheresult.Inalgebra,wehavenothingmorethantheDistributiveLawto
unifywhatisintheparens.Thenbecauseitisalladdition,wecandroptheparensdueto
theAssociativeLaw.Intherighthandside,wehavethreeexpressions(a,b+c,d+e)which
makeupasinglenumber(a+(b+c)(d+e))whichweexpandintoitssimplestgeneral
form(a+bd+be+cd+ce).Theparensstayinplaceuntilthefinalsingle,unifiednumber
isreached.

Withonlyyourbasicarithmeticandyourknowledgeofourpositionaldecimalsystem,you
shouldeasilysee:

156×29=100×29+50×29+6×29
156×29=156×18+156×6+156×5

Andyoushouldeasilydiscernwhichoftheseistrueandwhichfalse:

156/12=72/12+60/12+24/12
156/12=156/3+156/4+156/5

Itisimportanttorealizethatourpositionaldecimalnotationisachoiceandonegoverned
byconvenience.Itwasmadepossiblebyouracceptingzeroasasymbolfor"nothing."
WheretheRomanswoulduseMXLI,whichhastobedecipheredaccordingtorules,we
canexpressthesameideausing1041.Thisshowsitselftocontainonethousand,no
hundreds,fourtens,andoneunit--thezeroservingasaplaceholder.Positionalnotation
ispossibleforanybase.Weuseadecimalbaseorbase10.Fromrighttoleft,ourdecimal
positionsareones,tens,tentimestens,tentimestentimestens,andsoon.Anyother
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numbercanbeusedasabaseinsteadoften.Inbase6,thedigitsare0-5,sixiswritten10,
positionsareones,sixes,sixtimessixes,etc.Andeverythingelseworksjustlikeoursdoes
butinasixyway.

Anothervalueofapositionalsystemisthatitallowstheuseofmemorizedtablesof
additionandmultiplicationtoadd,subtract,multiply,anddivide--allusingthesimple
algorithmstaughtinelementaryschool. Otheralgorithmsarepossible,sometimes
quickerinuse,butnotsimpleenoughforchildrentograsp.

Considerthisalgorithmofsubtraction:

8927862
-7184863
1742999

Wewillsubtractfromlefttoright.Foranycolumn,ifthecolumntotherightisalesser
numberoveragreater,increasethecurrentlowerquantitybyone.Ifthecolumntothe
righthasequalnumbers,skipitandgoonuntilonehasunequalnumbersanddoasabove.
Thensubtractlowerfromupper,addingtentotheupperifnecessary.Herewego,using
"∴"as"therefore."

Col1:8over7.Nextcol:9>1∴8-7=1
Col2:9over1.Nextcol:2<8∴9-2=7
Col3:2over8.Nextcol:7>4∴12-8=4
Col4:7over4.Nextunequalcol:2<3∴7-5=2
Col5:8over8.Nextunequalcol:2<3∴18-9=9
Col6:6over6.Nextcol2<3∴16-7=9
Col7:2over3.Nonextcol∴12-3=9

Ifyouthinkyouunderstandthismethod,writeoutasimilarproblemandtestyourability
toactuallyusethemethod.Itisworthlearningasitismuchfasterthanourpublicschool
algorithm.

Inpositionalnotation,wehaveoneandonlyoneunit(1)andmultiplesofthisunit.Sowe
canignoreany"types"ofunit(apples,miles,acres)andtreatthemallthesame.Weonly
needthenumberofsymbols(0-9)indicatedbythebase(10).Fornames,weonlyneed
onepersymbolplusoneperself-multipleorpowerofthebase(ten,hundred,...).Andwe
cangroupeverythingbythenumberofthebase:tens.Inanyearliernon-positional
system,anyoftheabovecanbemuchmorecomplicated.

Inwhatfollows,wewillsometimesconsidernumberingeneral.ButasDeMorgansaid,
thestudentdoesnot,andcannot,generaliseatall;hemustbetaughttodoso.Thisisto
saythat,untilyouactuallyandnaturallyandcorrectlygeneralize,youdon't.Andyou
can't,untilyouknowtherules.

Andwhilewomenwerenotallowedtoplaythisgamein1830,"he"isnowalso"she,"as
intelligencehasnothingtodowithgender.Ithasonlytodowithwhatkindofamindyou
developforyourself.Andmostpeople,iftheydeveloponeatall,trytomakeitanersatz
simulationofsomeoneelse'smindinordertoconformtosocietyandgainotherpeople's
approval.Andthisisnotintelligence,evenifitlandsyouaprofessorship.Intelligent
peoplehavetheirownmindswhichconformonlytotherightunderstandingoftheirown
individuality.
Butweweretalkingaboutnumberingeneralorusinglettersasnumbers.Inthissection
ofArithmetic,numbersaslettersarenotreallyalgebra.Theyarethebaby-beginningof
doingarithmeticwithletters.Andyouarenotababy.SoIknowyoucanhandleit.
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Consider:
aa-1=a+1
a-1

The"aa",or"a×a",isusuallywritten"a²"wheretheexponent2simplycountsthe"a's".
Anddon'tmakeexponentsanyharderthancountingtheletters:

4a³b²=aaabb+aaabb+aaabb+aaabb

anda³b²oraaabbonlymeansa×a×a×b×b.Ateachpoint,graspthesimplemeaningofeach
ideaandthengoontothedevelopmentofthoseideas.

Ifwemultiplybothsidesoftheaboveequationby"(a-1)"weget:

a²-1=(a+1)(a-1)

or"a-squaredminusoneequalsaplusonetimesaminusone."Thisisnumberingeneral
becauseifitistrue(anditis),itistrueforanya(or"∀a").

"∀"means"each,every,any,all"whichareallequivalent("≡")logically.Weusesymbols
everywherewecanbecauseweareverylazy."∀"isquickertowritethan"every"and"≡"
iswayshorterthan"equivalent."Mostimportantly,symbolshavetheadvantageofbeing
completelyunambiguous.Theymeanexactlywhatwedecidetheyaretomeanand
nothingelse.

Soifa=3then orifa=13then

3²-1=(3+1)(3-1) 13²-1=(13+1)(13-1)
9-1=4×2 169-1=14×12
8=8 168=168

andclearlythisisalsotrue:

a²-1=a-1
a+1

Eveninthissimpleform,algebraallowsustostatethingsgenerally.Considerthis
proposition:Giventwonumbers,halftheirsum andhalftheirdifferenceequalsthe
greaternumber.Wecanexperimentwiththisideausinganyactualnumbers:

16+10+16-10=16 27+8+27-8=27
2 2 2 2

Fromourexperiment,thepropositionappearslikelytobetrueingeneral.Butwecan't
establishgeneralitywithnumbers.Algebraletslettersstandforanynumbers,allatonce.
Here"∀a,b∈N:a>b"islazinessfor"anyaandbinthenaturalnumbers:1,2,3,...,such
thataisgreaterthanb."

∀a,b∈N:a>bthena+b+a-b=a+b+a-b=2a=a
2 2 2 2
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Inthisway,thegeneraltruthisestablished.Let'sbeclearaboutbabyalgebranotation:

1. Aletterstandsforanynumber.Ifthelettersaredifferent,thenumberscanbe
different.Ornot.

2. Addition(+)andsubtraction(-)areidenticallynotatedasinarithmetic.
3. Multiplicationofaandbcanbedenotedasa×bora⋅bor,mostusually,simply

ab.Youonlyneedanoperatorwhenabsolutelynecessary,asin:7⋅6ab≠76ab.
4. Divisionofabybcanbea÷bora/bjustasinarithmetic.
5. Forinequalities,ifaisgreaterthanb,wehavea>borb<a.Ifbisgreaterthan

a:a<borb>a.

6. Exponentsaresyntacticcandywhichallowustowritea²insteadofa×aor75

insteadof7×7×7×7×7.Laterwewillseeexponentshaveanarithmetic.

Allour"algebra"atthispointisonlybabyarithmeticwithletters.Youknowarithmetic(or
youshouldbailoutnow)andyouknowletters(oryoucan'treadthis).Soyouknow
everythingthereistoknowaboutthisbabyalgebra.Donotevenbegintothinkthereis
moretoitthanthis.It'sarithmeticandlettersandthat'sall.Algebraismuch,muchmore.

Themostcommonmistakeinlearningmathematicsistoconvinceyourselfthatyouarein
animmenseanddreadfuldarkness,fullofthingsyoudon'tunderstand.Thetruthis,that
ateverypoint,youhavealltheideasyouneed.Whenyouunderstandthemintheir
simplicity,youunderstandeverythingthereisuptothatpoint.Thesecondmostcommon
mistakeistofallbehindbynotmakingtheefforttounderstandeverysimplethingupto
eachpoint.Ifyouhavealreadyfallenbehind,gobackandcatchup.

Ourcourseofdevelopment--whichleadstoouractuallyhavingamind--issimplyto
understandeachsimpleideaanditsuseaswegoalong.Aquicksummarybeforewego
ontoaddition:

expression operator operation verb result
a+b + addition aplusb sum
a-b - subtraction aminusb difference
a×b × multiplication atimesb product
a÷b ÷ division adividedbyb quotient

Ifweletaandbbeanynumbers,theaboveisourtruth-grounds.Andtheirbasic
consequencesmakeuptherestofthisbook.
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Addition

Thereisadifferencebetweenknowinghowtoaddandunderstandingwhatyouaredoing
withaddition.Partoftheunderstandingisgeneral.Weknowthatifwecanputnumbers
together,wecantakethemapart:

∀a∈Nifa≥3then∃b,c,d∈N:a=b+c+d

InplainEnglish:Foranynumberainthesetofnaturalnumbers{1,2,3,...}≡N,ifais
greaterthanorequaltothreethenthereexistssomeb,c,anddinNsuchthataequalsb
pluscplusd.

Clearly,b,c,andddon'thavetobedifferent.Theyjusthavetoexist.Giventheabove:

a=b+c+d
∴2a=2b+2c+2d=2(b+c+d)
anda-e=b+c+d-e

=(b-e)+(c+d)
=(c-e)+(b+d)
=(d-e)+(b+c)

Allofwhichshouldappearsimpleandalmostself-evident.Butfromsimplenumberson
up,youshouldbeabletotakethemapartandmanipulatethemlikethisandseethese
relationswithouthavingtoworkatit.Youshouldseewhat'sthereandalsoseewhat
principledthingsyoucandowithwhat'sthere.Allofmathematicsisprincipled,governed
bythelawsweareledtofromthetruthgrounds.

Hereisallyouneedtoknowaboutaddingalgebraicexpressions:

Iftheletterthingsarethesameyoucanaddthemtogether.

Ifwehave4littlea²b³'sand6morelittlea²b³'sthenwehave10ofthemaltogetheror:

4a²b³+6a²b³=10a²b³

Andnomatterhowcomplicatedthealgebraicexpressionsget,additionnevergetsany
harderthanthis.Wecalltermslike4a²b³and6a²b³homogeneouswhentheletterbitsare
thesame.Youcanadd(orsubtract)homogeneousterms.Youcannotaddanythingelse.
Donotloseyourmindandwritesomethinglike:

6a²b³+3a³b²=9a5b5

Becauseaddingnon-homogeneoustermsinanywayisnonsense.

Thisbreakingupofsomen∈Nintoasum ofpiecesmakesiteasytoprovethe
CommutativeLawofAddition,atleasttoyourself.Foranytwonaturalnumbers,say3and
4,wehave:

3+4=(1+1+1)+(1+1+1+1)
=1+1+1+1+1+1+1
=(1+1+1+1)+(1+1+1)=4+3
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Wecanusethisbreakingupofnumberstocometoarealunderstandingofwhatgoeson
whenwe"carry"inourelementaryschooladditionalgorithm.Whenyouadd1834and
2799(Well,doitrightquick,addthemonpaper,carryingthewhatnots...),thisiswhat
goeson:

1834=1000+800+30+4
2799=2000+700+90+9
(+) 3000 1500 120 13 1stcarrywillcleartheunits

3000 1500 130 3 2dcarrywillclearthetens
3000 1600 30 3 3dcarrywillclearthehundreds
4000 600 30 3 whichgivestheanswer
4633

By"clear"wemean"getridofwhatdoesnotbelonginthatcolumn."Inthefirst"carry,"
wemovetenonestothetenscolumn,asasingleten,wheretheybelong.13goesto3,
whichleavesonlyones.And120getsthetenmakingit130andstillhasoneten-times-ten
thatdoesn'tbelong.Youcanseethatourpositionalnotationmeanswedon'thavetowrite
allthesezeroes,aseachpositionimpliesitsexactnumberofzeroes.Justasinour
alternatesubtractionalgorithm,addition,too,worksineitherdirection:

1834 1834
2799 2799
13 3
12 15
15 12
3 13
4633 4633

Thistechniquecanbeusefulindevelopingyourmind.Butfirst,abriefnoteoncalculators:

Peoplewhousecalculatorsdonotdevelopamind.Andifyoudon'tdevelopyour
mindonsimplearithmetic,goodluckwhenyoucometosecondordertensorsor
evensimpleCalculus.Usingacalculatorislikebuyingamembershipatthegym
andthenpayingsomeoneelsetoliftweightsforyou.Nomatterhowmuchyou
paythem,youremainacompleteandtotalloser.Notthatcalculatorsdon'thave
theirplaceinmathematics.Buttheirplaceisnottosecureyourstupidityagainst
allprogress.Endofbriefnote.

Startdoingallsimplearithmeticinyourhead.Consider:

68
+74
130
12
142

Let'sdistinguish,artificially,mentalfunctionsof"seeing"and"thinking."Thefirsthappens
withoutsayingsomethingsilentlytoyourself.Thesecond,yousayitsilentlytoyourself.
Toadd68and74,think130,see12,addandthink142.Seeingandthinkingdoesn't
mattersomuchhere.Butasitgetscomplicated,thinkingwhenyoushouldbequietly
seeingwillmessyouup.Seeingisakindofsaying,ifyouobserveitinaction,butthinking
isamoreemphaticsayingthatrepeatswhatseeinglightlysaid.That'smyexperienceofit.
Thepointisthatwhatwearecallingthinkingpersistsinmemorywhileseeingslipsaway
andleavesthemindunclutteredafterwehaveusedwhatwesaw.Nowtrytheseinyour
headandthenmakeupsomeforyourselfnexttimeyouhavetositandwaitforsomething.
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689 68
+743 74

+93

Ifyouwillpracticethisabit,youwillfindyourselfsolvingsimpleproblemsinyourhead,
evenasyouarepickingupyourcalculator.Dothisacoupletimesandyouskippickingup
thecalculator.
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Subtraction

Justasthereisnotmuchtosayaboutaddition,thereisnotalottosayaboutsubtraction.
Intheseearlypartsofourcourseofdevelopment,wearemainlynailingdownthedetails
ofourexistentunderstandingofthesesimpleideas.Makesureyounailthemdown.

Let'sgobacktotheCommutativeLaw:a+b=b+a.Itisclearthat

4-3≠3-4

Weneedadditionhere,notsubtraction:

4+(-3)=(-3)+4
∴4+(-3)=1+1+1+1+(-1)+(-1)+(-1)
=(-1)+(-1)+(-1)+1+1+1+1=(-3)+4

Weseethattheunits,allpositiveinadditionorpositiveandnegativeinsubtraction,are
persistentideasinthemselvesandcanberearrangedinanyorder:

4+(-3)=2+(-1)+2+(-2)=1+(-2)+3+(-1)=…

TheCommutativeLawisaby-productofthispersistenceallowingustorearrangeanya+
bintob+a.Withtheseideas,completeandconsistent,wehaveanothersetofnumbersto
thinkabout.Webeganwiththenaturalnumbers:

N≡{1,2,3,…}

Andweextendthissetanditsrelatedideastothesetofintegers:

Z≡{...-3,-2,-1,0,1,2,3,...}≡{0,n,-n∀n∈N}

Youcanreadthisseconddefinitionas"thesetofzeroplusnand-nforeveryninN".Ifwe
werebeingtedious,wecouldsaythereisnosubtraction,thereisonlyaddition,andthen
turnevery"a-b"into"a+(-b)".Let'snotdothat,nomatterhowformallytrueitis.

Inaveryrealsense,withNwehaveonlypositivemagnitudesandasubtractionthatgives
usnonsensicalnegativeapplesifwearen'tcareful.ThenZgivesusazeroandlabels,
basedonN,foranumberlineandsubtractionbecomesaddition,usinganysetofnegative
andpositiveelements,asdefinedbyasenseofdirection.Negativeapplesremain
nonsense.

Ifyouwillcompletelygraspthesimpletruthofallthis,youwillsaveyourselfalotof
troubledowntheline.Everyextensionofmathematicsbringswithitalmostalloftheold
ideas,wheretheyhaveanewextendedsenseinanexpandedframeworkofthought.And
anythingthatwastrulynonsensebeforeremainsnonsense.Weinnowayeveraffirmor
requirenegativeapplesoranyotherdeterminatequantitylessthanzero,assuchathing
cannotexist.

Also,donotgetcaughtupintheideaof"sets,"suchasthesetofallnaturalnumbersorthe
setofintegers.Thereisa"SetTheory"whichwasalltherageinthe1930sandisstill
aroundinvariousforms.Butifyou'renotgoingforadegreeinmathematics,asetisonly
abunchofthingsthatmeetadefinedcriterion,likeNorZ.Withadegree,therearemore
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detailsbutthesetsarethesame.Forasfarasthistextwilltakeyou,thereisnothing
complicatedaboutaset.It'sjustabagwithacertainkindofstuffinit.

Atthispoint,subtractionamountstolittlemorethanthis:

∀a,b,c∈Z: a-b=(a+c)-(b+c)=a+c-b-c
=a-b+c-c=a-b

a-b=(a-c)-(b-c)=a-c-b+c
=a-b+c-c=a-b

Whydoweconsiderobviousthingslikethis?Becausetheyarenotessentiallyobvious.
Initially,achild-likemindunderstandsthemnotatall.Asthemindprogresses,theideas
becomeclearerandclearer.Eventually,thereisnoshadow ofdoubtleftinone's
understanding.Youwanttostudyeachideapresentedtoyouuntilnoshadowremains.
Thismeansthateachsentence,inDeMorgan'ssenseofsentences,mustclearlysaytoyou
whatitsays.Eachportionofeachideamustclearlyhaveitssensewithintheonlymind
youwilleverdevelop.

Inalgebra,subtractionisjustlikeaddition.Soinourbabyalgebra

9a-7a=2a
8x²/y+ax²/y=(a+8)x²/y

becausethesetermsarehomogeneous.Butanythingresembling

6a³-4a²=2aor6a+4b=10(a+b)

isnonsense.Addorsubtractonlyhomogeneousterms.

Thefollowingisanexerciseforthatmindyouareworkingon.Itshowsthesubtractionof
39628from61274.Anditcombinesthemethodoftheelementaryschool'srighttoleft
subtractionwithanelementofouraboveleft-to-rightexample.Thepointofthisisnot
whetherornotyouunderstandtheanswertobe21646.Thepointiswhetherornotyou
followtheworkingsofthismethod.

Recallthata×aisa²andtherefore10⁴=10×10×10×10.Andjustas3×0waschosen,for

excellentreasons,tobeequalto0,anything(10)tothezero-power(100)hasbeenchosen
tobeequalto1.Herewego:

61724=6⋅10⁴+1⋅10³+2⋅10²+7⋅10¹+4⋅100

(-)39628=3⋅10⁴+9⋅10³+6⋅10²+2⋅10¹+8⋅100

a 6 1 2 7 4
b 3 9 6 2 8

(a+10) 6 1 2 7 14
(b+10) 3 9 6 3 8

4 6
(a+1000) 6 1 12 7 14
(b+1000) 3 10 6 3 8

6 4 6
(a-10000) 5 1 12 7 14
(b-10000) 3 0 6 3 8

2 1 6 4 6
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Nowsubtract486904from933852usingtheabovemethod.Thefumblingaroundyoudo
willshowyouwheretheshadowsare.Whentheshadowsaregone,youmayproceedto
thenextsection.Wegetridofshadowsbycreatingexamplesforourselvestogenerate
light.
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Multiplication

Simplethingsfirst.

a×b a,b=10,2∴10×2
Leta=c+d+e c,d,e=5,3,2
ba=bc+bd+be 2×10=2×5+2×3+2×2
ba=b(c+d+e) 2×10=2(5+3+2)
ba=ab 2×10=2(10)=20

ThatwasjusttheDistributiveLaw.Again,withnewvalues:

a=c+d-e 10=5+6-1
ba=bc+bd-be 2×10=2×5+2×6-2×1
ba=b(c+d-e) 2×10=2(5+6-1)
ba=ab 2×10=2(10)=20

Allverysimple.Butnoamountofcomplexityaffectstheprinciplesinvolved.
Leta=x²+3x+4andb=6y:

ab=(x²+3x+4)(6y)=6x²y+18xy+24y=(6y)(x²+3x+4)=ba

Unlikeadditionandsubtraction,wecanmultiplynon-homogeneousterms:x×y=xybut
x+yisinsimplestform.Andanynumericalconstantsaretreatednormallyin
multiplicationjustastheywereinaddition:

6x×2y=6×x×2×y=6×2×x×y=12×xy=12xy

Ofcourse,12xy=x12y=yx12=…butourconventionofnotationistostartwiththe
constantandaddlettersinalphabeticalorder,asin12xy.Again:

a=cd 10=2⋅5
ba=bcd 3⋅10=3⋅2⋅5
bcd=dbc=cbd 3⋅2⋅5=5⋅3⋅2=2⋅3⋅5

Complexityofform wouldnoteffectthissimplicityeither.Itsimplyrequiresmore
attentiononyourpart.Beforewelookatourelementaryschoolalgorithm,afew
definitions:

a⋅b=c 5⋅4=20
atakenbtimesequalsc 5taken4timesequals20
a≡multiplicand 5≡multiplicand
b≡multiplier 4≡multiplier
c≡product 20≡product
a 5
×b ×4
c 20

Also,notethatinourpositionaldecimalnotation,anything(3)multipliedbyapowerof
thebase(10n)issimplyshiftednpositionsandzeroesareaddedasplaceholders:

3×10=3×10¹=30(3shiftedoneplacetotheleft)
3×100=3×10²=300(hereshifted2places)



21

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Laterwewillseethat-nshiftsintheoppositedirection.

Iknowthatmathematiciansoftenassumethereaderunderstandssomethingwhenthe
readercan'tyetunderstand.ButwhenIsaid,"byapowerofthebase(10n),"IknowthatI
mentionedthatourpositionaldecimalnotationisbase10.Ipointedoutthata²=a×aand
thatthe2comesfrom countingthea's.Andwehavedefined"power"onacouple
occasions.SoallIamassumingisthatyoumaketheleapfroma²beingtheproductof2
a'sto10nbeingtheproductofntens.Andyoucandothis.

Todowellinmathematics,youhavetograspsimpledefinitionslikethesesothatyoucan
simplyusethemasneeded.Inmathematics,youneedthebasicsallthetime.Good
mathematiciansdothisnaturally.Further,theyeasilygraspthesimplesenseofthings.
Andthiscomes,inaway,fromhavingsomewhatnarroworsimplisticminds.Suchpeople
oftendonotseethepossibleambiguitiesinmathematicalexplanations,eventheirown,
wherebroaderandlesssimplisticmindsaredisconcertedbythoseambiguities.

Noneofthisisacriticismofanyone'smind.Itissimplytherealityofthings.Sometimes
youdonotgraspmathematicsbecauseyouarenotpayingsufficientattention.But
sometimesyoudonotgraspitbecauseyouarenotseeingitsimplyenough.Ifyouhavea
broadermind,youmustdisciplineitsothatitdoesnotintroduceextraneousideasinto
mathematics.Andifyouhaveamorenarrowmind,donotgooutofyourwaytoprevent
itsgrowth.

Whenwemultiply,asin1368×8,wearedoingthisinourpositionalnotation:

1368=1000+ 300+60+8
8×1368=8000+2400+480+64=10944

Ourelementaryschoolalgorithmisasimplificationofthis:

1368 Butinouralgorithm,wearetaughtnot
× 8 towriteeachmultiplicationononeline.
64 We"carry"valuesalongthetopaswith
480 addition.Thiskeepingtheproductof
2400 eachdigitofthemultiplierononeline
8000 allowslargermultiplierstobeeasily
10944 handled:1368 1368

×28 ×208
*Inthe208,note 10944 10944
howthe0canbehandled 2736 2736*
usingthatshiftabove. 38304 284544

Toshortenourdescriptionofequations,weuseLHSandRHSlikethis:ina+b=c,theleft-
handside(LHS)isa+bandtheright-handside(RHS)isc.Somemorethoughtson
multiplyingnumbersgenerally:

6a³b⁴c×12a²b³c³d=
6aaabbbbc×12aabbbcccd=
6⋅12⋅aaaaa⋅bbbbbbb⋅cccc⋅d=

72a5b7c4d

WecanusetheDistributiveLawforanynumberofelements:

a(b+c-d)=ab+ac-ad
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ButtheLHSherewasalreadysimpler.Wegenerallysimplifylikethis

ac+ad+bc+bd=a(c+d)+b(c+d)=(a+b)(c+d)

wheretheresultisclearlysimpler.Commonestforms:

a×a=a² a×b=ab (RHSonlyformweuseofeither)
a(b+c)=ab+ac (LHSconsideredsimpler)
(a+b)(c+d)=ac+ad+bc+bd (DistributiveLawusedtwice)
(a-b)(c+d)=ac+ad-bc-bd
(a-b)(c-d)=ac-ad-bc+bd
(a+b)(a+b)=aa+ab+ba+bb=a²+2ab+b²=(a+b)²
(a-b)(a-b)=aa-ab-ba+bb=a²-2ab+b²=(a-b)²
(a+b)(a-b)=aa-ab+ba-bb=a²-b²

Withnegativenumberinmultiplication,consistencyinmathematicsrequires:

+a⋅+b=ab +a⋅-b=-ab
-a⋅+b=-ab -a⋅-b=ab

Youcanseethisintheaboveexamples.Inallofthese,-x=-1⋅xandx=1⋅x.(Hereweusex
totalkaboutaandbingeneralterms.)So1⋅1=1,-1⋅1=1⋅-1=-1and-1⋅-1=1.You
cannotprovetheseresults.Butmathematicianscametothisagreementbecauseanyother
interpretationcreatesatrainwreck.

Hereisanimportantpatternthatarisesasaformofnumber:

(a+b)² =a²+2ab+b²
(a+b+c)² =a²+2ab+2ac+b²+2bc+c²
(a+b+c+d)² =a²+2ab+2ac+2ad+b²+2bc+2bd+c²+2cd+d²

Iknowthatyoucanseethepatternhere.SoIknowthatyoucandeterminetheexpansion
of(a+b+c+d+e)²withouthavingtomultiplyitoutandwithoutneedinganyonetotellyou
thatitiscorrect.Maybeyoushouldgodothatrightquick.

Hereisanotherimportantformofnumber:

(a+b)¹=a+b
(a+b)²=a²+2ab+b²
(a+b)³=a³+3a²b+3ab²+b³
(a+b)⁴=a⁴+4a³b+6a²b²+4ab³+b⁴

Youcaneasilyseethatsomepatternarisesintheexponentsofaandb.Thepatterninthe
coefficients(constantsprecedinglettersintheterms)isnotobviousbutifyoulookatthe
numbersaloneandowtheyrelatetothepreviousline,youwillprobablyseeit:

11
121
1331
14641

ThisisPascal'sTriangleanditslawiscalledtheBinomialTheorem.
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Considera²-b²=(a+b)(a-b).Oneformthistakesisthesumanddifferenceoftwo
numbers.Andtheirproductisthedifferenceoftheirsquares.Ifa>b,youcaninterpret
thisasthesumanddifferenceoftwolines.Butyoucan'thaveEuclideannegativelines--
howwouldyoudrawthem.(Inothergeometries,therearepositiveandnegativelines.)
TheEuclideanrectangleofthesumanddifferenceequalsthesquareonthegreaterline
minusthesquareonthelesser.Andbecausethisrelationistrueforallvalues,wecan
substituteanyexpressionforaorb.

a=p+q ∴(p+q)²-b² =(p+q+b)(p+q-b)
a=c²,b=d² ∴c⁴-d⁴ =(c²+d²)(c²-d²)

Butwedidn'tneedsubstitutionforthatlastone.Ifa²-b²=(a+b)(a-b)then:
a⁴-b⁴=(a²+b²)(a²-b²)and

a6-b6=(a³+b³)(a³-b³)andsoon.

Wegenerallysubstituteormakethesechangesforareason.Differentreasonscanbe
usedtochoosethefinalform:

(b+m)²-b²=(b+m+b)(b+m-b)=(2b+m)m

Hereisanapplicationoftheform(a+b)²whichyoucanusetosquaretwo-digitnumbers
inyourhead.Take24.Thisequals20+4or(20+4).Lookfamiliar?

Nowconsider(20+4)²=20²+2⋅20⋅4+4².
Thisissimply(a+b)²=a²+2ab+b².

Theeasiestwayformetodothesquaringistothinkthefirstsquare(400),seethe2abas
aproduct(160),thinktheirsum(560),seethesecondsquare(16)andadditin(576).Or
seethetwosquares(400and16),thinkthesum(416)andaddthe2ab(416+160=576).

Andthisbringsupanotherpatternofnumber:

ifwesquare numberofdigits
1-9 1or2
10-99 3or4
100-999 5or6

andsoon.Ifyouplaywithsomenumbersonpaper,youwillquicklyunderstandthepart
playedherebypowersof10.

Butifyouconsidereachlineofthispattern,whatcanyousayaboutthepointwherethe
digitsgofromsomenton+1digitsasin3²(1digit)and4²(2digits)inthefirstline?How
muchofapatterncanyoudiscern?Howgoodapredictorofthebreakinthenextlinecan
youmakethebreakinacurrentline?

Letusconsideronemorebasicmultiplicationbeforewegoontodivision.Wemultiply
7x³+4x²+3x+1and2x³-3x+2.Inschool,wearetaughttodothisusingthe
DistributiveLawwithLongMultiplicationbutthereisaneasierway.Thinkofthex'sas
10ninsteadofxn.Thenleaveoutthex'sanduseourelementarymethod:

[Cont'dnextpage.]
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7 4 5 1
2 0-3 2
14 8102

-21-12-15-3
14 810 2
14 8-11 4 -7 7 2

Wecan'tcarryanythingbecausewedon'tknowwhatxis.(Tenonesdon'tmakeanx.)The

2ontherightis2⋅x0,so,countingup,the14isx6.Theresultis:

14x6+8x5-11x⁴+4x³-7x²+7x+2

Whenyoudothis,youputthegreaterontop,useplaceholderzeroesasnecessary,keep
yoursignsstraight,resistthetemptationtocarry,andcorrectlyhandletheexponentsofx.
Youcan'teasilyusethismethodwithmorecomplicatedexpressions.Ifthesecond
equationwasinyinsteadofx,youwouldhavetotracktheproductsofxandy.Betterif
youwritethemoutandusethenormalalgorithm.

7x³4x²5x 1
2y³ 0 -3y 2

14x³8x²10x 2
-21x³y-12x²y-15xy-3y

14x³y³8x²y³10xy³ 2y³

Wecanonlyaddhomogeneousterms--andtherearen'tanyinthisexample.Sothe
solutionisthesumofalltheseresultantterms.Notethatinbothoftheseexamples,we
haveusedaleft-shifttohandlemultiplicationbyzero.Alsonotethatwewouldkeepxand
yinalphabeticalorder,withpowersofxdescending,intheresult.

Ingeneral,wehaveapracticalconventionofordering.Given

ax²-bx+c

wecouldwrite-bx+ax²+corc-bx+ax².Itsimplifiesoureffortiftheunknown,x
here,isinorderofascendingordescendingpowers.Mostlyweusedescending:

ax²-bx+c

unlessusingthedescendingordermakessomethingeasiertoworkwith:

c-bx+ax²
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Division

DeMorganpointsoutthatmultiplicationismultiple-additionandthatdivisionismultiple-
subtraction.Thisisanolder,butvalid,viewoftheseconcepts.

20÷5=4 21÷5=4r1(remainder1)
20≡dividend 21≡dividend
5≡divisor 5≡divisor
4≡quotient 4≡quotient
Noremainder 1≡remainder

5canbesubtractedfrom204timeswithnoremainderandfrom214timeswitha
remainderof1.Wewrite21÷4=5r1inanotherwayinourelementaryschoolalgorithm:

5)21(4r1
20
1

Ifwespeakofthisingeneralterms:

a÷b=crd or a=bc+d

Ifthereisnoremainder,a÷b=cora/b=cora:b=c

ThislastnotationisfromEuclid'sproportionsandratios.Itissimplyanotherequivalent
notationifviewedthisway.Asintheotherthreeoperationsusingpositionalnotation,
whatworksonthewholewithdivision,worksontheparts:

a=b+c+d
156=91+39+26
(156/13=12)=(91/13=739/13=326/13=2)
12=7+3+2=12

156=100+50+6
(156/13=12)=(100/13=7r950/13=3r116/13=0r6)
12=7+9/13+3+11/13+0+6/13=10+26/13=10+2=12

Thissecondexamplecanbeusedtoshowhowourpositionaldecimalnotationhandles
division.Andourelementaryschoolalgorithmsimplifiesit:

13)156(12 13goesinto15once,remainder2
13 The6isbroughtdowntothe2
26 13goesinto26twice
26

Buttheonceinline1isaten 13)156(10+2=12
10⋅13=130 130
Remainder26andthetwiceis2 26
2⋅13=26remainder0 26

Ifyouwillthinkaboutthis,youcanseethatouralgorithmusesplacementonthepageto
takeadvantageofpositionalnotation.Wecandividetheoptimumnumberofdigitsinthe
dividendforwhateverdivisor.Andwedon'thavetotrackabunchofzeroes.
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Here'swhatImeanbyzeroes:

1342)36326599(20000
26840000 1342⋅20,000
9486599(7000
9394000 1342⋅7,000

92599(60
80520 1342⋅60
10279(9
10278 1342⋅9

1 or 27069r1

Beforeweusethesamenumberstoshowwhatouralgorithmactuallydoes,makesure
thatyouarefollowingthemeaningofeveryoneoftheseexamples.Ifthereisanydoubtin
yourmind,rootitout.Nooneelsecan.Ourcourseofdevelopment,thegoalofwhichisto
createamind,requiresourownmentaleffort.Aswecometoeachidea,makeitcrystal
clearinyourmind.Allowyourselfnomentallaziness.Permitnoshadowofdoubtto
remaininyourmind.Orthedarknesswillaccumulateandblockoutthelight.

Here'sourelementaryschoolalgorithm,samedata:

1342)36326599(27069
2⋅1342= 2684 (notationallowsdropping0s)

9486 r948(pulldown1digit:6)
7⋅1342= 9394 1-1:nozeroesaddedtoquotient

9259 r92(pulldown2:59)
6⋅1342= 8052 2-1:addzerotoquotient

10279 r1027(pulldown1digit:9)
9⋅1342= 10278 1-1:nozeroestoquotient

1 r1

Wepulldownthedigitsweneedtomakeeachdividendbigenoughforthedivisor.We
pulldownndigitsandaddn-1zeroestoourquotient.(Exercise:Why?)Nowyoucan
clearlyseethatourelementaryschoolalgorithmusespositionalnotationto(1)hideall
thedetails;and(2)handleallthedifficulties.

Let'smakeanothermentaleffort.Thepropertiesofnumber,foryou,arelimitedtothose
intheonlymindyouaredeveloping.Solet'sdivideabignumber(132976)byasmall
number(4)inourhead.Doingthis,wewouldwritedowntheansweraswego:

4)132976(33244

1.13/4=3r1The1makesthe2a12
2.12/4=3
3.9/4=2r1 The1makesthe7a17
4.17/4=4r1The1makesthe6a16
5.16/4=4

Thetendencyofthefinitemind,themindwegetforfree,istoslideovereverythingthat
requireseffortandtostopandlingeroverfearsor,whennofearsintervene,desires.
WhenthemathematicianGeorgeHardysaidmostpeopleneverdoanythingwell,thisis
thesameassaying,mostpeoplesettleforthemindtheygetforfree.Anditcannotdo
anythingwell.Youhavetodevelopit.
Todevelopamindwhichisexpansive,unbounded,andthereforeinfinite,onemust
exerciseone'sconsciousnessanddevelopitspowers.Everyexerciseoractivityinthis
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bookfortheunaidedmindisthepracticethatdevelopsyourabilitytoseetheformof
number.Atfirst,wecalculatetosee.Butasourpowersaredeveloped,webeginto
naturallysee.

Didyourmindbalkattheideaofitsbeinginfinite?Youcanhaveonerightidea,tworight
ideas,threerightideas,andsoon.Thisispreciselythenatureofinfinity.Whenwillyou
haveyourlastrightidea?Whenyousettleforthelimitationsofthefinitemind.

Let'sdoalittlebabyalgebradivision.Algebraicfractionsarenotnecessarilyfractions,and
conversely,algebraicnon-fractionsarenotnecessarilynotfractions,dependingonthe
valuestheyaregiven.

(a+b)/(a-b)ifa=12 b=6 then (12+6)/(12-6) =18/6 =3
a²+2ab ifa=1/2b=2 then (1/2)²+2⋅(1/2)⋅2=¼+2=9/4

Foralgebratobeconsistentwithnumericarithmetic,wedefinesimpleexpressionasan
analogtointeger.Firstwedefineindependentvariable(ind.var.).Inab+3a-5b,weare
freetochooseanyaandb.Sohere,aandbareind.var.Inax²+bx+c,thea,b,care
constantsandmustbechosenfirst,leavingxastheind.var.Soasimplealgebraic
expressionisonethathasnoind.var.inthedenominator.

Divisioninalgebraisoftenusedtosimplifyacomplexexpression.Simplificationincreases
clarity.

Thestudentmustparticularlyavoidslurringoverthesenseofwhathehasbeforehim
[andfocus]untilthemeaningoftheseveralpartsforcesitselfuponhismemoryatfirst
sight,withouteventhenecessityofputtingitintowords.

Youmustgraspthesenseofanexpressionbeforeyoucansupplytheprocessof
simplification:

a³-b³=a²+ab+b²
a²-b² a+b

Fromtheformsofnumberinmultiplication,youseethatbothtermsontheLHSare
divisibleby(x-1).Wecanverifythesegeneralexpressionswithsufficientspecificvalues.
Ifa=2,b=1:

2³-1³=2²+2⋅1+1²
2²-1² 2+1

8-1=7=4+2+1
4-1 3 3

Sowehavegraspedthesenseandshownittobetrue.Butwemustbesurethatour
specificvaluesaresufficient.Thisequation

3x-4=2x+8

isonlytrueforx=12.Thisexampleisabsurdlysimple.Butitshowsthatnoamountof
testingthatresultsinfalsehoodcanprovethatsomethingisnevertrue.Thefirstfractional
exampleaboveisanequationofidentityandthislastoneisanequationofcondition.You
mustbeabletoseewhichyouaredealingwith.Algebraicfractionshavethesameform
andsenseasnumericaldivision.
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Howmanytimesisain(a+b):(a+b)/a
Howmanytimesisain(ma-na):(ma-na)/a=a(m-n)/a=m-n

Consider42a⁴b³c÷6a²bc:

42a⁴b³c=6⋅7aaaabbbc=6aabc⋅7aabb=6aabc⋅7a²b²=7a²b²
6a²bc 6aabc 6aabc 6aabc

Ordividethenumbersandsubtractexponents:

42/6⋅a4-2⋅b3-1⋅c1-1=7a²b²c0=7a²b²

Algebraicdivisionusesourelementaryschoolalgorithmjustasalgebraicmultiplication
does.Bothrequirezero-coefficientplaceholdersformissingpowerofthevariables.Iwill
giveyouoneexample.Makeyourselfsomemore.Rememberthatyouwillgetremainders
whicharethenumeratorofafraction,thedenominatorofwhichisthedivisor.Here's
yourexample:

x-y)x⁴+x³y-3x²y²+2xy³-y⁴ (x³
x⁴-x³y

2x³y-3x²y² (2x²y
2x³y-2x²y²

-x²y²+2xy³ (-xy²
-x²y²+ xy³

xy³-y⁴(y³
xy³-y⁴

0

Sothequotientis:x³+2x²y-xy²+y³

Thisnextpolynomialdivisionismoreanexampleofformatting.Wewilldivide

8x6+8x5-20x4+40x3-50x2+30x-10by2x4+3x3-4x2+6x-8:

8 8-2040-5030-10|23-46-8
812-1624-32 |4-21

-4 -416-1830
-4 -6 8-12 16

2 8 -6 14-10
2 3 -4 6 -8

5 -2 8 -2

Sothequotientis4x2-2x+1andtheremainderis5x3-2x2+8x-2/2x4+3x3-4x2+6x-8.This
formatgivesusacompactwaytowritedownouralgorithm.Thenextexampleisoneof
those"Whoa!Youcandothat?"moments.Itwilltakeasomethoughttoseewhatisgoing
onbuttheefforthasitsreward.

[Cont'dnextpage.]
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Wedividex3+px2+qx+rbyx-a:

1+p q r |1-a

1-a |1+(a+p)+(a2+ap+q)
(a+p)q

(a+p)-(a2+ap)

(a2+ap+q)r

(a2+ap+q)-(a3+a2p+aq)

a3+a2p+aq+r

Here'sthepunchline:thequotientisx2+(a+p)x+(a2+ap+q)andtheremainderisobvious.

ThisnextexampleiscalledSyntheticDivisionandwewilluseittoillustratethe
RemainderTheoremandthenwe'llprovethetheorem(becausetheproofiswickedeasy.)
Inthissyntheticdivision,wethinkintermsofdividingbyx-a.Ifwedividedinsteadby

(x+2),wewouldthinkintermsof(x-(-2)).Let'sdivide2x4-3x2+6x-4byx-2:

2 0 -3 6 -4|2(=a)
4 810 32

2 4 5 16 28

Here'swhatwedid:Fromlefttoright,webroughtdownthe2.Thenwemultiplyitbya
or2andget4.Add0+4=4.4×a=8.Addfor5andsoon.Thequotienthereis

2x3+4x2+5x+16andtheremainderis28.And28isalsothevalueofthepolynomialifx=a.
Soifyouplugin2forxanddothemath,youwillget28.TheRemainderTheoremsays
thatifwedivideapolynomialbyabinomial(x-a)theremainderwillbethevalueofthe
polynomialatx=a.

ProofofRemainderTheorem
Letthepolynomialbef(x).
Bydivision,f(x)/(x-a)=q(x)+r/(x-a) (q(x)isthequotient)
∴f(x)=(x-a)q(x)+r (multiplybothsidesbyx-a)
∴f(a)=(a-a)q(a)+r=0⋅q(a)+r=r

Proofsdon'tgetanyeasierthanthat.Youcanusesyntheticdivisionwiththistheoremto
factorapolynomial.Ifyoudivideby(x-a)andthereisnoremainder,thenf(x)isdivisible
by(x-a)withoutremainderand(x-a)isafactoroff(x).Itfollowsthatinsuchacasef(a)=0
oraisarootoff(x).Moreonthislater.

Let'sexaminetheformofthenaturalnumbersastheyareused:

Tomultiplyby5:adda0anddivideby2
32⋅5:320÷2=160

Todivideby5:×2,lastdigit=2×remainder,digitstoleftarequotient:
32÷5:32⋅2=64,4/2=2∴6r2

Tomultiplyby25:addtwo0s,divideby4:
32⋅25:3200÷4=800

Todivideby25:×4,last2digits=4×remainder,digitstoleftarequotient:
32÷25:32⋅4=128,28÷4=7∴1r7

Tomultiplyby9:adda0,subtractnumber:
32⋅9: 320-32=288
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Wecanalsoconsiderdividingthenaturalnumbersastheyareinthemselvesandtheir
factorsbecomeanaturalextensionofthedivisionidea.Wedefinedivisibilityofabybas
"aisdividedbybwithoutremainder."Thenbisafactorofa.Forlazynotation,wewill
usedivby:

6divby36isdivisiblebythreew/outremainder
6!divby56isnotdivisibleby5w/outremainder

Ifanumberisdivisibleonlybyitselfand1,itisaprimenumber,i.e.,1,3,5,23,113.
Euclideasilyprovesthatthereareinfiniteprimes.(Golookitup.)Numberscanbeprime
toeachotherwhentheyhavenocommonfactors:12and21areprimetoeachother,12
and15arenot.Wewillnotatethis"primetoe.o."asp(12,21).

Youcanlearntoseeelementsofdivisibility:
divby test
2 unitsdigiteven
4 lasttwodigitsdivby4
8 lastthreedigitsdivby8
3 sumofdigitsdivby3
9 sumofdigitsdivby9
5 lastdigit0or5
6 unitsdigiteven,sumofdigitsdivby3

Thecaseof3and9isduetoourpositionalnotationbeingdecimal.Hereisanexample
thatwillexplainthis:

1134=1000 +100 +30+4
=999+1+99+1+(3⋅9)+3+4

Clearly,(999+99+(3⋅9))divby3or9
Soistheremainder(1+1+3+4)divby3or9?

Theexplanationforthisnextideaisuptoyou.Consider:

12300000)42176189300(???

Dropzeroesindivisorandthesamenumberofdigitsinthedividend.Savetheseforthe
remainder:

123)421761(3428
369
527
492 Thereisageneralprincipleatwork
356 here.Whenweunderstandsomething
246 ingeneralterms,wecanuseitfreely
1101 inourwork.
984
11789300

Whenweusedivision,thequotientisthesameifyoumultiplyordivideboththedivisor
anddividendbythesamenumber.Thisbecomesobviousinfractions:

Take32,4 32÷4=8
(×3)96,12 96÷12=8
(÷2)16,2 16÷2=8
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Thereisaproportionalrelationbetween32and4,orbetweenanytwonumbers.For32
and4,theproportionalrelationis8.Foraandb,therelationisa/b.Butwegenerallycall
a/bproportionalwhena/b=nforsomen∈N.Therelationof4and32is1/8,forbanda,
b/a.That'sallthereistoproportion.Inmathematics,wenameathingwhenitbears
talkingabout.Theproportionisunchangedundermultiplicationanddivisionbya
commonnumberor:

ma/mb=a/b (a/n)/(b/n)=a/b

Addingorsubtractingthesamenumbertoeachisnotproportional.Inourexampleof32
and4,32-3isadecreaseof10.67%but4-3isadecreaseof75%.Multiplyingbothby
three,increasesbothby300%.Thefollowingaresomesimpleconsequencesofthese
ideas:

(a/b)/c=a/bc ab/c=b/c⋅a ab/c=a/(c/b)

Let'sgobacktotheideaoffactors.Both4and3arefactorsof12because4⋅3=12.The
morepreciseideaoffactorsusesonlyprimefactors.Thefactorsof12arethen2²and3.

Ifanumber(5)isafactoroftwoothers(20,25)itisafactoroftheirsum(45)andtheir
difference(±5).Weget-5from20-25and-5=-1×5.Anegativeintegeristheproduct
ofanaturalnumberandnegativeone.Thefactorsof-12are-1,2²,and3.Ofcourse,the
factorsof12are1,2²,and3butweignorethe1wherewecan'tignore-1.

Ifanumber(5)isafactorofasecondnumber(15)itisafactorofofanynumberofwhich
thesecondnumberisafactor(30).Ingeneralterms,ifa(5)isafactorofb(15)itisa
factorofnb(30=2b,105=7b,1665=111b).Allofthisisshownbydivision.

Evenmoreinteresting,indivisionifanumberdividesthedividendandthedivisor,it
dividestheremainder:

360÷112=3r24
360=112⋅3+24
360=336+24
360-336=24
4⋅90-4⋅84=4⋅6

Sofourdividesdividend,divisor,andremainder.Butoneexampledoesn'tactuallygiveus
peaceofmind.Let'sprovethisforthegeneralcase.Youwillseethataproofcanoftenbe
thesimplestexplanation.Ifyouhaveoneofthosebroadermindswetalkedabout,
approachingthingsatthislevelissomethingyouneedtodevelopbecauseitexcludesthe
extraneous.Intheproof,for360=112⋅3+24weusethecompletelygenerala=b⋅q+r:

Theorem
Ifanumberdividesadividendanddivisor,itdividestheremainder.
Proof
a=b⋅q+r
Ifsomecdividesaandbthena=somethingtimescor"a=sc"and
b=somethingelsetimescor"b=tc"
∴sc=tcq+r (simplesubstitution)
∴sc-tcq=r (bothsides-tcq)
∴c(s-tq)=r (DistributiveLaw)
∴dividenda,divisorb,andremainderralldivbyc



32

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

ThisproofleadsusdirectlytotheideaofGreatestCommonFactor.Thiswasoriginally
calledGreatestCommonMeasureandissometimescalledGreatestCommonDivisor.All
meanthesamething:Euclid'sAlgorithm (EuclidVII.1)--whichisusedonnatural
numbers,polynomials,andabstractalgebraicstructuresasatestofwhethersomething
behaveslikeanintegerornot.

It'sallverysimple:Taketwonumbers.Dividethelargerbythesmaller.Thenrepeatedly
dividedivisorsbyremainders.Lastdivisoristhegreatestcommonfactorofthetwo
numbersorgcf(a,b)=c.Let'sdothegcf(360,112)whichshouldbe8:

112)360(3 (dividinglargerbysmaller)
336
24)112(4 (dividingdivisorbyremainder)

96
16)24(1 (dividingdivisorbyremainder)

16
8)16(2 (dividingdivisorbyremainder)
16
0

ThelastdivisoristheGCF∴gcf(360,112)=8.Numbersthatareprimetoeachotherhave
aGCFofone.Let'sdogcf(123,4):

4)123(3
12
3)4(1
3
1)3(3
3
0

Lastdivisoris1∴gcf(123,4)=1∴123and4areprimetoe.o.(eachother).Ifyoudivide
twonumbersbytheirGCF,thequotientswillbeprimetoeachother,whichisobviousif
youthinkaboutit:

360÷8=45=9⋅5 112÷8=14=2⋅7 Byinspection,gcf(45,14)=1.

Youhaveseenthatpolynomialscanbedividedaseasilyasnumbers.Whatistrueofone
is,ingeneral,trueoftheother.TwopolynomialscanhaveaGCForbeprimetoeachother.
Apolynomialisanintegralfunctionofxwhenthevariableofthepolynomialisxandthe
coefficientsofeachtermisaninteger.Andjustasfornumbers,ifA,B,Q,Rareintegral
functionsofx,thendivisiontakesthesameform:A=BQ+Randgcf(A,B)=gcf(B,R)just
asweprovedfornumbers.

Let'sthinkabouttheimplicationsofthatlastbitandusewhatwefindtosimplifyfinding
theGCFofpolynomials.Totheremainderordivisor,youcanaddorremoveanintegral
functionfactorsolongasthispolynomialfactorhasnofactorincommonwithboth.In
otherwords,youcanaddorremovesomethingwhichdoesnotplayintotheGCMifit
makesthingseasier.Youcanremoveafactorcommontobothandsimplifythingssolong
asyoumultiplythatfactorbackintotheGCMwhereitbelongs.Andwecanalwaysaddor
removeanumericalfactortotheremainder,divisor,orbothwithoutaffectingtheGCM.

Let'sdothreeexamplesofthis.It'sallverysimple:Taketwointegralfunctions.Divide
thelargerbythesmaller.Thenrepeatedlydividedivisorsbyremainders.Lastdivisoris
thegreatestcommonfactorofthetwopolynomials.
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Example.1.Inthisfirstexample,wefindtheGCFoftwopolynomialsthesamewaywedid
withtwonumbers.

x5-2x4-2x3+8x2-7x+2|x4-4x+3

x5 -4x2+3x |x+1(quotient)

-2x4-2x3+12x2-10x+2 (÷-2tosimplify)

x4+x3-6x2+5x-1

x4 -4x+3

x3-6x2+9x-4
dividelastdivisorbythisremainder:

x4 -4x+3|x3-6x2+9x-4

x4-6x3+9x2-4x |x+2

6x3-9x2 +3 (÷3tosimplify)

2x3-3x2 +1

2x3-12x2+18x-8

9x2-18x+9 (÷9tosimplify)

x2-2x+1
dividelastdivisorbythisremainder

x3-6x2+9x-4|x2-2x+1

x3-2x2+x |x+1

-4x2+8x-4 (÷-4tosimplify)

x2-2x+1

x2-2x+1
0

Thelastdivisor,x2-2x+1,istheGCFofourtwopolynomials.

Example.2.Thissecondexampleisthefirstexample.Butthenotationandtheprocess
havebeenabbreviated.Thesubtractionshavebeendonementally,onthefly.Andthe
divisionsofdivisorbyremainderflipfromsidetoside.Whenyoucangraspthisexample,
makeupacoupleofintegralfunctionstopracticeiton.Whenyoucandothat,goontothe
thirdexample.

1-2-2 8 -72|100 -43 (1stdivisor)
-2-212-102 6-9 03 (÷3)

(÷-2) 11-6 5-1 2-3 01
(2ddivisor) 1-6 9-4 9-189 (÷9)

-4 8-4 1-21 (lastdivisor)
(÷-4) 1-2 1

0

Itisnaturaltowonderhowmucheffortintosomethinglikethisisactuallyworthwhile.In
thecaseofEuclid'sAlgorithm(theGCF),wearedealingwithsomethingthatpersists
throughoutmathematics. Justasweusecalculatorsorcomputersforlengthy
computations,wewouldusealgebraiccomputerprogramstodolengthyanddifficulty
calculationsofpolynomialGCFs.

Butcomputationsarealwaysproceededbyaperiodofthoughtandplayfulnessand
decision-making.Andthesearethingsyoudowithyourheadandyourhands.Youwant
tohaveasenseoffreedominusingallofthesebasictools.Onlythencantheybecome
partofyournaturalandrelaxedprocessesofthought.
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Thethirdexampleisnottrivial.Itusestheaboveabbreviatednotation.Trytocometoan
understandingofit.Ihaveaddedsomeexplanatorynotesattheendsothatyouwon't
missoutonanythingimportant.

Example.3.GCFof4x4+26x3+41x2-2x-24and3x4+20x3+32x2-8x-32:

42641 -2 -24|32032 -8 -32
1 6 9 6 8 2 5 -26 -56

(×2) 212 18 12 16 -53-318-424
7 44 68 16 1 6 8 (÷-53)
1 29146184

23138184
(÷23) 1 6 8

0

ToplineisfirstdividendAanddivisorB.2dlineLHSisA-Bwhichisthe1stremainder.
OrA=1⋅B+R.2dlineRHSisthenthe2dremainderwhichdivides2×1stremainder,for
simplicity.5thlineLHSisthe4thlineLHSminus3×the2dlineRHS.Then5thlineLHS
divides2dlineRHSandsoon.Ifyoucan'tgetthisexampletomakesense,workitoutthe
longwayasinexampleone.Youcancometoanunderstandingofanythingyouputyour
mindto.Donotsettleforless.

Ifthestudentbecarefultopaymoreattentiontotheprincipleunderlyingtherulethanto
themeremechanicalapplicationofit,hewillhavelittledifficultyindevisingother
modificationsofittosuitparticularcases.

EvenifyouneveragaincalculatetheGCFofpolynomials,usingyourmindtosimplify
somethingaccordingtounderlyingprinciplesinordertoclearlygraspasolutionisaskill
wortheverymomentyoucanputintoit.

Thatlastexamplewasabitofaneffort,wasn'tit?Let'sdosomethingeasyforachange.
Let'sdotheLeastCommonMultiple.Ifyouaskme,theLeastCommonMultipleisacaseof
apoorlynamedidea.Theleastcommonmultipleof4and6is12.Howis12amultipleof
4and6?Ifyouuseonlyone4andone6,youget24.Whochosethisname?Thereare
manynamingproblemsinmathematics.Andtheyarecausedbymathematicianstryingto
uselanguageinanormalfashionwhenalltheyeverthinkaboutisnumbersinan
abnormalfashion.Youknowthatstudyingabooklikethisisn'tnormal.Normalpeople
readbooksaboutvampires.Weareclearlyabnormal.ButIdigress.

Let'scometoanunderstandingoftheleastcommonmultiple.Ifadivbyb,thenbisa
factorofaandaisamultipleofb.56divby8.So8isafactorof56and56isamultipleof
8.Preciselyspeaking,56=7×8.So56isacommonmultipleof7and8.

a,b∈N,a⋅biscommonmultipleofaandb

56happenstobetheleastcommonmultipleof7and8.Anyothersmultiplesofthese,
14×8or24×7,arelargerthan56.But12istheleastcommonmultipleof4and6.Here's
thedeal.TheLeastCommonMultipleorLCMshouldbecalledtheBCForBucketof

CommonFactors.Taketwonumbers,7and8.Factorthem:7,23.Throwoneofthemin
thebucket:throwthe7.Nowaskyourself,whatfactorsdoInothaveinthebucketin
ordertomakethesecondnumber.Well,Idon'thaveanytwosandIneedthreeofthem.
SoIthrowthewhole8inthebucket.TogettheLeastCommonMultiple,Ijustmultiply

everythinginthebucket.Inthiscase,56.Nowlet'sdo4and6or22and2⋅3.Throwthe4
inthebucket.Younowhavetwo2sinthebucket.Whatdoyounothaveinthebucketto
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makea6?Youhavemoretwosthanyouneed.Youonlyneeda3.Tossinathree.
Multiplyingtogethereverythinginthebucket,yougettheLeastCommonMultipleof4
and6:2⋅2⋅3=12.Itstillsseemslike12isnotacommonmultipleof4and6.Justforget
aboutthatandthinkBucketofCommonFactors.

ItjustsohappensthattheLCMisrelatedtotheGCF.IfyoufindtheGCFof4and6,which
is2,youcandivideoneofyournumbersbytheGCFor(4÷2=2)andmultiplytheother
numberbytheresult(2×6=12).Itdoesn'tmatterwhichnumbersyouuse.Justdivide
onebytheGCFandmultiplytheotherbytheresult.Clearly,ifgcf(a,b)=1thenlcm(a,b)=
a⋅b.

Required:lcm(36,8)
gcf(36,8)=4

36÷4=9 9⋅8=72OR8÷4=22⋅36=72
∴lcm(36,8)=72

Tofindgcf(a,b,c):gcf(a,b)=d gcf(d,c)=gcf(a,b,c)
Tofindlcm(a,b,c):lcm(a,b)=d lcm(d,c)=lcm(a,b,c)
Andsymmetricallyforgcf/lcm(a,b,c,d,...)

Here'sonemorethingtochewonbeforewewrapupdivisionandgoontofractions.Let's
sayyouaredividing146.08by0.00279orviceversa.Wheredoesthedecimalpointgoin
theanswer? Youcandothisinyourhead.Weusetheideaofcharacteristicfrom
logarithms.Ifyoutakethefirstsignificant(non-zero)digitofanumber,thatdigitisinthe

10xplace.Thenxisthecharacteristic.

Number 1stsig.digit Place Characteristic

1.37 1 1=100 0

213.6 2 100=102 2

0.00021 2 1/10000=10-4 -4

Toplacethedecimalpointindivision:
1.Findthecharacteristicofdividendanddivisor;
2.If1stsignificantdigitofdivisor>1stsignificantdigitofdividend,add1to
characteristicofdivisor;

3.Characteristicofresult=characteristicdividendminuscharacteristicdivisor.

a=146.08 char=2
b=0.00279char=-3
fora/b:2-(-3+1)=4 (+1since2in279>1in146from#2above)
14608÷279=52.3584 (ignoredecimalpoint)
∴a/b=52358.4char=4
forb/a:-3-2=-5
279÷14608=0.019099 (ignoredecimalpoint)
∴b/a=0.000019099char=-5



36

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Fractions

Whattimesfourequalsseventy-one?Quickly,now!Imustknow!

4)71(17r3∴173/4×4=71

Theremainderindivisionistheremainderdividedbythedivisororafraction.Division
leadstofractions.Whenwesayfractions,wemean

∀m,n∈Z,m/n∈Q

Or,"Givenanym,nintheintegers,m/nisarationalnumberinQ",thesetofrationals,orof
onesignedintegerdividedbyanother.Thisnextquoteshouldbeineverypublicschool
arithmetictext,shouldn'tit?

Wewouldrecommendthestudentnottoattendtothedistinctionsofproperand
improper,pureormixedfractions.etc.,asthereisnodistinctionwhateverintherules,
whicharecommontoallthesefractions.

Mostoftheproblemspeoplehavewithfractionscomefromthesefalsedistinctionsthat
arenothingbutbusyworkusedtofillupatextbook.Fractionsaremeaningfulandtheir
meaningcanbeunderstood.Let'sjustriffforabitontheideaoffractions.Justabsorb
eachideaaswegoalong.

56/8canmean"divide56into8parts."Soeachpartis7.Then56/8=7.Butfractions
don'thavetocomeoutevenly.Wecandivide57/8into8parts,too.57/8=56/8+1/8.

Eachpartisthen7+1/8or71/8.

Algebraically,∀c∈N,c/c=1.Soa/b=a/b×c/c=ac/bc.Then3/5=3/5×4/4=12/20.
Wedivide3into5partsand12into20parts.Becausetheyareequalfractions,forevery
3in12thereisa5in20.Thereare4threesin12and4fivesin20.Andweusethisidea
tosimplifyfractions.Ifwehave12/20,wecanfactorthenumerator(topnumber)andthe
denominator(bottom number)likethis(4×3)/(4x5).Andbecause4/4=1,wecan
eliminateit,leavinguswith3/5.Nomatterhowcomplicatedthefraction,simplifyingitis
simplydiscardingones.Onetimesanythingisthatthing.Whenwehavediscardedallthe
ones,thefractionisinlowesttermsorinsimplestform andthenumeratorand
denominatorareprimetoe.o.

Usingthesameexample,letc=1/d.Thena/b=ac/bc=(a×1/d)/(b×1/d)=(a/d)/(b/d).
But(1/d)/(1/d)issimplyanotherformofthenumber1.Sowecandiscardit.

4/7=4×1/7 =4
5/7 5×1/7 5

Integerscantaketheformoffractions.7=7/1=14/2=21/3=….We'remultiplyingby
onesagain:1/1,2/2,3/3,….So7⋅8=14/2⋅16/2=224/4=56=7⋅8.Fractions,orthe
rationalsQ,areanexpansionofnumber.Atsomepoint,peoplewentfromcounting
objectstocountingpartsofawhole.Fractionsaretheresult.

Wheneverwepassfromthatwhichissimpletothatwhichiscomplex,weshallseethe
necessityofcarryingourtermswithusandenlargingtheirmeaning,asweenlargeour
ideas.Thisistheonlymethodofformingalanguagewhichshallapproachinanydegree
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towardsperfection;andmoredependsuponawell-constructedlanguageinmathematics
thaninanythingelse.Mathematicsisalanguageandlanguageshavemeaning.

Withfractions,thetermswecarrywithusandenlargearetheoperationsofarithmetic.
Let'slookattheformstheseoperationstakebeforewegointodetail.

1.a/c+b/c=(a+b)/c 2.a/b+c/d=ad/bd+cb/db=(ad+bc)/bd

3.a/b-c/b=(a-c)/b 4.a/b-c/d=(ad-bc)/bd

5.a/b=a×1/b 6.a/b=ma/mb

7.a/b×c/d=ac/bd 8.a/b÷c/d=a/b×d/c=ad/bc

Again,inallfractions,theuppernumberisthenumerator,lowernumberisdenominator.
Ifnum<denom,thenfraction<1.Ifnum=denom,thenfraction=1.Ifnum>denom,
thenfraction>1.Determiningifanalgebraicfractionislessthanoneisacommon
necessityinalgebra,analysis,andtheCalculus.

Thefirsttwoformsaboveareforaddition.Thesimplestcaseiswhenbothfractionshave
thesamedenominator.Toadd1/3and4/3,youareaddingthirdsjustasiftheywere
oranges.Onethirdplusfourthirdsarefivethirds:1/3+4/3=5/3.

Theonlyothercaseofadditioniswhenthedenominatorsarenotthesame.Consider

3/4+5/6

andthinkbacktocommonmultiples.Weknowthatfor∀a,b∈N,a⋅bisacommon
multiple.So24isacommonmultipleofthedenominators4and6.Wecan'taddfourths
andsixths.Butwecanaddtwenty-fourths.Soweuseacommonmultipleandmultiplyby
ones:

3/4×6/6+5/6×4/4=18/24+20/24=38/24

Ifyouthinkforamoment,youcanseethat38/24canbereducedto19/12.Thinkingback
toLeastCommonMultiple,whatislcm(4,6)?Sodependinguponwhatissimplerand
easier,wecanalsofindtheLCMofthedenominatorsandthenmultiplybyones:

3/4×3/3+5/6×2/2=9/12+10/12=19/12

Thisisabsolutelyallthereistoaddingfractions.Ifyouhavetwobigpolynomialfractions
withdifferentdenominators,theprocessisexactlythesameaswith3/4and5/6.You
multiplyeachbyones,suchthatthedenominatorsarecommon(ideally,leastcommon)
multiplesandthenaddorangesandoranges.Itallcomesdowntoarithmeticwhichisa
tediousprocesswithtoomanyopportunitiestomessup.Butitissimplyarithmetic.
Beforewegoontosubtraction,considertheusefulnessofthisform:

a/b+c/d=(ad+bc)/bd
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Theresultofanyadditionoffractionstakespreciselythisform.Leveragetheform.

Nowmostschooltextswillgoonandonwithadditionoffractionsasiftherewereany
differencebetweenadding3/4and5/6and15/4and35/6.Butthereisn'tanydifference,
isthere?Younowknowallthereisforadditionoffractions.Ifyoufeellikeyouneed
practiceinordertomasterthis,thenpractice.Otherwise,let'sgoontosubtraction.

Butwait,yousay.Whatabout33/4+5
5/6?Okay,that'safairquestion.Butyoualready

knowthat33/4is3+
3/4fromtwopagesback.Andyoualsoknowthat3+3/4isactually

equalto3/1+
3/4becausewecoveredthattoo.Soyouturneachpartof3

3/4+5
5/6intoa

fractionandthenaddthefractions.Then,ifyouthinkaboutit,eachpartiseasilyhandled:

a+b/c=a×
c/c+

b/c=
ac/c+

b/c=
(ac+b)/c

So33/4is(3⋅4+3)/3=15/4and55/6is(6⋅5+5)/6=35/6andyoucanaddthosetwo
fractionswithwhatyoualreadyknow.Here'sanotherlegitimatequestion:whatabout
addingseveralfractions:

1/10+5/6+7/9

Clearly,youcouldaddthefirsttwoandaddtheresulttothethird.Oryoucouldfindthe
lcm(10,6,9)usingyourBucketofCommonFactors:2⋅5,thena3forthe6,thenanother3
forthe9givesyou2⋅5⋅3⋅3=90andyouknowhowtomultiplybyonestoget

9/90+75/90+70/90=154/90

NotethattheLCMdoesnotalwaysautomaticallyputtheresultinlowestterms(77/45).
Butit'sbetterthanmultiplyingeverydenomtogetthecommonmultipleof540.The
lessonhereisthattheLCMisactuallysimplerinuseunlesstheadditionisalmost
calculableinyourhead.Youshouldalsonoticethatthecommondenominatorallows
comparison:

9/90<70/90<75/90∴1/10<7/9<5/6

Iftwofractionshavethesamedenominator,thegreaterfractionhasthegreater
numerator.Sym.(symmetrically)iftwohavethesamenumerator,thegreaterhasthe
smallerdenominator:2/3>2/5.

Schooltextbookswillspendachapteronaddingfractionsandthenspendanotherchapter
onsubtractingfractions.Butyoualreadyknowhowtosubtractandnotjustnumbersbut
integralfunctionsaswell.Andyoucanseethatfractionforms#3and#4areforms#1
and#2withaminussign.Ifyouknoweverythingaboutaddingfractions(andnowyou
do),youknoweverythingaboutsubtractingfractions.

Manypeopledislikemathematicsbecauseitispresentedinameaningless,complexway
whenyoucanfeel,ifnotactuallyunderstand,thatitismuchmoresimple.Andifyoudo
understandit,youhatemathematicsbecausetheteacherandthetextaremonotonously
wastingyourtime.IlovemathematicsandIrefusetospoilitforanybody.Youclearly
knoweverythingthereistoknowaboutsubtractingfractions.Let'sdomultiplication.
Thefifthform

a/b=a×1/b

simplypointsouttheobvious.Fourthirdsarenothingbutfourtakenone-thirdtimesor
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one-thirdtakenfourtimes.Eithercouldbethecaseifyouaretalkingaboutsomething
real.Thinkaboutthatlongenoughtocomeupwithexamplesofeach.

Calculatingthoughtlesslydeprivesthesymbolsofmeaningandmakestheminapplicable
toanything.Problemsinschoolbooksareoftenmerepuzzles.Lifeandtheworldhaveno
suchmeaninglessproblems.Thesixthform

a/b=ma/mb

wehavealreadycovered.Afractiontimesone,inanyform,isequaltothefraction.Sowe
canalwaysmultiplybyone.And,moretothepoint,wecansimplifybyeliminatingones.
Theseventhform

a/b×c/d=ac/bd

iseasilyunderstoodifweactuallyconsiderwhatitmeans.Usingsomenumbers,wehave:

14/2×16/2

Thisisdividing14/2intotwoparts(each=14/2×1/2)andtaking16ofthesefor(16/2
wearetaking16halvesor16×1/2).Thereforewehave7/2×16=112/2=56.Itworks
theotherwayaswellbecausemultiplicationiscommutative.Wecandivide16/2into2
partsandtake14ofthemwhichgivesusthesamething:8/2×14=112/2=56.Andthis
givesusouralgorithmformultiplyingfractions:

14/2×16/2=(14⋅16)/(2⋅2)=224/4=112/2=56

Therefore,formsevengivesusthegeneralsolutionforanymultiplicationoffractionsand
2/3×5/6=10/18=5/9.Whatabout9×2/7?Simplytreat9as9/1.

9/1×2/7=18/7

Sometimesyoucansimplifysuchthingsontheflybyleveragingtheformofnumber.

a×b/c=(a⋅b)/c=a/c×b
9×2/3=2×9/3=2×3=6

6×7/36=6/36×7=1/6×7=7/6

Mathematicsisthestudyofformwithinthedomainofnumber.Themoreformsyou
understand,thegreateryourpower.Totestyourunderstanding,explain14/3×2/13the
waywedid14/2×16/2.Donotmakethishard.Simplicityiswhatitis.

Nowyounowknowallthereistomultiplyingfractions.Youcanmultiplynumbers.You
canmultiplypolynomials.Multiplythenumeratorsandputtheresultonthetop.Multiply
thedenominatorsandputtheresultonthebottom.Simplify,ifyoucan.Andyou'redone.
Let'sthinkaboutthefinalform:

a/b÷c/d=a/b×d/c=ad/bc

3/4÷2/5asks"Howmanypartsmust2/5bedividedintoandthenhowmanyofthose
partsmustbetakeninordertohave3/4?"Givethefractionscommondenominatorsand
wehave15/20÷8/20.Divide8/20into8partseachequalto1/20.Ifyoutake15ofthis
sizedpart,youget15/20=3/4.Sothequotientis15/8orthesumof15ofaneighthpart
of2/5.Itturnsoutthatthisleadstotheeighthformabove:
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3/4÷2/5=3/4⋅5/2=15/8

Divisionofafractionbywholenumberssimplytreatsthewholeasafraction.

2/3÷9=2/3÷9/1=2/3⋅1/9=2/27
9÷2/3=9/1÷2/3=9/1⋅3/2=27/2

Rememberthat9÷2/3asks"Howmany2/3arein9?"Iftheresultis27/2thenwehave
27/2⋅2/3=27/3=9.Andsofromtheformerexample,thereare2/27ofa9in2/3.
Mathematicalresultshavemeaningevenwithrespecttothesimplestcalculation.

Notethattheorderofdivisionisimportant.3/4÷2/5islike16÷2.Inthisorder,weget
15/8and8.Butifwechangetheorderto2/5÷3/4and2÷16,weget8/15and1/8
becausethemeaningofthequestionisdifferent.Asanexercise,statethequestion,asin
thelastparagraph,for2/5÷3/4.

Wecanalsogofromaquestiontoitsmathematicalstatement:"Whatlengthistwoanda
halftimesthelengthwhichwhentakenfour-ninthsofatimeisamile?"Orwhatis

21/2÷4/9=5/2÷4/9=5/2⋅9/4=45/8=5
5/8

miles? Workuntilyoucanunderstandthisquestion,itsmethodofsolution,andits
answer.Mathematicsisoftentaughtasabstractandformal--whichistosay,meaningless
--becausethinkingmeaningfullyishard.Buttherecanbenosignificancewithout
meaning. Significantmathematics,initsmostabstractform,isfullofmeaning.
Conversely,whenitisnotconveyingmeaning,itisnotsignificant.

Multiplicationanddivisionoffractionsisanextensionoftheseideasfromwholenumbers
intofractionalnumbers.Theextensionisineverywayconsistent.

Afinalriffonfractionsandmeaning.LetAB=1foot.DivideABintosevenparts.ThenAC
=1/7foot.AD=DF=2/7foot.Andsoon.

1. Whatis1/3plus1/7ofafoot?
2. Whatis1/4of2/7ofafoot?
3. Whatis2/5of1/3of3/4ofafoot?
4. Intohowmanypartsmust3/7ofafootbedividedandhowmanyoftheseparts

takentomake14/15ofafoot?

Ineachcasethereisanarithmeticalexpressiontoberesolved.Butineachquestionthere
isameaning.Ifyoudonotcarrythemeaningintothearithmeticandbringitbackout,
yourefforthasbeenmeaningless,yourtimewasted.Forwhatcould1/14onitsown
possiblymean?

Anoteon#4andmathematicsasalanguage.Apageback,weaskedthequestion"How
manypartsmust2/5bedividedintoandthenhowmanyofthosepartsmustbetakenin
ordertohave3/4?"Thisisverysimilarto#4,isn'tit?
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Whenwelearnanylanguage,welearnthatwhenspeakingofsimilarthings,theform
remainsaboutthesamewhilethedetailschange.

Mathematicsisalanguage.Thequestionabout2/5and3/4ispreciselythequestion
about3/7and14/15.Yourjobistolearnhowtospeakthisansweringeneral.Andtodo
thisyoumustlearnwhateachpartoftheanswermeans.Inthisproblem,makesureyou
understandthedifferencebetweenthe98/45andthe98/105.

Beforewegointodecimalfractions,let'sshowthatevenifourfractionsaremadeoutof
fractionsthateverythingweknowtobetruestillapplies.Weknowthat

ma/mb=a/b=(a/n)/(b/n)
20/16=5/4=(5/2)/(4/2)

Clearly,themiddlefractionissimplest.Let'ssayyouhaveacomplexfractionintheform
of

(a/b)/(c/d)

Weknowthisisad/bc.Tofindthesimplestformortoreducetolowestterms,findthe
gcf(ad,bc)=f.Then(ad/f)/(bc/f)isinlowestterms.

(33/16)/(27/12)=(33⋅12)/(27⋅16)=396/432
gcf(396,432)=36396/36=11432/36=12

∴(33/16)/(27/12)=11/12

Anotherway:(33⋅12)/(27⋅16)=(11⋅3⋅3⋅4)/(3⋅3⋅3⋅4⋅4)Removingtheones(3/3,3/3,4/4)
leaves11/12.Soifnumberscanbefactoredinyourhead,cancellationiseasierthan
findingtheGCF.Withalgebraicfractions,factoringisharderandwefallbackontheGCF.
Ineveryway,fractionsoffractionsarejustfractions.Thisisnothingbutform#2.

3/4 +1/5=
3/4⋅

3/2+
1/5⋅

2/7=
9/8+

2/35=
531/280=331

2/7
3/2

2/7⋅
3/2

6/14
6/14 120

Youshouldprovetoyourselfthefollowingtwoequations:

1)(a/b)(c/d)+(e/f)(g/h)=acfh+bdeg
(a/b)(e/f)+(c/d)(g/h) aedh+bcfg

2) 1 . = bc+1 .
a+ 1 . abc+a+c

b+1.
c (Thestupiddotsaresoftwarework-arounds.)

Decimalfractionsarethe"metricsystem"offractions,simplifyingoperationswhile
truncatingresults.1/7=0.142857142857142857….Wewilltalklateraboutthiscyclic
repetition. TheLHSisacompleteexpression. TheRHScanonlybepartially
(infinitesimally)expressedanddoesnoteasilyrevealitsequivalenceto1/7.Inmuchof
mathematics,youwillfindyourlifeiseasierandyourresultstruerifyousticktothe
simplefractionsandavoidthetruncations(andregisteroverruns)ofyourcalculator.

Onlyfractionswithdenominatorshavingfactorsof2nand5m,m,n∈N,reducefinitelyto
decimalfractions.Butthisisn'tassimpleasitsounds.

7/16=70000/160000=16/16⋅4375/10000=0.4375
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Calculatorshidewhatgoesonhere.Ifyoudothiswithourdivisionalgorithm,youjust
runoutsomezeroesuntilthedivisionterminates:

16)7.0000(0.4375
64
60
48
120
112
80
80
0

Buthereiswhyitterminates:Intheseries7,70,700,…,theterm70000isdivisibleby16.
Thedecimalfractionisfinitebecausewecancancelthe16.Butfor1/7,intheseries1,10,
100,1000,…,thereisnotermthatiseverdivisibleby7.Sothedecimalfractionof1/7
neverends,althoughitrepeatsperiodically.

Weaccept0.142857as1/7becauseitistruetowithinonepartinamillion.Ifthis
introducesanerror,weextendthemarginoferrorasneeded.Butwearealways
truncating1/7byexpressingitasadecimalfraction.Andifweareacceptingadecimalof
1/7,wemustkeepinmindthat0.143iscloserto0.142857than0.142is.

Indecimalfractions,17334/1000isdenoted17.334.The"."or"decimalpoint"marksoff

thenumberofzeroesinthedenominator(3ofthem)whichisitspoweroften(103).
88/10000needsfourplacesfollowingthe"."sowemustbufferupwithzeroes:0.0088.
Decimalfractionsextendourpositionalnotationofdecimalnumbers:

217.3426=2173426/10000=200+10+7+3/10+4/100+2/1000+6/10000

Again,thisextensionistheextensionofourfouroperators.Additionandsubtraction
remainidenticaltonormalarithmetic.Justlineupthedecimalpoints,addorsubtract,
andputthedecimalpointinthatsamepositioninyourresult:

32.567
+8.3356
40.9026

Thisisallthereistoadditionandsubtractionofdecimalfractions.Justkeepyourdecimal
pointintherightplace.Inmultiplication,youhaveasmanydecimalplacesinyourresult
asyouhavedecimalplaces(orzeroes)inyourdenominatorsofthefractionsmultiplied:

3/10⋅4/100=12/1000=0.012
0.3⋅0.04=0.012

1decimalplace+2decimalplaces=3decimalplacesintheresult

0.172⋅0.101(3+3=6decimalplaces)and172⋅101=17372
∴0.172⋅0.101=0.017372(6decimalplaces)
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Divisionofdecimalfractionsisverysimple:

6.42÷1.213=642/100÷1213/1000=642/100⋅1000/1213=642000/121300
=(6420⋅100)/(1213⋅100)=6420/1213

Thenyoudividetheintegerswithsimplearithmetic.

Sowhydothedigits142758in1/7=0.142758142758…repeat?Hereisthebeginningof
ananswer.Wehaveseenthat7cannotdivideanytermin1,10,100…evenly.Butall
fractionslike1/7ofonewholenumberoveranotherhaveafiniterelationbetweenthe
numbers.Afterafinitenumberofdivisions,oneofthepreviousresultsoccursandthat
leavesthedivisionalgorithminthesamestateasthefirstoccurrenceandthenumbers
havetorepeat.Thisisnottrueof√2/7asthereisnofiniterelationbetween√2and7or
"anyrelationbetweenthetwoisanapproximation."Expressedasanapproximation,we
wouldagainhaveafiniterelationandtheapproximationof√2/7wouldterminateor
repeat.Butanapproximationof√2isnot√2anymorethan0.14286is1/7.

Ingeneral,decimalfractionshavebeenusedbecauseitiseasierincalculationsandwe
onlyneedapproximation.Inphysicsorengineering,wecandecidethatourresultscanbe
offbynomorethan0.0001orchooseanyothermarginoferrorandtruncateall
computationstothatmanydecimalplaces.Untilveryrecently,historicallyspeaking,all
calculationsweredonebyhand.Ifyourlabmeasurementswereonlytrueto1/50ofa
somethingeitherway,yourresultswereonlyaccuratetotwodecimalplaces. So
mathematicianscameupwithwaystomultiplysuchresultssothattheywereaccurately
truncatedatagivennumberofdecimalplaces.LetmeshowyoutwoexamplesandthenI
willgiveyousomethingtochewon.Wewillmultiply88.96by7.43togettwoandthen
threedecimalplacesintheresult.Iwillgiveyouanexplanationforthefirstexampleand
youcansupplythereasoningforthesecond.Theactualproductis660.9728.

88.96 (multiplicandwith".")
347 (multiplierreversed,no"."withunitat2decimalplaces)

62273 (beginwith7⋅6butcarry1inanycase)
3558 (beginwith4⋅9butcarry2from4⋅6=24)
266 (beginwith3⋅8butcarryfrom3⋅9=27)

660.97

88.960
347

622721
35584
2668

660.973

Withthatunderstood,cometoanunderstandingofthesimilarprocessfordivision.Here
wearekeepingtwodecimalplaces:

[Cont'dnextpage.]
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0.41432)673.1489(1624.73
41432
258828
248592
10237
8286
1951
1657
294
290
4
4
0

Thewaytofigurethisoutistodothedivisionlonghand,leavingnothingoutandthen
studywhathasbeenleftoutinthisalgorithmand,ofwhathasbeenleftout,whathas
beenused.
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SquareRoots

Let'sthoroughlyhandlepowersorexponents. Whatfollowsisthearithmeticof
exponents.

a2⋅a3=aa⋅aaa=a5=a2+3 Soan⋅am=an+m

a2/a3=aa/aaa=a/a⋅a/a⋅1/a=1/a=a-1 Soan/am=an-m

(a3)2=a3⋅a3=a6=a3⋅2 So(an)m=an⋅m

Withmultiplication,addexponents.Withdivision,subtractexponents.Withpowers,

multiplyexponents.Theuseofnegativeexponentshereissimplynotation:1/an=a-n

Fractionalpowersarerootsandalloftheaboverulesapply:

2=√4=41/2

2=3√8=81/3

a1/2⋅a1/2=a1/2+1/2=a1=a

a2/3/a1/3=a2/3-1/3=a1/3

(a1/2)1/3=a1/2⋅1/3=a1/6

Don'tmakeanyofthisharderthanitis.Youhavethethreerulesabove.Therestis

arithmetic.Notation-wise√xisolderthanx1/2.Theadventofthefractionsmademany
newthingspossible.

√a+√b=√a+√b √a⋅√b=√ab

a0.61=a61/100 a-1/2=1/a1/2=1/√a

ax/y=y√ax∴a21/3=a7/3=3√a7 m√(n√a)=a1/n⋅1/m=a1/mn

(p+q)(m-n)/2=√((p+q)m-n) (cm/n)p/q=q√((n√cm)p)

Thefirstoneindicateswhatshouldbeobvious:youcan'tsimplify√3+√7.Thesecond

oneremindsyouthatallpowersbehavethesameway:a2⋅b2=(ab)2.Soa1/2⋅b1/2=(ab)1/2.
Therest,asIsaid,isarithmetic.Whileyoushouldbeabletounderstandandusethe
radicalsign(√),parenthesesandexponentsaremuchclearerinpractice.Notethatall
theseideasofpowerscanallbeextendedtomultipleelements:

(abc)n=anbncn∴(abc)1/2=a1/2b1/2c1/2

Thefollowingtheoremsfollowfromarithmetic,asyoucouldproveforyourself,ifyou
knewthebasicsofinductionproofs.Andproofbyinductioniseasilylearned;it'salmost
likeagame.I'llletyoudigintothatonyourown,ifyouareinterested.Thenyoucan
comebackandprovethese.

1. Ifa>bthen∀n∈N,an>bn

2. Ifa>bthen∀n∈N,1/an<1/bn

3. Ifa=bthen∀n∈N,an=bn

4. Ifa=bthen∀n∈N,a1/n=b1/n

5. Ifa>bthen∀n∈N,a1/n>b1/n

6. For∀a,∀n∈N,∃!b:b=a1/n [∃!≡"existsunique"]
7. Nopowerorrootofaproperfractioncanbeaninteger.
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Thesixththeoremsaysthatrootsareunique."Foranyaandforanyninthenatural

numbers,thereexistsauniquebsuchthatbequalsa1/n.2istheonly3√8.Clearly,for

evenpowers,band-barebothroots:22=(-2)2=4∴√4=±2.Butforoddpowers,-b
won'twork,asinthecuberootof8above.But-2isthecuberootof-8=-2⋅-2⋅-2.

Thesevenththeoremsaysthatifyouhaveaproperfraction(2/3,3/2,etc.butnot4/2,
3/1,etc.),youcannotmultiplyitbyitselfanynumberoftimesortakeanyofitsrootsand
nevergettoaninteger.Thisisaveryusefulresult.

Becausethesymbolscanbecomesobusy,itiseasytoforgetthatexponentsaresimple.

Whatifyouhadxm/nandneededx?Well,m/n⋅n/m=1andx1=x∴(xm/n)n/m=x.You
shouldbeabletoeasilyreducetheeighthexampleabovetocinthesameway.Itissimply
arithmeticwithexponents.Becausethisarithmeticisanextensionofnumber,itworks

withallnumber. Thesymbol(π)π iscorrectandmeaningfulevenifitsdigital
representationisbeyondourfinitereach.

Inordertodomorewithexponents,weneedtoinvestigatetheirformmoredeeply.Sowe
turntothesimplestexample:thesquareroot.Anynumbertimesitselfisasquare.Thisis
fromEuclidwhere,givenanyline(magnitude),youcanconstructanactualsquareonthat
line(EuclidI.46).Whatworksforpuregeometryworksfornumber.Multiplyinga
numbertimesitselfissometimescalledinvolution.Let'sinvolutethirteen:

13⋅13=169∴169=132

So169isthesquareof13.Goingtheotherwayistakingthesquarerootorevolution.And
13isthesquarerootof169:

√169=(169)1/2=13

Allnumbershavesquares.Butonlyperfectsquareshaveintegersquareroots.Letmeriff
onthesymbolswhileyoukeepinmindwhattheymean:

√a×√a=a √(a×a)=√a²=a √ab×√ab=ab
(√a×√b)(√a×√b)=√a×√a×√b×√b=ab∴√a×√b=√ab

√(a/b)=√a/√b∴√(25/4)=√25/√4=5/2

While5⋅5=25,thereisnonumberinN,Z,orQwhichmultipliedbyitselfequalsfive.As
younowknow,noproperfractiontimesitselfcanequalaninteger.∀n∈N,ifnisnota
perfectsquare(4,9,16,…)thennisanalgebraicirrationalnumberandtheirvaluescan
onlybeapproximated.Hereweapproximatethesquarerootoffive:

(123/55)2=15129/3025=5.00132…

(15127/6765)2=228826129/45765225=5.0000000874026…

"Irrational"shouldprobablyhavebeen"non-rational"or"notoneoftherationals,or
ratios,inQ."Butit'stoolatetofixthenamingconventionnow.Irrationalsarenotcrazy;
theyaresimplynotrational.Theyarecalled"algebraic"becausetheyaretherootsof
polynomialswithrationalcoefficients.And,interestingly,anumberisonlyalgebraicif
youcanconstructitusingpuregeometry.Soanyonewhothinksthatalgebraand
geometryareinanywayseparateiscrazyor,atleast,notrational.Studyingboth
branchesofmathematicssufficientlywillprobablycurethem.Takethisasahintand
studyboth.Sufficiently.
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Usingarithmeticwecanfindthesquarerootsofperfectsquares.Butweneedtousethe

formofnumber.Letxbeanynaturalnumber,thenx2isaperfectsquare.Weknowthatx
isthesumofitspartsorx=a+b+c+dwherea,b,c,d∈N.Therefore,

x2=(a+b+c+d)2=a2+2a(b+c+d)+

b2+2b(c+d)+

c2+2cd+

d2

Togetthesquarerootfromtheperfectsquare,wereversethisalgorithmofmultiplication.

Givenx2whichwewillcally,weneedanA:y-A2>0thatleavesy-A2>0.Theny-A2=

R1or"remainderone."ThenweneedB:R1-(B
2+2AB)>0andthisR1-(B

2+2AB)=R2.

ThenweneedaC:R2-(C
2+2C(A+B))>0whichgivesusR3.AndwecontinueonwithaD,

E,F,…foranR3,R4,R5,…untilweeithergetasquarerootorsomeRithatistoosmallto

subtract1from.Andinthelattercase,welearnthaty(orx2)isanalgebraicirrational

number.Allwearedoinghereisbeginningwiththed2inourmultiplicationaboveand

workingourwaybackupthechain.(Useyourmindtoconfirmthis.)Letx2=y=2025:

A=20 2025(202=400)
400

B=20 1625(202+2⋅20⋅20=1200)
1200

C=5 425(52+2⋅5⋅(20+20)=425)
425
0

A+B+C=45∴(2025)1/2=45

Wecanrefinethisideabyexaminingtheformofsquares.Anyn∈Nendinginmzeroes
willhave2mzeroesinitssquare(200⋅200)=40000∴∀n²(4,9,16,…)withaneven
numberofzeroesfollowingit(400,90000,16000000,…)isaperfectsquare(of20,300,
4000,…).Alsowhenwechoosen:A-n²>0,nmustbethelargestnthatdoessoandsoon
forB,C,….Bylargest,wemeanlargestdigitfollowedbyzeroes.Wedealindigitsofthe
root

Nowtakeanynumber,76176.Markitsdigitsbytwosfromtheright7,61,76.

Thenearestsquarebelow76176is40000whichis2002whichmakesA=200
andthisisthelargestsuchsquarewecanhave:A-n²>0
76176-40000=36176.

WewantthelargestBsothatB2+2AB<36176.

1002+2⋅200⋅100=50000.Nogood.Bneedstobeinthetens.

OrsomeN⋅10sothat(N⋅10)2+2⋅200⋅(N⋅10)=10N2+4000N<36176
36176/4000=9.04…(4000frompreviousline)
N=9∴8100+36000>36176
N=8∴6400+32000>36176
N=7∴4900+28000<36176
∴B=70∴36176-31900=3276

AtlastweneedsimplyadigitN:N2+2N(A+B)=N2+540NgivesthelargestC<3276
3276/540=6.06…
N=6∴36+540⋅6=36+3240=3276=C
∴√76176=A+B+C=200+70+6=276
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Thatwastheanalysisthatwasusedtocreateanalgorithmforfindingthesquarerootof
anyintegerinthedaysbeforecalculatingdevices.Hereisthebasicalgorithmwithsome
explanatorynotes:

7,61,76(200

40000 (=2002)
2⋅200=400)3,61,76(70

70)32900 (=70⋅470)
2⋅200=400)3276(6
2⋅70=140)3276 (=6⋅546)

6) 0 276 (200+70+6=276)

Onceweknowwhatwearedoing,wecanlosethezeroesandthenotes-to-self.Leftto
right,dealwiththeleft-mostpairofdigits(only7here)andthenbringthenextpairdown.
Asindivision,youcanbringdownanotherpairifyouneedthem.

7,61,76(276
4 .

47)361
329

546)3276
3276

Youshoulddoacoupleoftheseasanexercise.Try73441and2992900withrootsof271
and1730.Clearly,youcandropanevennumberofzeroesfromyoursquareandaddback
halfthatmanyzeroestoyourroot.Youknowthatyouunderstandthisprocesswhenyou
canfreelyusetheformatofthelastexample.

Youcaneasilyapproximatesquarerootstoanydegreeofaccuracy.Wedidthisabove,
behindthescenes,with√5.Let'sfind√2towithin1/57sothatouranswerdoesnot
exceedthatmarginoferror:

2/1⋅57²/57²=6498/3249
6400=80⋅80 81²=6561 79²=6241
80/57<6498/3249=1/2<81/57

∴80/57iswithin1/57andlessthan√2
(80/57)²=1.9698…

Wecanapproximatesquarerootsusingouralgorithmaswell.Dividethenumberinto
periodsoftwosotheunitsfigureisthelastdigitofaperiod.Thedecimalpointinthe
resultgoesafterthenumberusedintheunitsperiod.

√1.3751,37,5 √0.0810,08,10=8,10

1,37,5(1.172… 8,10(.284…
1 4

21)37 48)410
21 384

227)1650 564)2600
1589 2256

2342)6100 5686)34400
4684 34166
andsoon andsoon
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Youcandoublethedecimalplacesintheresultatanypointbydivision.Sobothofthese
cangofromthreetosixdecimalplaces.The"andsoon"ineachcaseissuppliedbygoing
onestepfurtherinthealgorithmanddividinginsteadofmultiplyingandsubtracting:

23466)141600(6.03… ∴1.72603
569204)2840000(4.98…∴2.846049

Inthesecondcase,wehadtobringdownanextrapairofzeroes.Youcanaccuratelyonly
doublethedigitsandthelastdigitmaybeonetoogreat.Wewillusethisagainina
moment.

Itisnowtrivialtofindthesquarerootsofthreeandfourdigitperfectsquaresusingonly
yourhead.Required:√729.4largestsquare<7∴1stdigitofrootis2.Thesquareofthe
seconddigitendsin9∴2ddigiteither3or7but3toosmall∴√729=27.Okay.Sowhat
ifit'snotaperfectsquare?Required√736.1stdigitstill2∴736-400=336.Weneedan
N²+2N(20)=N²+40N<326.N=8:64+320=384.N=7:49+280=329.Wehavea
firstapproximation:27²<736<28²and27²iscloserto736.Youcouldrefineitfrom
therebydivision:336-329=7and7÷54=0.129…∴√736≅27.129(squared=735.983)
The54isjustthenextstepinthealgorithm(2⋅27)asinourtwoexamplesabove.You
coulddoallofthisinyourheadifyouwerewillingtodevelopyourmindtothislevel.

Let'slookatonemorewaytoapproximatesquarerootswhichisalsoawayto
approximatefractions.Itusescontinuedfractionswhichareinterestinginthemselves.
Becauseoftheirrelationtorealnumbers,continuedfractionshavebeenconsiderably
developedinmathematics.We'llstartbyputting43/105intoEuclid'sAlgorithmwhichis
ourGCFalgorithm.Wedividethegreaternumberbythelesser:

43)105(2 Nowlistthequotients:2,2,3,1,4
86 Ifweputtheminthisform:
19)43(2 1 .

38 2+1 .
5)19(3 2+1 .

15 3+1 .
4)5(1 1+1.

4 4
1)4(4 Wehaveacontinuedfractionequalto43/105

4 Wealsohaveaseriesof:
0 1.,1 .,…

2 2+1.
2

anditssimplifiedelementsare:1/2,2/5,7/17,9/22,43/105.
Notethat1/2>43/105,2/5<43/105,7/17>43/105,9/22<43/105.Also

1/2 iswithin1/(2⋅5) =1/10 of43/105
2/5 iswithin1/(5⋅17) =1/85 of43/105
7/17iswithin1/(17⋅22)=1/374 of43/105
9/22iswithin1/(22⋅105)=1/2310of43/105

Finally,nofractionwithanumeratoranddenominatorlessthanoneofthesecancome
closerto43/105thanthesedo.Beforewegoon,let'snotethatifyoutakeourGCF
quotientsandstartwith2+anduseonlythe2,3,1,4asacontinuedfraction,yougeta
continuedfractionequalto105/43.
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Nowwecanusethismethodtoapproximatesquareroots.Wealsogettolearnanother
algorithmwhichcalculatescontinuedfractions.Let√s=√43whichequals6anda
fraction.Ouralgorithmhasthreerows:rowa,b,andc.Andthefirsta,b,care6,1,6.The
sixescomefromintegerpartof√43andwewillcallit"n"andthe1isjustwhererowb
starts.Iwilllayoutthetableandthenexplainhowwefillitup:

a6|15…
b1|76…
c6|1131513111

Wedoitthisway:inthesecondcolumn,thenewb'=(s-a²)/bor(43-36)/1=7
Thenewc'istheintegerofthequotient(n+a)/b'=(6+6)/7∴1
Thenthenewa'isb'c'-a=(7⋅1)-6=1.

Thealgorithmrepeatsitselfinthiswayfromonecolumntothenextasyoucanseefrom
thesecondcolumn.Keepinmindthatwearesimplycomputingacontinuedfractionin
rowc.Thebottomrowisshownasdevelopeduptothepointwhereitbeginstorepeat
afterthe3.Ifwestophere,thefirstelementinrowcgivesus6+andtheremaining
elementsgiveusourcontinuedfractionofapproximate√43.Itssimplifiedfractional
seriesis1/1,1/2,4/7,5/9,29/52,34/61,131/235,165/296,296/531,and461/827.

Andthesquareof6461/827is42.99997….Ifyouwouldliketoplaywiththisidea,the√2=
1plusafraction,rowcshouldlooklike1|22222… Youcanworkoutthesimplified
fractionsforyourself.

That'sallIhavetosayaboutpowersandsquareroots.Nowwewillinvestigatethe
Euclid'sveryoldideaofratioandproportionandseewhathasbeenmadeofitsincehis
time.Attheendofthisnextchapter,wewilllookoncemoreatfractionsandsquareroots
throughEuclid'seyes.
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RatioandProportion

Euclid'sratiosandproportionshadnothingtodowithnumber.Theycompared
magnitudes:length,area,volume.ButalloftheideasinEuclid'sBookVaretrueof
numberaswell.

Thedifference(δ)between8and19is11.Ifwetakeanyothertwonumberswiththe
samedifference(100,111)andlisttheminascendingorder

8 19 100 111

thefournumbersareinarithmeticalprogression(A.P.).Theoutertwoaretheextremes
andtheinnertwoarethemeans.InA.P.,thesumofthemeansequalsthesumofthe
extremes:

19+100=119=8+111

Thisideaisusuallyappliedtoaseriesofnumberswhereeachtwo,inorder,sharea
commondifference:

a a+δ a+2δ a+3δ a+4δ a+5δ δ
1 2 3 4 5 6 1
3 6 9 12 15 18 3
1.5 2 2.5 3 3.5 4 0.5

Thesumoftheendtermsequalsthesumofanytwowhichareequidistantfromtheends:
3+18=6+15=9+12=21.Ifthisseriesendedat15:3+15=6+12=9+9=18.We
canusethispropertytofindthesumofanA.P.series:sumthefirstandlasttermsand
multiplybyone-halfthenumberofterms.(3+18)⋅6/2=21⋅3=63.Iftheseriesendedat
15:(3+15)⋅5/2=9⋅5=45.TheA.P.relationisalsousedtodefinethearithmeticalmean
(A.M.)ofanytwonumbersa,b:

A.M.=(a+b)/2

Wecanlookatallthisingeneralterms:

A.P.series: ai=a1,a2,a3,...,an

A.P.series'ssum: ∑ai=a1+a2+a3+...+an=
n/2(a1+an) [1]

Provetoyourselfthatthisisalsotrue:∑ai=
n/2(2a1+(n-1)δ)[2]

([n]markers,whenusedasreference,willreferbacktothemostrecentmatchingtag.)

Givena1,nandδ,wecanfindan:an=a1+(n-1)δ.
Andgivens=∑ai,n,anda1,wecanfindthecommondifference:

s⋅2/n=(a1+an) (from[1])
∴(s⋅2/n)-a1=an (wenowhavean)
Wegofroma1toaninn-1steps
∴distanceisan-a1
Usingbothofthesewegetδ=(an-a1)/(n-1)
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Properlyspeaking,arithmeticproportionisnomoreaproportionthanirrationalnumbers
arecrazy.Recall:819100111.Ifyouhave$8andcomeupto$19youhavemorethan
doubledyourduckies.Butifyougofrom$100to$111youhavegainedadollarmore
thanatenthofwhatyouhad.Wecansaythisas8/19>100/111andseethatthetwo
ratiosarenotproportional.Andwegetthisideaofonenumberinrelationtoanother,or
theideaofratio,fromEuclid.Therelationofthelengthoftwolinesa,b,Euclidexpressed
asa:bor"aistob"and,comparingthesetocanddwhichwereinsimilarrelationorratio,
hehada:b::c:dor"aistobascistod."Herethe"as"meant"greaterthan,equalto,orless
than."Andthemagnitudesthemselves,unrelatedtonumber,simplyshowedwhetherit
wasgreaterthan,equalto,orlessthan.Usually,Euclidworkedwithequalratios.Buthe
couldhandleinequalitiesaswell.

Butallofthiscarriesoverintonumber.Wecompare3to6using3/6andthisisequalto
1/2or3/6=1/2or3:6::1:2.WeandtheGreeksareasking,foraandb,"Whatpartofbis
a?"3:6::1:2saysthat3isthesamepartof6as1isof2whichisall3/6=1/2issaying.So
whatpartof7is12?12is12/7of7ordividesevenintosevenpartsandtake12,justas
wesaidinfractions.Whenwehavefournumbersa,b,c,d:a/b=c/dthenthenumbersin
thisarrangementareproportional.Theorderingiseverything.3:6::1:2expressesone
proportionand3:1::6:2expressesanother.And3:2::6:1onlyexpressesthat3/6<6.
Eucliddidn'tdothismuch.

Withannormal,equalproportiona:b::c:d,weusemeansandextremestoshowad=bc.
Theaanddareextremes;thebandcaremeans.

3:6::1:2 3⋅2=6⋅1
3:1::6:2 3⋅2=1⋅6
3:2::6:1 3⋅1≠2⋅6∴3,2,6,1notproportionalinthisorder

Sowhethera:b::c:dora/b=c/d,ifwemaintainad=bc,wehaveaproportionifnotan
identicalone:

a:b::c:d a/b=c/d ad=bc
b:a::d:c b/a=d/c bc=ad
b:d::a:c b/d=a/c bc=da

Because,ina:b::c:d,thepairsareproportional,proportionismaintainedifyouaddor
subtractthesameproportionalelementtotheother:

(a-b)/b=(c-d)/d a/(b-a)=c/(d-c)

Youcanusethiswithallfractioncomputationsincludingalgebraicones.TheGreeks
didn'tusenegativenumbersbutwedo.Andit'stheproportionandnotthesignthat
matters.

a+b=c+d 3+6=1+2 9=3
a-b c-d 3-6 1-2 -3 -1

Andifa:b::c:dthenforanym,n:

ma:b::mc:d a:nb::c:nd a/n:mb::c/n:md

andsoon.Ifa:b::c:dande:f::g:hthenae:bf::cg:dhanda/e:b/f::c/g:d/h.Assignsome
numberstotheselettersandyoucanproveallthistoyourself.Dosoifyouareinany

doubt.Also,ifa:b::c:d,wehavean:bn::cn:dn.
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Toshowhowfarthiscango,we'llproveatheorem.Butfirstwewillconfuseyouby
redefininghomogeneous.Homogenousisnotabadname;it'sanoverloadedone.Any
timeyoucomeacross"homogenous"youneedtoask"Withrespecttowhat?"Lasttime
thetermswerehomogenousiftheyhadthesameliterals(letters)tothesamepowers.So
theywerehomogenouswithrespectto(wrt)eachliteral. Thistimetheyare
homogeneouswrttothedegreeoftheentireterm.We'restillpayingattentiontoonlythe
literalsandnotconstants(whetherletterconstantsornumberconstants).Soherewe
ignore8,m,and12,becausewearechoosingtomakethetermshomogeneouswrta,b,c:

4thdegree 8a²bc mab³ aabc,abbbhavefourelements

5thdegree 12abc³ ma5 abccc,aaaaahavefiveelements

Andinthissense,ifweaddorsubtracthomogeneousterms,theresultingexpressionis
homogeneousinthesamedegree.

4thdegree 8a²bc+mab³

5thdegree 12abc³-ma5

Theorem Ifa:b::c:dandiffromthefirsttwo(a,b)anytwohomogeneousexpressionsbe
formedofthesamedegreeandiffromthelasttwo(c,d)twootherexpressionsbeformed
inthesameway,thefourresultswillbeproportional.
Proof
a:b::c:d∴a/b=c/d=(somevaluex)∴a=bxandc=dx

∴2a³+3a²b=2b³x³+3b²x²b=2b³x³+3b³x²=b³(2x³+3x²)

Sym.2c³+3c²d=d³(2x³+3x²)

Sym.b³+ab²=b³(1+x)andd³+cd²=d³(1+x)

Clearly,b³:b³::d³:d³∴b³(2x³+3x²):b³(1+x)::d³(2x³+3x²):d³(1+x)

∴2a³+3a²b:b³+ab²::2c³+3c²d:d³+cd²

Andthesamelogiccanbeusedforanytwopairsofsuchhomogeneousterms.■

Ifthetwomeansofa:b::b:careequalora/b=b/c,thisisEuclid'scontinuedproportion
andourgeometricprogression(G.P.).Hereac=b²or(a/b)²=a/c.Continuingthe
proportionforanotherratioaddsanotherpower:

1:2::2:4 (1/2)²=1/4
1:2::2:4::4:8 (1/2)³=1/8

Inratioa:b,aistheantecedentandbistheconsequent.Iftherearencontinuedratios
andmisthelastconsequentthen(a/b)n=a/m.Takea:b::b:c::c:d::d:e.
Theninnumbers,wehave:a/b=b/c=c/d=d/e.
Thereforeb=b/a⋅aandc=c/b⋅b.Buta/b=b/c∴b/a=c/b∴c=b/a⋅b=(b/a)²⋅a
Sym.d=d/c⋅c.Butd/c=c/b=b/a∴d=b/a⋅c=(b/a)²⋅b=(b/a)³⋅a
SoourG.P.is,ifr=b/a,thenseriesisa,b=ar,c=ar²,d=ar³,e=ar⁴

Let'sdothesumofaG.P.=1,r,r²,r³
Notethatp=p-q+q-r+r-s+s.Thisisaveryusefulalgebratechnique.

Required:sumof1+r+r²+r³
1-r⁴=1-r+r-r²+r²-r³+r³-r⁴

=(1-r)+r(1-r)+r²(1-r)+r³(1-r)
∴(1-r⁴)/(1-r)=1+r+r²+r³
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BecauseanyG.P.takestheforma,ar,ar²,…,itssumGPnissimplya(1-r
n+1)/(1-r).Here's

anotherwaytothinkaboutit:

GPn=a+ar+ar
2+...+arn

r⋅GPn= ar+ar2+...+arn+arn+1

∴subtractingweget(1-r)GPn=a-ar
n+1∴GPn=a(1-r

n+1)/(n-1)

Ifweaskourselves,"Whatdoesthismean?",weget:

∑nterms=[(firstterm)-((n+1)thterm)]/(1-commonfactor)

Youcandetermineforyourself,usingonly1,4,and4⁹,thatthefirstninetermsof1+4+
16+…sumto87381.

Let'sthinkabouttheformofthesumofaG.P.ifanynumberaorfractiona/bisgreater
thanone,eachpower(a,a²,a³,...)isgreaterthanthelast.Ifa/b>1thena/b=1+c,for
somec∴(a/b)²=(1+c)²=1+2c+c²∴evenifcisverysmall,(a/b)²>a/b.And(1+c)³=
1+3c+3c²+c³andsoon.Soforanym∈N,nomatterhowlarge,∃n∈N:(a/b)n>m.Ifa/b
=1thenallitspowersareequaltounity.Andifa/b<1,youcanseethatitmustdecrease
witheverypowerofnitisraisedto.Ifa/b<1,thenb/a>1.Letb/a=x,thena/b=1/x.

Soasx,x²,x3,...getlarger,1/x,1/x2,1/x3,...getsmaller.Justas∀m∈R,∃n∈N:xn>m,then

∀p∈R,∃n∈N:1/xn<1/m=p.Here,Risthesetofrealnumbers,rationalandirrational.

Wherea/b>1,wesayasn→∞,(a/b)n→∞.Nothingeverequalsinfinity("∞")butthis

showsthatasn increaseswithoutbounds,(a/b)n increaseswithoutbounds.

Symmetrically,ifa/b<1,n→∞then(a/b)n→0.Justasnwillneverbeinfinite(thereis

alwaysn+1)so(a/b)nwillneverreach0.Butastheoneincreaseswithoutbounds,the
otherdecreaseswithoutboundsbutisneverlessthan0ifa/b>0.Ifa/b<0,thenforeven

n,(a/b)n>0andforoddn,thisislessthanzero.Thissimplycomesfrom-1⋅-1=1,-1⋅-1

⋅-1=-1andsoon.Buthereasn→∞,(a/b)n+1iscloserto0thanis(a/b)n.

Let'sgobackto1+r+r2+….Nowweseethatifr≥1,asn→∞,GPn→∞butthisneednot
betrueifr<1.Consider1+1/2+1/4+….For∀n,re-addingthelasttermmakesthe
sumequalto2:n=2,1+1/2+1/2=2;n=3,1+1/2+1/4+1/4=2.Butwealwaysadd
halfthelastterm.Soasn→∞,GPn→2andasnisnever∞,thesumisneverquite2.

Thislimitationisnottrueforalla/b<1.Consider

1+1/2+1/3+1/4+…=1+1/2+(1/3+1/4)+(1/5+…+1/8)+(1/9+…+1/16)+…

Eachofthesegroupings>1/2.SothisGPn>1+1/2+1/2+…+1/2foranyfiniten,

thereforen→∞,GPn=∑
1/n→∞.Butourseries,1+r+r2+…,alwayshasalimitwhen

r<1.Letthelastterminthisseriesequala.Then

(1-a)/(1-r)=1/(1-r)-a/(1-r)

fromouroriginalsumaboveofaG.P.Nowthetermsdecreasewithoutlimit,thereforeas
n→∞,a/(1-r)→0.But1/(1-r)neverchanges.Sothelimitn→∞ofGPn→1/(1-r)in

thiscase.With1+1/2+1/4+…,r=1/2∴1/(1-1/2)=
1/1/2=2.
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Thinkaboutthesethingsyouhavejustseen:

p=p-q+q-r+r-s+s

(1-a)/(1-r)=1/(1-r)-a/(1-r)whereachangesbut1/(1-r)doesn't.

Thefirstonemakesaformofnumberavailabletoyoutofactorouta(1-r)andthe
secondonerevealstheformofaparticularkindofinfiniteseries.

Ina:b::c:d,wehavetheequivalentforma/b=c/d.Buta/bcanbelessthanorgreaterthan
c/d:

1. Ifa>b,c≤d,thena/b>c/d;
2. Ifa<b,c≥d,thena/b<c/d;
3. Ifa/b=c/danda/b>c/xthen,d<x;
4. Ifa/b=c/danda/b<c/xthen,d>x;and
5. Ifa/b<c/d,thena/b<(a+c)/(b+d)<c/d

Thefirstfoursimplystatetheforminequalitiestake.Thefifthisimportantenoughto
deserveaproofasexplanation:

Proofof#5
x<y∴x=(m+n)/(m+n)⋅x=(mx+nx)/(m+n)
Sym.y=(my+ny)/(m+n)
∴(mx+nx)/(m+n)<(mx+ny)/(m+n)<(my+ny)/(m+n)
∴x<(mx+ny)/(m+n)<y [1]
Leta/b=x,c/d=y∴a=bx,c=dy
∴x<(bx+dy)/(b+d)<y (by[1])
∴a/b<(a+c)/(b+d)<c/d■

Further,takeanywholenumbersorfractionsp,q.Ifa/b<c/dthen

a/b<(ap+cq)/(bp+dq)<c/d

whichyoushouldprovetoyourselfbythelogicofthelastproof.Thenyoucanseewhat
algebraicalfractionsreveal:

1. Thevalueof(1+x)/(1+x2)isbetween1andx/x2=1/x;

2. (ax+by)/(ax2+b2y2)isbetween1/xand1/by;
3. (a+b)/2=(a+b)/(1+1)andsoisbetweenaandb;and
4. If(a+b+c+d)/(p+q+r+s)=k,thentheabovecanbeusedtoshowthatkisless

thanthemaximumandgreaterthantheminimumofa/p,b/q,c/r,andd/s.

ThecommonestcontextofproportioninschoolsisusuallycalledtheRuleofThree.
If22yardsofclothcosts20.80,whatdoes156yardscost?

a:b::c:d
22:20.80::156:x
22x=20.8⋅156
x=(20.8⋅156)/22=147.49
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Sym.,if22yardscosts20.80,howmanyyardscanyougetfor50.00?

a:b::c:d
22:20.8::x:50
20.8x=22⋅50
x=(22⋅50)/20.8=52.88

Here,orderisimportantandwekeepourapplesandorangesseparate.Inbothcases:

a/b=c/d=yards/money

Butsometimesthefruitalllooksalike.Ifyouhave4000goombahsincapitalgains,what
doyoupayfortaxiftherateis0.36goombahsonthegoombah?Everyfruitisagoombah
here.Butsomearecashandsomearetaxes:1:4000::0.36:x.Herecash:cash::rate:
rate.Ratesofworkortravelaresimilar.Howlongwillittake13mentodowhat45men
doin10days?

13:45:x:10
x=130/45=2.9

andthisisclearlywrong.Why?Gobacktothedefinitionofproportion.Weworkin
numberwitha/b=c/dandthiscomesfroma:b::c:d.Andthatmeans"aistobascistod"
andthe"as"means"lessthan,equalto,orgreaterthan."Soas13<45then10<xandwe
stillneedmen:men::days:days:

13:45::10:x
x=450/13=36.6

Sowhynot13:x:10:45?Thisismen:days:days:menandwhenyousolveyouget:

xdays⋅days=men⋅men⇒ xdays=men²/days

wherethelastandactualsolutiongives:

xdays=(men⋅days)/men=days

Mathematicsisactuallymeaningful.Thequestion"Howlong?"isansweredin"days"not
in"squaremenperday,"whateverthoseare.

ThisideaofproportioncanbeextendedtowhathasbeencalledtheDoubleRuleofThree
ortheRuleofFiveandprobablyotherthingsequallyunhelpful.If5mencanmake30
yardsofclothin3days,howlongwillittake4mentomake68yards?(Imaginepeople
actuallymakingsomethingbyhand.Andthenrealizethatwhattheymadewasbetter
thananythingyoucangetnow.Theoriginalbluejeansweremadeof16oz/ydmaterial.
Goodluckfinding16oznow.ButIdigress.)Thequestionhereis"Whatisayardofcloth
inmandays?"Onemandoes1/5of30byhypothesis(or"problemstatement")or6in3

daysor1yardin1/2day.∴68yardsis34mandays.34dividedby4menis17/2or81/2
days.Andgiventhis,wecanask"Howmanyyardswill6menmakein12days?"and
knowthat,asonemanmakes24yardsin12days,then6menwillmake6⋅24=144yards
inthesametime.Butthereisalittlealgorithmforthesekindsofproblemswhereyou
havefivedatapointsandneedthesixth.
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Ineachoftheearlierexamples,thegivendataisonthetopline.Therequireddataison
thebottomline,witheachtype(men,yards,days)underthesametypeinthegivendata.
Thenyoudrawthosenicecurves.Theresultistheproductofthethreedatacurvedivided
bytheproductofthetwodatacurve.

(5⋅68⋅3)/(4⋅30)=17/2=81/2

(6⋅3012)/(5⋅3)=144

Tofigureoutwhythisworks,youcan
play with the idea ofextending a
proportion:

a:b::c:d::e:f

You'llseewhatisgoingonprettyquickly.Evenifweareboredbycommercialand
financialapplicationsofmathematics(andweare),let'slookattheideaofinterest.
Percentagesandexponentialgrowthapplytobamboogrovesandhumanpopulationsas
wellastomoney.Theseideaswillbefoundtobefundamental.

Supposeitisrequiredtotake7partsof40from16.Thisistodivide16into40partsand
take7or16/40⋅7=14/5.Orsupposeyouneed13partsoutof100from3hours27
minutes48seconds:

((3⋅60⋅60+27⋅60+48)⋅13)/100=40521/25

Thisisallabouttakingsomefractionalpartofawhole.Itisalsosometimesnecessaryto
askwhatfractiononesumisofanotherintermsofhowmanypartsof100mustbetaken
fromthesecondtomakethefirst.Thisistoaskwhatpercentthefirstisofthesecond.
Whatpercentis23partsoutof56ofanysum?Thisis

(23⋅100)/56=575/14=141/14%

Sym.,16partsof18is(16⋅100)/18=888/9%and2partsoutof5is(2⋅100)/5=40%.
Herewecanseeweareconvertingtopartsofonehundredsothat40%=0.4therefore

888/9% =(888/9)/100=0.410714.Thepercentsignmeans"×
1/100"whichmakesthe

percentagetwodecimalplacesbigger,asin0.4=40%

Ifsomething10fttallgrows40%peryear,itis14fttallafteroneyearand14⋅140/100=
19.6ftaftertwoyears.Herethe140meansitkeeps100%ofitssizeandadds40%=
140%=140/100.Withmoney,simpleinterestisaone-timerateaddedtothetotal.Best
anyonecantell,simpleinteresthasnotoccurredsincetheMiddleAges,whenthose
usurersyou'veheardaboutactuallychargedfarlessinterestthatanymoderncreditcard
corporation.Itsformulais

Interest=Principal×rate×time
I = P × r× t=Prt

Soifyouborrowed$3000at7%for1/2yearonthePlanetofNoGreed,yourinterestis:

3000×7/100×1/2=$105
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Whentheytalkaboutthe"amount"ofaloan,thisisPrincipal+Interest=Amount=S:

S=P+Prt=P(1+rt)

Theyusedtotweakthevariablesintheseformulaetosqueezemoremoneyoutofthe
borrower.Andthensomeoneinventedcompoundinterestandtherealsqueezewason.
Thisiswheretheprincipalisincreasedbytherateofinterestattheendofeachandevery
interestterm.Forcreditcards,thisisatleastmonthly,perhapshourly.(Andmakingthe
minimumpaymentswillneverdecreasetheprincipal.)

Butcompoundinterestisalsothemathematicsofexponentialgrowth.Let'ssayyouhave
something100fttallthatgrew4%exponentiallyevery3months.Howmuchwouldit
growinayear?Thismuch:

100(1+0.04/4)(1+0.04/4)(1+0.04/4)(1+0.04/4)

=100(1+0.04/4)4=100⋅1.0406=104.6

Inmoneyterms,thisis

S=P(1+rp/p)
pt

whereS=amount,P=principal,rp=%rate,t=time,andp=compoundperiod.Solet's
journeyagainbacktothepastwhenpeopleputtheirmoneyintosavingsaccountsandask:
"Whatistheamountafter3yearsif$700isdepositedat3.25%compoundedeverysix
months?"

S=700(1+0.0325/2)2⋅3=700(1+0.0325/2)6=771.08

Nowadays,bankschargenegativeinterestratestoencourageyoutoputyourmoneyin
thestockmarketswheretheyhaveabetterchanceofwindingupwithitthanyoudo.We
willcomebacktothisidea(ofexponentialgrowth,ifnotinjustice)whenwehavemore
tools.Someothermoneythingswhichareextensionsofproportionscanbeuseful.

Supposeyouareapiratekingandwanttodivide100doubloonsamongthreepeoplein
sharesof6,5,and9.Or,forevery6doubloonsAgets6,Bgets5,andCgets9.Ifwedivide
100into6+5+9=20partsAgets(100⋅6)/20=30doubloonsandyoucanhoneyour
pirateskillsbyprovingthatBandCget25and45each.

Afterthis,beingfrugalpirates,A,B,andCinvesttogetherinsomeearlyrailroadscheme.
Asupplies250doubloons,B130,andC45andtheymake1000ontheirinvestmentby
gettingoutjustbeforethepyramidschemecrashes.250+130+45=425.SoAgets
(1000⋅250)/425=588.24doubloons,morethandoublinghisinvestment.Andyoucando
themathforBandC.

Or,let'ssaythatA,B,andCinvesttogetherbutfordifferentperiodsoftime.Aputsin3
doubloonsfor6monthsinafruit-standventure.Bdoes4doubloonsfor7monthsandC
does12for2.Ifweconsidertheseas3⋅6months=1⋅18monthsforAandsoforthforB
andC,wecandivideinto6⋅3+4⋅7+2⋅12=18+28+24=70partsandA,B,Cget18,28,
24partsrespectivelyorAgets(18⋅100)/70=25.71%oftheprofitandyoucanfigureout
howmuchtheothersgotforhelpingtheirpeg-leggedfellow-workeropenafruitstandfor
hisretirement.Havingbecomewiseinthewaysofproportionsandpirates,letus
reconsiderfractions.
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Consider7/9.

1. Theninthpartofsevenordivide7into9partsandtake1;or
2. Sevenninthsofaunitordivideoneintoninepartsandtakeseven;or
3. Thefractionofwhich7isto9or7is7ninthsof9;or
4. Thetimesandpartsofatime(here,onlyparts)inwhich7contains9or7

containssevenninthsof9;or
5. Themultiplierwhichturnsninesintosevens:7/9×81=7/9×9×9=7×9=

63;or
6. Theratioof7:9;or
7. Theratioalteringanumberintheratioof9to7orfromabove:81:63:9:7;or

8. Thefourthproportionalof9,1,and7or9:1::7:7/9.

Consider21/2

43/5

1. The43/5partof2
1/2is25/46;and

2. Thefractionitselfis25/46of1;and

3. 21/2is25/46of4
3/5;and

4. 21/2contains4
3/525/46ofatime;and

5. Thisisthenumberthatturns46sinto25s;and
6. Thisistheratioof25:46whichaltersanumberintheratioof46to25;and

7. Thisisthefourthproportionalof43/5,1,and2
1/2.

Soif21/3yardsofsomethingcosts3
1/2somethings,whatdoes1yardcost?Fromthe

above,wehave21/3:1::3
1/2:xorx=(31/2)/(2

1/3)=3/2
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Combinatorics

Idon'treallylikecombinatorics.Foronething,it'sbeenaroundsincePascalandFermat
andifthereisastandardnotation,Ihaven'tfoundit.Combinatoricsisessentialto
probabilitytheory;Idislikeandavoidprobabilitytheory(andstatistics).SoIwouldskip
combinatoricsifIcould.Butitpopsoutatyouinmanyimprobableandnon-statistical
places.SoIwillgiveyouDeMorgan'stakeoncombinatoricsaspainlesslyasIcanbecause
itreallyisworthknowing.

Let'ssaywehave6counters:a,b,c,d,e,fandweareaskedtotakeany3.Wetakea,f,and
c.Andwedenotethisacfandcallitacombination(comb)of3from6.Andwewilldenote
thisC3|6whichisnotstandardnotation.Butthen,whatis? Acombinationisonly
concernedwithwhatthingsgotchosensowecanlisttheminorder:acf.Butwecanalso
haveapermutation(perm)denotedP3|6andthereare6permsofa,c,andfwhichyoucan
workoutforyourself.

Givenoura,b,c,d,e,f,wecantake6permsof1counterorP1|6:a,b,c,d,e,orf.P2|6canbe
obtainedbycombiningeachofP1|6witheachoftheothersinturn:

abacadaeaf
babcbdbebf
andsoon

giving6rowsof5combsor6⋅5=30permsof2thingstakenfrom6things.Eachpermis,
infact,acombandIsaid"6rowsof5combs"bothtopointthisoutandtoshowhow
confusingcombinatoricscanbewhentheauthoriscarelesswithhisnouns.Fromthis
point,ifwe'retalkingaboutperms,Iwon'tusecombsandIwouldlikeallotherauthorsof
mathtextstofollowmylead.Youcanactuallytellthatwearetalkingaboutpermshere,
nomatterwhatacarelessauthorcallsthem,becausewehadabandwealsotookba.But
asahumanistmathematician,itisactuallymyjobtomakethingseasierandclearerfor
you,inhumanistauthorsnotwithstanding.

WecouldtakeeachofourP2|6,whereforeachofthe30(ab),wecouldproduce4more
(abc,abd,abe,abe)and6⋅5⋅4=120permsofP3|6.Sym.wehave6⋅5⋅4⋅3=360forP4|6and
6⋅5⋅4⋅3⋅2=720forP5|6and720forP6|6.AndyoushouldworkoutforyourselfwhyPn-1|n
andPn|narealwaysthesame.

Ingeneralterms,ifwehavencountersthepermsof

1aren
2aren(n-1)
3aren(n-1)(n-2)
andsoon.

SoP4|12are12⋅11⋅10⋅9=11880.Butwhatif,insteadofa-f,wehada,a,a,b,c,d,likethree
mice,acat,adog,andawolverine.Ifthea'sweredistinct,wecouldhave3⋅2⋅1permsof
them.Soincalculatingpermshereofsomenofsix,wemustremovethe3⋅2⋅1whichare
notdistinguishable.SoP4|6=(6⋅5⋅4⋅3)/(3⋅2⋅1)=6⋅5⋅2=60.Andifwehada,a,a,b,b,c
thiswouldbe(6⋅5⋅4⋅3)/(3⋅2⋅2)=6⋅5=30wherewecountdownfrom3forthe3a'sand
from2forthe2b'sandwedon'tbotherwritingtheonesdownbecausewhat'sthepoint?
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Weusethissameideawhenwewanttofindcombinationsinsteadofpermutations.We
gettheproductofthenumberofobjectstakenaspermsanddividebythepossible
duplicates(dupes)becausethepermsgiveusabandba,butincombs,baisadupeofab.
Yougettheidea.SoC4|6is(6⋅5⋅4⋅3)/(1⋅2⋅3⋅4).Inthedenomhere,the2getsridofevery
yxforeveryxy;the3doesthesameforpermsofeveryxyz,andsoforth.Ifindthis
confusingifItrytoimaginehowitactuallyworks.Theeasiestwaytoseehowitworksis
totakeasmallClikeC3|4and,usinga,b,c,d,workitoutcarefullyonpaper.Afterthat,you
canletCbeablackboxandjustrunthenumbers:C3|6=(6⋅5⋅4)/(1⋅2⋅3)=20andsoon.

Knowingthismuch,Icouldtellyouthatthecafeteriahas10itemstoeat,thatyoucan
selectany4,andaskyouhowmanycombsthereareofdeliciousAmericanhigh-school
food.Butwhatiftherewere4vegetables,likegreenbeanjello(theystillservethat,right?)
andyouhavetotake2veggies.Howmanycombsnow?Firstconsiderthatsomepeople
aregluttonsforpunishmentandwouldtake3oreven4veggies.Andthenconsiderthat
wemustsomehowseparateveggiesfromactualfood.Andthenwemustaskourselves,
howmuchofallthiswecanpackintooneCfraction.Ifyouwillgivethefollowing
exampleenoughthought,youwillhaveapatternthatwillhandleallthesekindsof
questionsonyourGREexams.

Weneedtohandlecombswith2,3,and4veggiesor3possibilities.Wehave4veggies
and6ediblesor2groups.Longstoryshort:weneedaseparatefractionforevery
possibility.But,clearly,thegroupshavetobeoneveryfraction.Here'showwesetitup:

Wecalculateeachpossibility:

(4⋅3⋅6⋅5)/(1⋅2⋅1⋅2)=90from2veggies,2edibles,separatedbothtopandbottom
(4⋅3⋅2⋅6)/(1⋅2⋅3⋅1)=24from3veggies,1edible,dittoonseparation
(4⋅3⋅2⋅1)/(1⋅2⋅3⋅4)=1fromsomekindofvegandeathwish,straightupcomb

Thenweaddtheresultsofthepossibilities:90+24+1=115.

NotethatCx|n=Cn-x|nandyoucanworkoutC7|10andC3|10intheirfractionstoseehowthis
works.Soyoucanalwaysusethesmallestofxandn-xunlessyouarethekindofperson
whowouldeatallfourvegetables(gaak!)whenyoucouldhavedonesomethingfareasier.

Bythesamereasoningwithperms,youcouldhavenboxes,say4,andeachcouldhavea
numberofcountersinit,say5,7,3,11andyoucantakeonecounterfromeachbox
(ignoringtheorderofboxes)in5⋅7⋅3⋅11ways.Iftheorderofboxesmatters,thiscanbe
donein4⋅3⋅2⋅1⋅5⋅7⋅3⋅11ways.Solet'signoretheorderofboxes.Ifyoutake2frombox1,
3frombox2,1frombox3and3frombox4,youcandothisin

(5⋅4)/2⋅(7⋅6⋅5)/(2⋅3)⋅3⋅(11⋅10⋅9)/(2⋅3)

ways,whichiseasiertounderstandonceyourealizewe'vedroppedtheonesinthe
denoms.Iftheorderofdrawingsfromboxesmatterbutnottheorderoftheboxes,this
becomes

5⋅4⋅7⋅6⋅3⋅11⋅10⋅9

ways.Andiftheorderoftheboxesmatters,justmultiplyeitherofthelasttworesultsby

4⋅3⋅2⋅1.
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Andifanyofthismakesyousay,"Whaaaat?",youjusthavetoworkitoutwithsmall
examples.Verylittleaboutcombinatoricsis"self-evident".

Ifyouhavexdistinguishablecounters,youcandistributethemintonboxesinxnways.If
countersandboxesdon'tmatteratalltoyou,youcandonothinginonlyoneway.And,
believeitornot,thisfactwillariseagaininunexpectedplaces--butnotforawhile.

Ifweconsidersummingintegerstomakeintegersandcounta+bandb+a,thereare2n-1

waystobuildn.Tobuild

1 20 1

2 21 1+12

3 22 1+1+11+22+13

Tosumeachnwithoddnumbers,ifaisthenumberofwaystobuildnandbisthe
numberofwaystobuildn+1,thena+bisthenumberofwaystobuildn+2.Everywayto
build12iseithera10with2addedoran11with1added.For1,wehave1.For2,we
have1+1.For3:1+1+1and3.Youcando5to∞,whichisnotanumber--asLudwig
Wittgensteinsaid,"Infinityisanadverb."Whenyouaredone,wehavetheseries,based
onwaysofbuildingeachnfromoddn,of1,1,2,3,5,8,13,…wherean=an-1+an-2.In
theseseries:

1) 111234691319...
2) 010111234 5...

afterthe3dtermin#1,an=an-1+an-3andin#2,an=an-2+an-3.In#1,showthatanisthe
numberofwystosumnwithnumberswhichwhendividedbythreeleaveremainder1
andthat#2isthesameforremainder2.Ornevershowyourfacearoundhereagain.

[Letmeclarifytheideathat"infinityisnotanumber."UntilCantor,itwasnotanumber.Youhadthe
finitenumbersandyouhadinfinity,asin"1,2,3,...".Cantorclosedthesetofnaturalnumbersand
madethissetthefirstinfinitecardinalnumber.Hethen"proved"thattherealswerethenextcardinal
number.Isay"proved"becausemanymathematiciansdisagreed,HilbertandPoincareamongthem.
Today,itisgenerallyacceptedthatthesetwocardinalsarevalid.Thefirstis"countable"andthe
secondis"uncountable."Andthisisasfarasmostmathematicianswillgo.Assoonasyouclosean
infiniteset(orclaimtohave"allofit")thetheHydrasofContradictionraisetheiruglyheads,beginning
withtheAxiomofChoiceanditsequivalents.Somostpeoplearewillingtoputonefootoutoverthe
edgeoftheinfinitenumericalcliffbecauseit'skindofcool.Buttheyarereluctanttoputtheotherfoot
outthere.Thosewhodo,ofcourse,neverhitbottom--sothey'recool,too.Inanycase,infinitycannot
betreatedasanumberinthewaythistexttreatsofnumbers.]

Wecansumnfrommnumbers.Let'ssum12with7numbers.Wehave12onesand6
possiblepartitions:

1|1|111|11|1|11|11

Thisquicklybecomes:"Howmanycombinationsof6canbemadefrom11possible
placements,"orC6|11=462.Heredifferentorderings(a+b,b+a)countasdifferentways.
Tolookatthisinageneralway,wedenotethenumberofwaystomakemthingsfromn
thingsMn=n⋅(n-1)/2⋅(n-2)/3⋅⋅⋅(n-m+1)/m.Ofcourse,thisisCm|ninadifferentformbut
thisformcomesupagainoutsidecombinatorics;sowekeepthemseparate.

Let'ssum12with7numbersbutallow0asanumber.Thisisthesamenumberofwaysas
building12+7=19without0,ifyouthinkaboutit(sothinkaboutituntilyouseewhy
thisistrue).Takeanysumto12,using0ornot,addonetoeachnumberandyouhave19.
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As611wasthenumberofwaystobuild12using6numberswithout0,618isthenumber
ofwaystobuild12with6numbersallowing0.

Andthisisexactlythenumberofwaystodistributenundistinguishablecountersinm
boxes.UsingMnnotation,todistributeccountersinbboxes,thereare(b-1)b+c-1waysif
boxescanbeempty.Butifeveryboxmusthaveatleastonecounter,thisbecomes(b-1)c-1
orifatleast2counters:(b-1)c-b-1,andif3:(b-1)c-2b-1.Andtoseehowthisworks,gogeta
fewcoffeecupsandasmallnumberofbeansandfiddlearounduntilthetruthdawnsupon
yourwaitingconsciousness.

Sothenumberofwaysmoddnumberssumtonisthesamenumberofwaysmeven
numbers,including0,sumtom-nandthesamenumberofwaysanymnumbers,including
0,sumto½(n-m).YoucanseewhyIwishIcouldignorecombinatorics.

Let'stake5countersfrom12andsetoneofthe12(A)apartasdistinctfromtherest.
Theneverycombof5eitherdoeshaveAorC4|11,asthenumberofwaystotake4from11,
ordoesnothaveAorC5|11.Therefore,512=511+411orCm|n=Cm|n-1+Cm-1|n-1.

ThereisonlyonewaytotakeallornonesoC1|n=Cn|n(=Cn-1|nasbefore).Ifm>n,Cm|n=0
becauseit'simpossibletodothatkindofthing.Ifwemakerowsofnandcolumnsofm,a
Cm|norMntableis:

01 2 3 456…
1|11 0 0 000
2|12 1 0 000
3|13 3 1 000
4|14 6 4 100
5|151010510
6|1615201061
…

ThisisPascal'striangleagain.Ifyouconsiderthe"-1"columnasallzeroes,youcanbuild
thistrianglewithaddition.Eachnumberisthesumofthepreviousrow'snumbersabove
itandaboveandtotheleftofit.Sorow1is0+1and1+0.Thevaluesoftherowsarealso
Cm|norMn,e.g.column4,row5isC4|5=5=(5⋅4⋅3⋅2)/(1⋅2⋅3⋅4).Asifthiswasn'tenough,if

wesumtherows,wegettheseries:2,4,8,16,…wherean=2
nandtherefore:

2n=C0|n+C1|n+...+Cn|n=∑Ci|n[i:1-n]

Ifweproduce(1+x)²=1+2x+x²,thecoefficients(coeff)arerow2.Thecoeffof1+xare
row1.Thecoeffof(1+x)narerown.Or

(1+x)n=1+nx+n⋅(n-1)/2⋅x²+n⋅(n-1)/2⋅(n-2)/3⋅x³+...

∴(x+a)n=xn+C1|nax
n-1+C2|na

2xn-2+C3|na
3xn-3+...+Cn|na

n

Ifweturnthetriangleonitsside(orsomething),sothateachentryisthesumofthedigit
aboveandallthosetotheleftofitweget:

[Cont'dnextpage.]
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10000 Ifwemultiplybyabefore x3 x2 x1 x0 0

11111 eachaddition,wehavethe 1 a a2 a3 a4

1234 powersof(1+a)andiffor 12a3a24a3

136 (1+a)n,weusedescending 13a6a2

14 powersofxfor,say(1+a)3,14a

1 wecanreadoff(1+a)3as 1

x3+3ax2+3a2x+a3.

Andwecanextendthistocalculate:p(x+a)3+q(x+a)2+r(x+a)+s [1]

x3 x2 x 1 x2 x 1 x1 x
p 0 0 0 q 0 0 r0 s

p pa pa2pa3 q qaqa2 ra

p2pa3pa2 q2qa rra
p3pa q r
p

∴[1]=px3+3pax2+3pa2x+pa3+qx2+2qax+qa2+rx+ra+s

=px3+(3pa+q)x2+(3pa2+2qa+r)x+(pa3+qa2+ra+s)

Andthisisprobablythequickestwaytodosuchacalculation.I'llshowyouanotherway
whenwegettousingotherbasesthan10forpositionalnotation.

Asafinalapplication(puzzle?)ofthisPascal'sTriangleidea,wecantake
2x⁵+x⁴+3x²+7x+9andsubstitute(x+5)forx:

2x⁵x⁴ 0x³ 3x² 7x 9
1 0 3 7 9

2 11 55 268 1397 6994
2 21 160 10786787
2 31 315 2653
2 41 520
2 51
2

Theresultis:2x⁵+51x⁴+520x³+2653x²+6787x+6994.IfIwereacruelman,Iwould
goontothenextchapterandleaveyouonyourowntopuzzlethisout.Here'sapieceof
thepattern:

11=2⋅5+1 55=11⋅5+0 268=55⋅5+3
21=2⋅5+11 160=21⋅5+55
31=2⋅5+21

That'sallthehelpyougethere.Let'sturntoNumberTheorywhichisanotherwaytosay
"propertiesofnumber"or"theconsequencesoftheformofnumber."
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NumberTheory

Proposition(Prop.)1
Ifb/ainlowestterms,thereisnoa'<aorb'<b:b'/a'=b/a
Proof(byreductioabsurdamorcontradiction)
Assumesuchana'andb'exist(inordertoshowitleadstoacontradiction).
Thenb'/a'=b/a.
UsingEuclid'sAlgorithm:
a)b(m a')b'(m'
ma m'a'
c)a(n c')a'(n'
nc n'c'
d)c(r d')c'(r'
rd r'd'
e e'

b/a=b'/a'(hyp)∴m=m'
b/a=m+c/aandb'/a'=m'+c'/a'∴c/a=c'/a'
Sym.d/c=d'/c'andc'<c∴d'<d
∴RHSalgorithmwillterminatein1beforetheLHS
Lete'=1∴e>1
d/e=d'/e'(proven)∴d/e=d'∴e>1andisafactorofd
∴eisafactorofaandb↴(a,bprimetoe.o.byhyp)
∴nosuchb'/a'a'<a,b'<bequaltob/aexists.■

NumberTheoryiswhoppinglynecessarytomathematics.Andyoucan'thavenumber
theorywithoutproofs.Themostimportantthingtolearnfromproofsispatience.Be
patientenoughtoactuallygrasptherealtruthofeachstepinaproof.Sothisisachapter
onboththeformofnumberandthedevelopmentofpatienceinyourmind.

Thisproofshowsthepatternofproofbycontradiction:ToproveA,assume!A(notA),
anddrivethatassumptiontoacontradiction.Ifitcan'tbe!AthenithastobeAbytheLaw
oftheExcludedMiddle:Itcan'tnotbeAandnotbe!A;onemustbetrue.The(hyp)means
"byhypothesis"whichiseverythingstatedintheproposition.Youknowthat"∴"is
"therefore."The"↴"isthesignofcontradictionanditsjustificationimmediatelyfollows
inparens.Theblacksquaremeanseitherthattheproofisdoneorthatyourfellowpirates
havedeclaredyourdeathsentence.

Prop.2
Ifabdivbycandp(b,c)thenadivbyc.
(Foranyonecaughtnapping,"divby"islazinessfor"isdivisibleby,withoutremainder"
andp(b,c)is"bandcareprimetoeachother,sharingnofactors.)
Proof
Letab/c=d∴b/c=d/a
b/cinlowestterms(hyp)∴∃gcm(a,d)=k(Prop.1)∴a=kl,d=kmforsomel,m∈N
∴b/c=km/kl=m/l∴m/linlowestterms(orp(m,l))
∴b=mandc=l(Prop.1)∴a=kc∴adivbyc■
Corollary(Cor.)
Ifp(a,b)andp(a,c)thenp(a,bc)

Anotherthingtolearnfromproofsisthemethodeachusestogetfromitspredicatestoits
conclusion.Themethodiscomposedofthesamekindofchoicesyoufindinalgebra.You
choosewhatgetsyoutowhereyouaregoing.Acorollaryisapropositionwhichyoumore
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orlessgetforfreefromthepropositionyoujustproved.Ifitisabsolutelyobvious,you
getitforfreeandcanjuststateit.Otherwise,youpointoutwhyitisobvioustoallbutthe
slowandthick,likemyself,addingjustenoughcommentarytoaccomplishthis.

Prop.3
p(a,b)⇒∀n∈N,p(a,bn)
(Morelazinesshere:"⇒"isimplication.A⇒Bisread"IfAthenB.")
Proof
p(a,b)∴b!divbyaoranyfactorofa(!divby≡"notdivisibleby,withoutremainder")
∴b⋅b!divbya∴b⋅b⋅b!divbya∴andsoon■

Thisiswhynofractioncanbemadeintoaterminatingdecimalfractionifitsdenomcan't
beputinaformwithfactorsof2and5.Ifa/b=c/10n thenc,whichisaninteger,equals
(a⋅10n)/b.Soifp(a,b)thenbmustdivide10nwithoutremainderbyProp.2.

Prop.4
Ifp(a,b)thenallmultiplesofb{b,2b,3b,…,(a-1)b}havedifferentremainderswhen
dividedbya.
Proof
Elseletn<m<aandletmb/aandnb/ahavethesameremainder
∴mb-nb=(m-n)bisdivbya∴m-ndivbya↴(Sincem-n<a)■

Youhavetothink mb=fa+rnb=ga+r
proofsoutwitha ∴mb-nb=fa-ga+r-r
pencilinyourhand. ∴(f-g)a=(m-n)bdivbya↴

Herer=rbyhypothesisandthisleadstoacontradiction.Thefandgaresmallerthanm
andnbecauseoftheremainder.Sothisismywayofseeingtheessenceoftheproof.Each
ofusmustcometoourownindividualunderstandingofaproof.The"Else"isalways
signalthattheproofwillbebycontradiction.

Itfollowsfromthisproposition(andthisisimportant)thatifanumberbereducedtoits
primefactors(360=2⋅2⋅2⋅3⋅3⋅5)andifthefactorsarea,b,c,…(2,3,5)andthepowers

α,β,γ,…(3,2,1)sothatthenumberisaαbβcγ… (2³⋅3²⋅5)thatthisfactoringisunique.For

anyprimenumberpwhichisprimetoa,b,c,…isprimetoaαbβcγ… ∴∀pnotinthefactors

isprimetoaαbβcγ…whichisthenumberitself.

Thenumberofdivisors,includingunityofanumberaαbβcγ…is(α+1)(β+1)(γ+1)…because

aαgives1,a,a²,a³,…,aαwhichcomestoα+1divisorsandsym.forbβ,cγ,….Allthedivisors
arethenoneoutofeachofthesesets(1⋅β²⋅γ³⋅…).Thenumberofdivisorsisthenasthe
combsofcountersfromboxes(α+1)(β+1)(γ+1)….

Ifanumbernisdivbycertainprimes(3,5,7,11)then⅓ofallnumberlessthannare

divby3,1/5by5,andsoon.Ifwetossoutthemultiplesof3lessthann,1/5ofthe

remainingnumbersarestilldivby5,for1/5ofthewholeweredivby5,sowere
1/5of

theseremovedwiththethrees,therefore1/5oftheremainderarestilldivby5.Because
1/7ofallm<ndivby7,1/7ofallthemultiplesof3,5,15,aredivby7Soyoucanremoveall

multiplesof3and5and1/7oftheremainderarestilldivby7.Therefore,ofallnumbers

lessthann,2/3!divby3,
4/5!divby5,andsoon.Inallofthis,n=3⋅5⋅7⋅11orthosefactors

toanyexponents.
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Itfollowsthatthenumbersofintegerslessthannwhichareprimetonifn=a⋅b⋅c…(each
toanypower)is:

n⋅(a-1)/a⋅(b-1)/b⋅(c-1)/c…=aα-1bβ-1cγ-1⋅⋅⋅(a-1)(b-1)(c-1)⋅⋅⋅

Example:360=2³⋅3²⋅5
Divisors=(3+1)(2+1)(1+1)=4⋅3⋅2=24
n<360,primeto360=2²⋅3⋅1⋅(2-1)(3-1)(5-1)=4⋅3⋅1⋅1⋅2⋅4=96

Prop.5
Ifp(a,b)thentermsa,a²,a³,…ifdividedbybleavedifferentremaindersuntilthe
remainderis1andthentheremaindersrepeat.
Proof
Leta÷bgiveremainderr≠1.
Thena²÷bgivessameremainderasra÷b
Butitis≠r(Prop.4)∴a²÷bgivesremainders
Thena³÷bgivessameremainderassa÷bwhichsym.can'tberors
∴a³÷bgivesremaindertandsoon
∴wegetdifferentremaindersuntilremainder1occurs
1mustoccurasdivisionbybonlygivesremainderslessthanb:0,1,2,…,b-1
0can'toccurbecausep(a,b)
∴nomore(sometimesless)thanb-2differentremainderscanoccurbefore1occurs■

Ifitdoesn'toccurearlier,ab-1÷bhasremainder1
Forexample,in7,7²,7³,7⁴÷5remaindersare2,4,3,1.

Prop.6

am-bmisalwaysdivbya-b
Proof

am-bm=am-am-1b+am-1b-bm=am-1(a-b)+b(am-1-bm-1)

Soifam-1-bm-1divbya-bsoisam-bm

Buta-bdivbya-b,a²-b²divbya-b,andsoon.■
Cor.1
Ifa,bdividedbycleavesameremainders,then∀n∈N,an,bn dividedbycleavesame
remaindersbecausea,bleavingsameremaindersmeans(a-b)divbyc.
Cor2

am-bmisnotdivbycunlessam÷candbm÷cleavethesameremainders.

Prop.7

Ifbisprimeanda!divbyb,thenaband(a-1)b+1leavethesameremainderswhendivided
byb.
Proof
Exerciseforthereader:AfteryouhavelearnedtheBinomialTheoremlaterinthistext,

expand(a-1)busingthattheorem.Showthatwhenbisprime,everycoeffnotequalto
unityisdivbyb.Andthispropositionfollows.

Prop.8

Ifbprime,p(a,b)thenab-1÷bleavesremainder1.
Proof

FromProp.7,ab-aleavessameremainderas(a-1)b+1-a=(a-1)b-(a-1)

∴remainderofab-anotchangedbyreducingaby1

∴thiscanbedoneuntilab-a=1b-1=0withremainder0

∴ab-a=a(ab-1-1)whichisdivbyb

∴ab-1÷bleavesremainder1■
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Itfollowsthenfromp(a,b)thatifwedivide1,a,a²,a³,…byb,wegetasetofremainders

beginningwith1andremainder1occursabsolutelyatab-1ifnotbeforesolongasbis
prime.When1occurs,thecycleofremaindersrepeatsand1isalwaysthestartofthe
cycle.Butifm<bandseriesism,ma,ma²,…thenthefirstremainderismandcycles
beginwithm.Iffor1,a,a²,…theremaindersare1,r,s,t,…,thesewillbem,mr,ms,mt,….
Butifthecycle1,r,s,t,…doesn'tgivealln<b,thenm,mr,…cangiveotherremainders.

Allthesetheoremsapplytoreducingafractiontoadecimalfraction.Ifp(m,b)thenm/bis
inlowestterms,andtheprocessissuccessivedivisionsofm,10m,10²m,…byb.This
cannotterminateunlesssome10n dividedbybhasonlyfactorsof2and5tosome
exponent.Ineveryothercase,wegetcyclesofremainders:

1/7=0.142857142857...
1/14=0.07142857142857...
1/28=0.03571428571428...

Inm/b,thequotientalwaysrepeatsfromthebeginningwhenbisprimeandm<b.Then
numberoffiguresthatrepeatiseitherb-1orafactorofb-1.

Andnowforsomethingcompletelydifferent.Whenwetalkaboutrepresentingnumbers
usingdifferentbaseswecallthesescaleofnotation.Inourpositionaldecimalnotation,

thepositions,righttoleft,are100=1,101,102,....Here,10isourradixorbase.Butany
otherradixispossible:decimal=10,binary=2,ternary=3,quinary=5,duodonary=12.
Inallofthese,theradixitselfisexpressedas10.Then6inbase6iswritten10,whichis

no60digitsandone61.So7inbase6is11and35inbase5is120or1⋅5²+2⋅5¹+0⋅5⁰.

Toconvert35indecimalto120inquinary,wegetanotherdivision-likealgorithm:

5)35(7r0 Wecontinuetodividequotientsbythenew
5)7(1r2 baseuntiltheprocessterminates.Thenwe
5)1(0r1 taketheremaindersinreverseorder.

Tounderstandthis,realizethatthefirstdivisionlooksforleftover5⁰digitsinthe
remainder,theseconddivisiongivesusaremainderofleftover5¹digits,andsoon.Now,
recallwhenweusedPascal'sTriangletoconvertapolynomialinxtoitsequivalentin
(x+5).Inasense,thisischangingitsbase.Here'sanotherwaytodothatbasedonthis
samechange-of-basealgorithm.

[Cont'dnextpage.]
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Wetake5x³-11x²+10x-2intermsof(x-1):

5x³-11x²+10x-2|x-1
5x³-5x² |5x²-6x+4

-6x²+10x
-6x²+6x

4x-2
4x-4 Wedotherepeateddivisionsasabove.Attheend,

r2 thatlastquotient,5,makesthefinalelement.Asa
result,thepolynomialintermsofthenew"base"is

5x²-6x+4|x-1
5x²-5x |5x-1 5(x-1)³+4(x-1)²+3(x-1)+2

-x+4
-x+1 whichcouldthenbesimplified.
r3

5x-1|x-1
5x-5|5
r4

Anotherwaytochangebaseswithnumbersistomultiplytheleftmostdigitbytheold
radixasexpressedinthenewscale,addthenextdigitandrepeat:

35decimaltoquinary
oldradix(10)innewscale(5)is20
3⋅20=(innewscale)110+(nextdigitinnewscale)10=120

Noneofthisradixbusinessisearth-shaking.Thepolynomialbitcanbeuseful.Anditis
usefultobeabletoanswer(foryourself)thenexttwoquestions:

1. Inbase10,1/9=0.111111… 2/9=0.22222… 3/9=0.333333…andsoon.
Howdoesthisexpressitselfinotherbases?Statethisingeneraltermsasa
principle.

2. Inbase10,ndivby3ifthesumofthedigitsdivby3orbecause372→3+7+2=
12→1+2=3divby3,then372itselfdivby3.Andndivby9ifthesumofthe
digitsisdivby9orbecause378→3+7+8=10+8→1+8=9divby9then378
divby9andbyextension,378divby3.Soingeneralterms,howdoesthiswork
itselfoutinotherbases?
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Geometry

DeMorgansenthisreaderstoEuclidfortheirgeometry,justasIdo.However,heused
onelongproofinpuregeometrytoshowthemethodofproof.Sohebrieflysetsthestage
forthestudyofgeometryandprovidessuchgeometryasisusefulcombinedwith
arithmetic.Therearealreadyplentyofproofsinthisbook.Gogetyourpuregeometry
proofsfromEuclid.HerearetherestofDeMorgan'sgeometricideasfromhisElements.

Inpuregeometry,linesareideals:lengthwithoutwidthordepth.Therefore,nonumber
oflinescanmakeasurface.Plentyofpeoplewilltellyouotherwise.Theyarewrong.
Zerowidthpluszerowidth,performedever-so-manytimes,sumstozerowidth.Thismay
seemtrivialbutwrongideashavetheirconsequences.Itfollowsthatadividinglineisno
partofthedivision.

Neitherarelinescomposedofpoints.Pointsarelocationwithoutlength,width,ordepth.
Theyhavezerodimension.Theymarkaspot.Soeverydivisionoflinesbypoints
increasesthenumberoflines.Andtheshortestlinecanbedividedbyasmanypointsas
thelongest.HereABisafiniteshortline.But
wecanviewthelinewithA,E,andFasAF(pr)
orAFproducedindefinitelyinthedirectionof
F.ProduceAFeversofar,foranyCE,CE
intersectsABatsomee.Laterwewilltalk
aboutfunctionsbuthere'sapreview.

LetABbetheclosedinterval[0,1]andAF(pr)
bethehalfopeninterval[0,∞).Thenfor
everyxonAB,wecanviewthelawofcreatingalineCeEasafunctionf:AB→AF(pr)that
mapsthexon[0,1]tosomef(x)on[0,∞).Infinitybeinganadverb,wenevergetthere.
Butifwedid,CEwouldbecomeCBorf(1)=∞.Andinsomemathematics,wedoconsider
thatparallellinesintersectatinfinity.Butnothere.

Mostformsofnumberinwhatevercontextcanbeviewedgeometricallyaswell.Wewill
talkaboutlines,orfirstdegreeequationssoon.Herewecanthinkaboutproportions,
geometrically,aslines:

Prop.IflinesA:B::P:Qthen∃!(existsunique)m,n∈N:mA-nB=0andmP-nQ=0.

Asfutureexercisesattheirpropertime,youcouldtrytoexpressthisproposition
geometricallyandseewhatothergeometricconsequences,ifany,applyandalsoyoucan
trytofindsomef(x):[0,1)→[0,∞)forthatlastexample.

AllthatremainsoftheArithmeticsectionofthisbookisDeMorgan'sexamplesof
geometryasusedwitharithmetic.IfyouhadstudiedEuclidasyouweretoldtodo,you
wouldseethatallofthisfollowsfromEuclidonceyouimposedametriconEuclidean
space.Andallthatmeansisthatyoupicksomedefinitelengthtocallunity.Forexample,
ifyoupickaninch,aninch=1andallmeasurementsfollowfromthatchoice.ItwasKant
whosaidthatbitaboutmathematicsbeingthescienceofdiagrams.Iwillletyousupply
thediagramsforthefollowingwhereveryouneedtoclarifytheirmeaning.
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AreaofaRectangle
Multiplythelengthofadjacentsides.

AreaofaParallelogram
‖gmshave2pairofequaland‖sides.Multiplybase×perpendicular(⊥)height.

AreaofTrapezius
Thesehave2‖sidesand2not‖sides.Multiplyeithernon-‖sidebythe⊥fromtheother
non-‖side.Youwillneedtoreasonthisoutwithadiagram.Whatdeterminestheheight
ofthisperpendicular?

AreaofTriangle
Letanysidebebase.Thenareais½base×heightandheightisthe⊥fromthebasetothe
apex∠.Or,halvethesumofthesides,subtracteachsideseparatelyfromthissum,
multiplythefourresults,andareaisthesquarerootofthisproduct.Notethattwicethe
areadividedbyanysideisthedistanceofthatsidefromtheoppositeangle.Anddivide
theareaby½∑sidestogettheradiusofthecircleinscribedinthetriangle.

HypotenuseofRightTriangleGiventheTwoSides
Takethesquarerootofthesumofthesquaresofthesides.Youknewthis,right?

SideofRightTriangleGiventheHypotenuseandOtherSide
Takethesquarerootof(hyp+side)(hyp-side)

ApproximateCircumferenceofCircleGivenRadius
2×radius×πwhereπcanbeapproximatedby22/7or355/113.Howmanydecimal
placesdotheseapproximationsgo?

ArcofCircleSectorGivenRadiusandAngle
Turntheangleintoseconds,multiplybytheradius,divideby206265.Thereare60
minutesinadegreeofangleand60secondsinaminute.

AreaofCircleGivenRadius
Squareofradius×π

AreaofSectorgivenRadiusandAngle
Turnangleintoseconds,multiplybysquareofradius,divideby412350.

VolumeofaRectangularParallelopiped
Thisisasolidboundedbysixrectangles.Multiplytheareaofthethreesidesthatmeet.If
thepipedisnotrectangular(anglesnotrightangles)multiplytheareaofonesidebythe
perpendicularbetweenitanditsoppositeside.

VolumeofaPyramid(3sidesandabase)
(areaofbase×⊥fromvertextobase)÷3

VolumeofaPrism(rectangularsides,parallelbases)
areaofbase×⊥distancebetweenbases

SurfaceAreaofSphere
squareofradius×4π

VolumeofSphere
4/3×cubeofradius×π
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SurfaceofRightCone(linethroughapex⊥tobase)
½×circumferenceofbase×slantheight,whichisthelinefromapextobasedownthe
sideofthecone.

VolumeofRightCone
⅓×areaofbase×⊥height

SurfaceofRightCylinder
circumferenceofbase×height

VolumeofRightCylinder
⅓×areaofbase×height

Givenvolume,weightisfoundiftheweightofonecubicunit(inch,foot,millimeter)ofits
materialisknown.Thisweightorspecificgravityisbasedontheweightofdistilledwater.
Specificgravityofgoldis19.362or19.362×weightofequalvolumeofdistilledwater.

Required:weightofgoldsphere,radius4inches.
Method:

volumeis4³⋅4/3⋅π=268.0832in³
eachin³ofwater=252.458grains
eachin³ofgold=19.362×252.458=4888.091grains
∴sphereweighs268.0832×4888.091grains≅227½troypounds

Becauseacubicfootofwaterweighs991.1369691avoirdupoisounceswecanroundthis
offto1000.Ifasubstancehasaspecificgravityof4.1172thenacubicfootofitweighs
4117ouncesverynearlyminusthreepartsinathousandor4105ouncesverynearly.
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Algebra

Bythispoint,youcanseethatallthealgebrathatyouhavedonesofarinthistextis
merelyarithmetic.Youcanadd,subtract,multiply,anddividethesimplealgebraic
expressionwecallpolynomials.Justastherewasmuchmoretoarithmeticwithnumbers
thanthesefouroperations,thereismuchmoretoalgebrabeyondwhatyouhavedoneso
far.

Donotshortyourselfonhavingdominionoverthearithmeticofalgebra.Youwillneed
everybitofit.Ifyouthinkofeverythingthatdivisionledtoinnumbers,youwillhavea
senseofhownecessarydivisionofpolynomialsis.Therearesoftwarepackagesthatwill
giveyoutheGCFofseveralalgebraicfunctionsordoallthepolynomialdivisionnecessary
toproduceaReducedGroebnerBasis.Butyouaren'tlikelytomakethatinvestment,are
you?Youwillhavetorelyuponyourownmindforeverything.

Inalgebra,wehavealgebraicfunctions,whicharethesepolynomialswe'vebeendealing
with.Thenwehavetranscendentalfunctions,whicharebasicallyinfinitepolynomialsor
sumsofinfiniteseries.Andyouwillneedtoadaptyourabilitytomultiplyanddividethe
firstinordertomultiplyanddividethesecond.Theoperationsremainthesamewhilethe
techniquebecomesmorecomplicated.Inmathematics,muchofwhatismorecomplicated
isactuallystillsimplebutrequiresgreaterpatienceanddiligencetoavoidintroducing
errors.Sobeforewegoon,makesureyouareconfidentandcomfortableinyourskillof
algebraicarithmetic.

Iwanttoremindyouthatyouareresponsibleforthedevelopmentofyourownmind.If
youhavenotbeenworkingoutexamplesonyourown,youarefailinginyoureffortto
developthatmind.ThistextisacondensationofDeMorgan'sElementsserieswhich
includesonlywhatisessentialtothesubjectmatterhechosesowell.Ihaveincluded
evenfewerexercisesthanhedid.Ifyouneedmoreexercisestoestablishyourdominion
overtheseideas,gogetsome.Inthesetimes,allofDeMorgan'sbooksarefreelyavailable
inPDFformatonarchive.org.OfsimilarhighqualityaretheworksofEliasLoomisand
IsaacTodhunter.

Todhunter'sbooks,whicheitherhaveanswersinthebackorseparateanswerkeytexts,
areespeciallyhelpful.Hewaswritingfortheself-learner.Soheincludedmanyexercises.
Andallofhisexerciseshaveintelligentanswers.Ifyoudon'treallyneedthingsspelled
out,heindicatesonlythemethod.Often,hebeginsbysayingyoucandothisinthenormal
way,whichhemayormaynotspellout,andthengivesanotherapproachthatisslightly
moreadvanced.Oftenheanswersbegininthemiddleandthenhegiveswhatyouneedto
goon.Todhunterhandlesexercisesbetterthananyoneelse.

Inanessaywhichhewroteaboutself-study,herecommendsthatyounotpickandchoose
amongexercises.Basically,you'renotqualifiedtopickthemwisely.Hesuggestsyoudo
thefirstthirdofasetofexercisesoreverythirdexercise.Inhisworksandinmostother
texts,theproblemsgetharderasyougoalongineachset.Itisworthyourtimetotryto
solvethemuntilyoucannolongerunderstandtheanswers.Itisabsolutelyworthyour
timetostudyeverysolutionwhetheryousolvedtheproblemornot.Thebestauthorsuse
thesolutionstoteachmoreaboutthesubjectmatter.
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TheFormofNumber

Everyalgebraicexpression,ifyouwillassignvaluestotheletters,reducestoanumber.In
therarecaseswhereitdoesn't,itreducestosomethingwhichhasaformanalogousto
someexpressionofnumber.Aswemovefromalgebraicexpressiontospecificnumber,
theoperationsarerepeatedlygivingthissamenumberdifferentforms.Ateachstep,from
beginningtoend,eachoftheseformscanoftenbeexpressedindifferentways,indifferent
mathematicalcontexts.Wemightexpressthisentireideainatreediagramwhereallof
theseformsleadtotheonenumber.Therefore,whateveristrueofeachformineach
contextistrueofeverythinginthetree,includingtheresult.

Thesimplertheidea,thesmallerthetree.Ifyouhavea+b=c,thisistruefornumbers
wherechoosinganyaandbdeterminesaspecificc.Butitisalsotrueoflinesinpure
geometryorinanalyticgeometry.Andifthosecontextsbuyusanythinginourworkwith
a+b=c,theyareabsolutelyusableandtruewhentranslatedintotheoriginalcontext.
Let'stakeamorecomplexexample:xn+yn=zn.Here,theoriginalquestionwas"Canthis
betruewhenn>2?"Nomatterwhatelseistruehere,thesumofxandystandinsome
relationtoz.Andifx+y>z,thisistrueaboutmagnitudesoflinesinpuregeometry
wherethelinescanbethesidesofanytriangle.Ifx+y≤z,notriangleispossible.Butifx
+y>z,everythingtrueabouttrianglesistrueabouttheoriginalequation.Andanything
wecanleveragefrompuregeometryoranalyticgeometrytosolveouroriginalequationis
perfectlylegitimateandwillleadtotrueresults.

WhatIamcallingnumberissimplynumberitself,somevalueinN,R,etc.WhatIam
callingtheformofnumberisthetreethatspringsfromsomethingthatimpliesnumber.
Theformofnumberisalloftheconsequencesofthatimplication.Wecanthinkofour
"something"asaseed.Theseedimpliesperhapsaclassofnumbers.Assigningvaluesto
theseedproducesspecificnumber.Thetreeiseverythingthatwouldequivalentlyimply
whatisimpliedateachstepfromstatementofseedtoresolutionofseedintospecific
result.Andthisisallmeanttobetakeninageneralsense.Theresultofanalgebraic
equationcouldbeasimplerequationlikeanalgebraicfractioninlowestterms.Thereisa
treethatrunsfromseedtonumberwhetherweeventhinkaboutassigningvaluesand
gettingsomenumberinreturn.

Everymathematicianisawareofthisideatosomeextent.ButIhaveneverencountered
thisaspresentedhere.Theentiretreemustexistforeveryseed--butonlyasanideal.
Whatthisidealgivesusisanawarenessofthepossibilityandpotentialofrelatedideas.
Anditencouragesustodevelopthatawareness.Italsopreventsusfromlettingourlikes
anddislikesofdifferentmathematicsinfluenceourstudies.Webecomemorebroadly
interestedinmathematicalideasaswefollowourinterestsbecausewerecognizethose
interestsindifferentformsindifferentmathematics.Sotheformofnumbermakesusless
dogmatic.Andittendstounifythingsinunexpectedways.

Thisfirstpartofouralgebrasectionis,inDeMorgan,akindofintroductiontoalgebra
beyonditsarithmetic. (HecoveredallthearithmeticofalgebrainhisAlgebra's
introduction.)I'mgoingtopresenthisideasasanintroductiontoalgebraasformof
number.Somethingsfromearlierinthistextwillberepeated.ButthistimeIhopeyou
willseetheminanewway,asimportantandrecurringforms.Onceawareoftheminthis
way,youwillmorereadilynoticewhentheyariseinothercontexts.
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In(a+x)7/3(a+x)2/3,youshouldseenotonly(a+x)³but,bytheendofthebook,
a³+3a²x+3ax²+x³.And1/1-xwillimmediatelycalltomind1+x+x²+…andviceversa.
Theninourwork,weusewhicheverformismostusefultoourtask,sometimesmoving
freelybackandforthbetweenthem.Theseformsareofthesamelevelofgenerality.The

form(1+x)2/3ismorespecificthan(1+x)m/n.Oneshouldbeabletomovefreelyinthis
directionaswell.Itiseasiertoreasoningeneraltermsaftermasteringsmallerandmore
specificinstances.Sothepowerofmathematicsisnotonlytheusagesofgeneralforms
butthefreedomtomoveamongamultiplicityofrelevantforms,bothgeneralandspecific.
Formssuggestnotonlytheirusebuttheirownpermutation:

∀n∈N,n⋅n-1=(n+1)(n-1)
(6⋅6)-1=35=(6+1)(6-1)=7⋅5
(7⋅7)-1=48=(7+1)(7-1)=8⋅6

∴n²-1=(n+1)(n-1)
∴(n²-1)/(n-1)=n+1
(n²-1)/(n+1)=n-1
(n-1)/(n²-1)=1/(n+1)
(n+1)/(n²-1)=1/(n-1)

Someformsshouldbecomesofamiliarthatyousimplyseetheirequivalentexpressions.
Below,a+banda-barethesumanddifferenceofanytwonumbersormagnitudessuch
aslines,areas,volumes.Ifwekeepa>b,thesumofthesumandthedifferenceistwice
thegreaternumberormagnitude,asinthenextformula.Allofthesecanbeinterpreted
geometricallyaswellasnumerically.

(a+b)+(a-b)=2a
(a+b)-(a-b)=2b
(a+b)²=a²+2ab+b²
(a-b)²=a²-2ab+b²
(a+b)(a-b)=a²-b²
(a+b)³=a³+3a²b+3ab²+b³
(a-b)³=a³-3a²b+3ab²-b³

Formsbecomefamiliaronlythroughourworkingthem outuntiltheyarefamiliar.
Mathematicsisstultifiedbyrotememory.Observeandrememberdetails,likealternation
ofsign,andconcentrateontheprinciplesinvolved.

(a+b)(a-b)=a²-ab+ab-b²=a²-b²

Wecantakeamorespecificexpressionandthenmoveamonggeneralforms:

x²+5x+6=x²+(a+b)x+abfrom(x+a)(x+b)⇒(x+2)(x+3)

Here,theformbecomesmorecomplicated:

(ax+b)(cx+d)=acx²+(ad+bc)x+bd
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Patternsarisefromtheformofnumber:

x²-a²=(x-a)(x+a)
x³-a³=(x-a)(x²+ax+a³)
x³+a³=(x+a)(x²-ax+a³)
x⁴-a⁴=(x-a)(x³+x²a+xa²+a³)

=(x+a)(x³-x²a+xa²-a³)
=(x-a)(x+a)(x²+a²)

Discernthepattern.x⁵+a⁵=(x+a)(what?)andx⁵-a⁵=(x-a)(what?).

Somepeoplecanmemorisealotofthesepatternsandcommonforms.Somecan't.
EverythingI'mnotcurrentlyusingevaporatesfrommymindandIhavetolookthesame
thingupoverandover.Ifyouareatalllikeme,doyourselfafavorandmakealittle
notebookofcommonformsandpatterns.It'seasiertodigtheseoutofonelittlenotebook
thangoingbackthroughallyourbooksandnotes.Notebookornot,it'sbesttoplaywith
thealgebraabituntilyouseethepattern.Here'stherulefortheabove:

expr factor if
xn-an x-a n∈N
xn-an x+a n∈Nandeven
xn+an x+a n∈Nandodd

Wehavealsoseeninstancesofimposingachangeofform.Hereisasimpleexampleof
usingaknowntechniqueandthenyourknowledgeoftheaboveformtakesyoutothe
conclusion.Thevalueoftheseappearwhentheformsaremuchlargerandyouareableto
simplifythem.

x³-1=x³-x²+x²-x+x-1=(x-1)(x²+x+1)∴(x³-1)/(x-1)=(x²+x+1)

Eventhesimplestofformsaremalleable:

x=x+a-a=x-a+a=(ax)/a=1/(1/x)=(1+x)/(1/x(1+x))=(1+x)/(1/x+1)

a+x=2a+x-a=a(1+x/a)

a²+2ab-c=a²+2ab+b²-(c+b²)=(a+b)²-(c+b²)

b²-4ac=b²(1-4ac/b²)=abc(b/ac-4/b)

m+n=mn(1/n+1/m)=n(m/n+1)=m(1+n/m)

1/(√x+1)=(√x-1)/(√x+1)(√x-1)=(√x-1)/(x-1)
∴1/(√3+1)=½(√3-1)

Andifyougobacktoanyofourearlierexamplesofform,liketheformsoffractions,allof
theseformsarevalidifyoureplacea,b,c,…withanyalgebraicexpression,nomatterhow
complex.

Animportantgeneralforminalgebraisanyexpressionsetequaltozero.Thiswasfirst
donebyHarriotinthe17thCandmademodernalgebrapossible.Wehaveseennumeric
roots:squareroots,cuberoots.Inalgebra,rootsarealsothosevaluesofthevariable,say
x,wheretheexpressionevaluatesto0.
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Inx²+(-a+b)x-ab,therootsareaand-b:

x=a⇒a²+(-a+b)a-ab=a²-a²+ab-ab=0
x=-b⇒b²+(-a+b)(-b)-ab=b²+ab-b²-ab=0

Inthesimplestsense,weknowthat1⋅1=-1⋅-1=1soa⋅a=-a⋅-a=a².Soweset
equationsequaltozerotofindrootsinbothsenses.Ifxisasquarerootof1thenx²=1or
x²-1=0.Handlingainthesamewaywehave:

x²-1=0 x²-a²=0
(x+1)(x-1)=0 (x+a)(x-a)=0

Youcanseethateitherequationasproductequalszeroifoneofthefactorsequalszero.If
wesetanyofthefourfactorsequaltozero,sayx+a=0,wesolveitforitsroot,-a.Sothe
rootsofx²-1=0are1,-1andtherootsofx²-a²=0area,-aandtherootsofx²-49=0
arethen7,-7.Properlyspeaking,x²-a²isanexpressionandhasnoroots.x²-a²=(a+
256)isaconditionalequationwhichmayormaynothaveasolution.x²-a²=0isan
equationwhichallowsustosolvefortherootsofx²-a².

Inthesameway,considerx³-1=0.Fromabovewehave:(x-1)(x²+x+1).Laterinthis
textwewilleasilysolvethissecondfactor.Thenourthreefactorsofx³-1willeachhavea
root.Theserootsare1,(-1+√-3)/2,(-1-√-3)/2.Clearly,1isaroot:1³-1=0.Without
tryingtodefine√-3yet,wecanshowitisalgebraicallyconsistentandyoucanusethe
thirdrootasanexercise.

x=(-1+√-3)/2
∴x²=((-1)²+2(-1)(√-3)+(√-3)²)/4

=(1-2√-3+(-3))/4
=(-2-2√-3)/4
=(-1-√-3)/2

∴x²+x+1=(-1-√-3)/2+(-1+√-3)/2+1
=(-1-1)/2+1=-1+1=0

Numbersintheform(a+b√c)/dusedtobecalledsurds.Nowtheyarecalledradical
expressionsorsimplyradicals.Laterwewilltalkaboutthesenseandmeaningof√-aand
howthisleadstocomplexnumbers.Allofthesethingsare,atbottom,quitesimpleand
obeyallthelawsofarithmetic.Let'stakeanx+√yandsquareit:

(2+√7)²=2²+2⋅2√7+(√7)²=4+4√7+7=11+4√7

Nothingnewthere.Simplytheform(a+b)²andcorrectlyhandlingtheradicalsign.Now
let'stakethesquarerootofthisresultwhichweknowhastheformofx+√y.Pay
attentiontohowweusetheformofnumberhere.

(11+4√7)½=x+√y [1] (squarebothsides)

11+4√7=x²+2x√y+y=(x²+y)+2x√y

∴x²+y=11[2]and2x√y=4√7[3](wegetbothofthesefrom[1])

∴x²-2x√y+y=11-4√7([2]-[3])∴(x-√y)²=11-4√7∴x-√y=(11-4√7)½

Butx+√y=(11+4√7)½ ([1])(multiplytheselasttwoas(a-b)(a+b))

∴x²-y=(11-4√7)½(11+4√7)½=((11-4√7)(11+4√7))½=(121-112)1/2=3

Butx²+y=11([2])∴x²-y+x²+y=11+3=14∴x²=7∴x=√7

andx²-y-(x²+y)=2y=11-3=8∴y=4∴√y=2

∴x+√y=√7+2=2+√7 (aswebegan)
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Ifthesurdhadbeenintheformx-√y,anothermethodusinganotherformwouldhave
beenused.Aswithfractions,computationsoncalculatorsaremoreaccurateifyoukeep
theradicalsuntilthefinalcalculation.Otherwise,youtruncatetheirvalueandexaggerate
thattruncationwitheverymultiplicationordivisionthatfollows.Oryoucantossthe
beggarsout.Theradicals,Imean.Inwhatfollows,considerthatwhensolvingforroots,
youcanmultiplytheLHSbyanyconstantandnotchangetherootsor(x-a)(x-b)and(4
+√7)(x-a)(x-b)givethesameroots:a,b.

Sotogetridofaradical,say√3,multiplytheexpressionby√3where√3⋅√3=3.

Togetridoftwo,√3+√2,froma²-b²=(a+b)(a-b),multiplyby√3-√2givingyou
(√3+√2)(√3-√2)=3-2=1.

Togetridofthree,√3+√5-√7,thisis√a+√b+√cingeneralform.Then
(√a+√b+√c)(√a+√b-√c)=(√a+√b)²-(√c)²
=a+2b√a+b-c=a+b-c+2b√a
Then(a+b-c+2b√a)(a+b-c-2b√a)=(a+b+c)²-4abandtheradicalsaregone.

Thestrategiesofremovingradicalstoobtainexactsolutionsvary.Butallrelyuponyour
knowledgeoftheformofnumber.
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FirstDegreeEquations

Insteadof"equation,"wewillusetheabbreviation"eqn"andinsteadof"firstdegree"we'll
use"1°." So"n°eqn"isan"equationofdegreen." "Variables"willbecome"vars"
"Solution"becomes"soln."Morelazinesstocome;let'smoveon.

Eqnsaregeneralstatements.Identicaleqnsarecompletelygeneral,trueforanyvalues
assignedtothevars.Anexamplewouldbe(a²-1)/(a+1)=(a-1).Eqnsofconditionare
generalstatesofaparticularcase.Ineverystateofaffairswherethereareeightthings,
onegeneralstateisa+1=8.Thevaraherecanonlybe7.Oneassumesthatthe
conditionsoftheeqnexistandaretrue.Thenonedetermineswhichvaluesmaintainthe
truthoftheproposition.Butastateofaffairsinmathematicsneednotbeamaterialstate
intheworldofexperience.Aparticularcaseoftherelationofintegersis:"Towhat
numbercan56beaddedsothattheresultis200reducedbytwicetherequirednumber?"

x+56=200-2x (+2xbothsides)
3x+56=200 (-56bothsides)
3x=144 (÷3bothsides)
x=48 (wewillnolongerwrite"bothsides")

Butifweputthisincompletelygeneralterms:"Towhatnumbercananychosenabe
addedsothattheresultisanychosenbreducedbyctimesthenumber?"

x+a=b-cx
(c+1)x+a=b
(c+1)x=b-a
x=(b-a)/(c+1)

1°eqnsaresimpleequationswithonlythefirstpowerofxandaregeometrically
expressedasaline.WeapplyEuclid'saxiomsofequality(asabove)toisolatexonLHS,
puttingthesolutionontheRHS.Themethodofsolutionis:

1)Clearfractions.MultiplybothsidesbyLCMofdenoms.
2)MovetermswithxtotheLHSbysubtractionappliedtobothsides.
3)Isolatex.FactorxoutofLHStermsanddividebothsidesbyx'scoefficient.

cehx+abehx=acdh-ace(f-gx)
(ceh+abeh)x=acdh-acef+acegx
(ceh+abeh-aceg)x=ac(dh-ef)
x=(ac(dh-ef))/(ceh+abeh-aceg)

Whenwetalkaboutthedegreeofanequationofonevariable,weareaskingwhatisthe
highestpowerofthatvariableintheequationonceallthetermsofthatvariablehavebeen
movedtotheLHS:

3x+6=0 1°
x²+3x+1=0 2°

1) 2x-1=5x-19 (two1°eqnsinanequality)
3x-18=0 (samethinginstandardform)
3x=18∴x=6 (solution)
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Thisideaofdegreeisalsosometimesusedinthisway.Thetermorexpression3a²x²yis
2°ina,2°inx,1°iny,3°inxy,and5°inaxy.Butmostofthetimethistermwouldbe
viewedasatermwithaconstantof3a²invarsx,y,orxyasshown.Almostalways,letters
inalgebraareusedinthisfashion:

a,b,c,… varsifalone,constantsifxoryinuse
x,y,z varsonly
p,q,r,… usuallyconstants
m,n usuallyintegerconstants

Earlier,theword"dimension"wasusedfor"degree"andyouwillstillfindthiswhere
geometricinterpretationisobvious.Theymeanthesamething.Solving1°eqnsrelies
almostentirelyontheseAxiomsofEqualitybelow.Keepinmindherethataandbarethe
existingLHSandRHSoftheequality.Soifa=bthen

1)a+c=b+c
2)a-c=b-c
3)ac=bc
4)a/c=b/c

Tosolvethatfirsteqnwherex=48,weused#1,#2,andthen#4.Hereweuse#3,#1,and
then#4.I'monlypointingthisoutsothatnoonewillthinkthatthereismoretoitthan
this.Weapplytheaxioms,usingsimplearithmetictoisolatexontheLHSwhichputsthe
solnontheRHStobesimplifiedifnecessary.Nothingelseisgoingonhere.

2) x/2+x/3=1-x/4 (lcm(2,3,4)=12∴×12)
6x+4x=12-3x (+3x)
13x=12 (÷13)
x=12/13

3) ab+a-b=1 (solvefora)
ab+a=b+1
a(b+1)=b+1
a=1 (andifyousolveforb?)

4) xy=x+y+1 (solveforx)
xy-x=y+1
x(y-1)=y+1
x=(y+1)/(y-1)

5) 2mencanmowagivenfieldalonein4and7days.Togetherin1day.
Day2,3dmanjoinsthemwhocanmowitalonein10days.But3dman
leavesassoonas4/5ofthefieldisdone.Howmanydaysisthis?

x=days
eachday,first2menmow1/4and1/7ofthefield
fromday2,3dmanmows1/10
∴x/4+x/7+(x-1)/10=4/5

Youcandothemathifyouarecuriousaboutthesoln.Our1°eqnhereisalinearmodel
becausea1°eqncanbeexpressedgeometricallyasaline.Butwhatisonthetopofthe
fractions?Andwhatdothedenomsmean?Why(x-1)?Assoonasoureqndescribesa
stateofaffairsintheworld,everypartofitmusthaveameaning.Errorarisesfrom
meaninglessnessorcarelessnessandgenerallyboth.
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Youwillfindthatthemostimportantquestioninsolvingstatesofaffairsis,"Howdowe
meaningfullysaythat?"

6) Considerax+b=cx+dwhichhasx=(d-b)/(a-c)assoln.
Ifa=c,wehavex=(d-b)/0
Ifalsob=d,wehaveax+b=ax+bwhichsaysnothing.
Itisatautologyor"istrueinallcases."Leta=c,b≠d:
4000x+5000(x+10)=9000(x+12) (simplifytoax+b=cx+d)
9x+50=9x+108∴x=58/0
Ifwechange9000to8999intheoriginaleqn,wegetx=57,988.
Ifweuse8999.99,thenx=5,799,988.Youcanseewherethisisgoing.
Gobacktox=(d-b)/(a-c).
Leta-c=1/q=someverysmalldifference∴x=(d-b)/(1/q)=q(d-b)
Themodernwaytoexpresswhathappenshereis:1/q→0q(d-b)→∞or
"as1/qgoestozero,q(d-b)goestoinfinity."Wealsosayherethatxis
asymptotic.Thismeansthatnofinitex,nomatterhowlarge,satisfiestheeqn.
Infinityisnotanumber,asitisinfinitelylargerthananyfinitenumber,
nomatterhowlarge.Asanoun,infinityleadstoparadoxandcontradiction.
Butasanadverb,itisperfectlyreasonable.Wewouldgetaperfectly
reasonablesolnhere,ifwecalibratedourapproximationof9000
(i.e.8999,8999.99)togiveasolnwithanacceptablemarginoferror.

7) ax+b=cx+d
Ifa=candd=bthenx=0/0.Nowwhat?
Thisariseswhena,b,c,darethemselvescomplexexpressionsandyouspend
hourssimplifyingittowardsasoln,onlytoendupwith0/0.

Consider:Isthereanumbersuchthatatimesonelessthanthenumberadded
tobtimestwomorethanthenumberisexactlyctimesthenumber?Thiscould
ariseinanycontextwherea,b,carespecificnumbers.Thegeneralsoln:

x=thenumber
a(x-1)+b(x+2)=cx [1]
ax-a+bx+2b=cx
ax+bx-cx=a-2b
x(a+b-c)=a-2b
x=(a-2b)/(a+b-c)

Ifa=8,b=4,c=12,(8-2⋅4)/(8+4-12)=0/0.Gobackto[1].

8(x-1)+4((x+2)=12x
8x-8+4x+8=12x
12x=12x

Withthesespecificvaluesassigned,theeqnbecomesindeterminate.Or,forany
xwhatsoever,12xwillequal12x.Ifthequestionhereaboutxhadbeen
meaningful,youwouldtheninvestigatethereasonsorstatesofaffairswhich
ledtotheindeterminacy.Suchreasonscouldcomefromactualrelationsin
theworld,fromthechoiceofmathematicalmodel,frominternalmathematical
necessity,fromyourownmentaldefect,etc.Buttherewillbeareason.

Generalconditionversusparticularcase:Thegeneralconditionsdeterminetheform.
Particularcasedeterminesthesenseofthemodelwherethevaluesareconcrete
expressions.
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Whenweusemathematicstosolveforsomethingintheworldofexperience,weare
creatingarepresentationwhichexpressesthoseelementsofastateofaffairswhichare
relevanttothesolution.

8) Twomenleavethesameplace.Thefirstleavesatteno'clock,travelsattwo
mph.Thesecondleavesattwoo'clock,travelsatthreemph.Whendoes
thesecondpassthefirst?

Thiswhenisxhoursforthe2d,(x+4)hoursforthe1stor

x=x+4

Butwealsoneedtheratesoftravelinthisrepresentationor

3x=2(x+4) (simplify)
3x=2x+8 (-2x)
x=8

∴2dpasses1stat2+8=10o'clock.Letthe2,3,and4abovebeaparticular
case,thenthegeneralcaseis:

bx=a(x+c) [1]
(b-a)x=ac
x=ac/(b-a) [2]

where[1]istheformofthegeneralcondition(thisisaneqnofcondition)or
representationand[2]isthegeneralsolutionforthisstateofaffairs.

Thisexpressionof"stateofaffairs"isfromLudwigWittgenstein'sTractatusLogico-
Philosophicus.Itisashortandveryreadableworkofcriticalphilosophyandhasadirect
bearingonmodernthought.(Clearly,mostpeopleareunawareofwheretheirthoughts
comefrom.)Althoughsupercededinpartsbyhislaterwork,itwouldbeworthyourwhile
tostudyit.Ifinditenjoyabletoread.Asforwordproblems:

Thereductionintoequationsofsuchproblemsasareusuallygiveninthetreatiseson
algebrararelyoccursinmathematics....[N]ostudentneedgiveagreatdealoftimetoit.
Aboveall,letnoonesuppose,becausehefindshimselfunabletoreducetoequationsthe
conundrumswithwhichsuchbooksareusuallyfilled,that,therefore,heisnotmadefor
thestudyofmathematics,andshouldgiveitup.

ThatwasDeMorgan.Hisstudent,IsaacTodhunter,F.R.S.,wrotealongessaycondemning
justsuchconundrumsasappearedintheCambridgeTripos.DeMorgancontinues:

Buthemaynever,perhaps,makeanyconsiderablestepforhimself.

Bywhichhemeans"makeanyconsiderablecontributiontomathematics."Itakethisto
meanthatmakingarealcontributionrequirestheabilitytograspboththefullsenseof
mathematicsitselfandtorelateittotherealityoftheworldbycreatingameaningful
representation.ItwasRichardCourantwhoIearlierquotedandwhosequoteendedwith:

Onlyunderthedisciplineofresponsibilitytotheorganicwhole,onlyasguidedbyintrinsic
necessity,canthefreemindachieveresultsofscientificvalue.

Inthe20thcentury,mathematicsfocusednotontheorganicwholebutuponitsown
tautologies.Thisconcentrationonabstractionhasledtoadevaluationofmathematicsin



83

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

thosecultureswherethishappened.Tenure-trackpositionshavedecreased.Temporary
positionsinuniversitieshavesoared.Andthesepositionspaynomorethaninstructor
positionsheldbymastersinsteadofdoctorsagenerationago.Abstractionmustalways
reflectbackdownonspecific,notnecessarilyapplied,problems.

9) AagreestotakeB'spropertyandpayhisdebts.AfindsB'svaluetobethe
sameashisown,exceptBhasapartnerandBandhispartnerhavemade
asimilaragreementwithCwhois100poundsindebt.Intheend,A'svalue
is75poundsshortofbeingtwiceasmuchashebeganwith.
Required:A'sinitialvalue.

A'sinitialvalue=B&Co.'s=x
∴B=(x-100)/2 (100losstoCthenB&Co.splitevenly)
A's75shortofdoublevalue=2x-75

x+(x-100)/2=2x-75 (×2)
2x+x-100=4x-150
-4x+3x=-150+100
-x=-50 (×-1)
x=50=A'sinitialvalue.∴forB,(50-100)/2=-25

Whendealingwithabstractnumbers,-25issimplydirectional.Itwouldbeeasyhereto
justsayBwas25poundsindebtandgoon.Butinexpressingapictureoftheworldby
mathematicalrepresentation,youmustknowwhatyouhavesaidinyourrepresentation
andwhatassumptionsyouhaveexpressed.

Here,weassumedx>100whichwasfalseandweassumedAgained.Themoreaccurate
representationchanges

x+(x-100)/2tox-(100-x)/2

Againxwouldbe50.Thepointisthatifyoucannotexpressasimplerepresentation
accurately,howwillyoujudgewhatyouareactuallysayingwithsecondordertensorsor
evensimpleCalculus?

Further,theaccuraterepresentationcannotalwaysbedeterminedinadvance.Bwasin
debt--whoknew? Here-xshowsthefalseassumption.Falseassumptionsarenot
restrictedtoappliedmathematics.Theyappeareverywhereinyourthinking.Andyou
canonlydetectthemifyouareawareofthemeaninginyourwork.

10) In1830,Ais50andBis35.WhenwillAbetwiceasoldasB?

Thiswhenwillbe1830+x.Abecomes50+x.B,35+xandA=2B
∴50+x=2(35+x)
50+x=70+2x (Assumedxinfuture)
-2x+x=70-50 (Butxinpast)
x=-20

Correctstatement:1830-x,50-x,35-x⇒x=20A=30B=15

Theseexamplesaretrivial.Butwemustspeakalanguagesimplybeforewecanintroduce
complexity.50+xhasthewrongmeaning.50-xexpressesthetruth.
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11) AandBhaveaccountsincommon.TheywillbeevenifyougiveAhalfasmuch
aswillmakehimworth500andgiveB100.
Required:currentstateofaccounts.

Beawareofassumptionsasyoumakethem.YouhavetoassumethateitherAorBhas
morerightnow.AssumeA.ThenheshouldgetxfromBandweknow500-xmakesthe
dealworth500tohimasthisnextformisalwaystrue:

x+(500-x)=500

SowegiveB100andgiveAhalfofthis(500-x)sohehasx+(500-x)/2
andsaythisas

x+(500-x)/2=100-x

Butthismakesx=-300.Ourassumptionwaswrong.Ashouldhavesettled
withBgivinghimthex.ThecorrectLHSis((500+x)/2)-xandRHSis100+x.

Thinkaboutthisstateofaffairsuntilyoucanclearlysaywhatthesecorrectversionsmean.
Theresistanceofthefinitemindtoestablishandmaintainmeaningamountstoadenialof
thetruth.Whatdrivestheestablishmentandperfectionofmeaningisaloveoftruth.
Honestself-evaluationwillrevealthatthisisso.

12) Atravelerisonaroadwithfivesignspointingnorthandsouthalternatelyand
willuseeachsignonce.Hewalks16milestothefirstsignandgoesinthe
indicateddirection,inwhichhemayormaynothavebeengoing.Hegoes
northorsouthateachsignhecomesto,eachsignbeingtwiceasfaras
theprevious.Atthefifthsignheis86milesnorthofhisorigin.
Required:arrangementanddirectionofsigns.

Ifwebreakthisdown,wecandothis.Wemustmakeassumptionsandkeeptrackofthem.
Wemustpayattentiontofalsitiesandcontradictionsastheyariseandthengobackand
adjustourassumptionsaccordingly.Withoutourattentiontowhatismeaningfuland
persistentcarefulthought,solutionisimpossible.Youwillneedadiagram.

16mtofirstpost.Forwardorback?Assumeforward.
xmilesto2dpostat16+xmiles.Mustturnback.Sotwocases:
1)if2x<16+x,3dpostis16+x-2xfromorigin;or
2)if2x>16+x,3dpostis2x-(16+x)fromorigin.Assumecase1.
Sohegoesnorthfrom3dto4thpost.
∴4thpost16+x-2x+4xnorthoforigin
∴5thpost16+x-2x+4x-8xnorthoforigin
∴16+x-2x+4x-8x=86

Workthisoutandyouwillseeitgivesanegativeanswer.Whichassumptionswerewrong?

Assumehegoessouthatthe1stpost.
∴2dis16-xnorthoforiginorx-16southofit
Thisdependsonwhetherxisgreaterorlessthan16(diagram?)
Wethenget16-x+2x-4x+8x=86orx=14
Thisgivesuspostsasfollows:

Posts (4)N (2)N (1)S (3)S (5)
Miles 26 O2 16 30 86

Oisorigin.Wecanseethat1°eqnsarecorrectedbychangingthesignsoftheterms
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containingx.Thisaltersthesignintheresult.Anditshowsthechangeofmeaningin
termsofx.Wemustmastermeaningfulexpressionwhichreliesonlyuponcorrect
framingofthesimpleax+b=crepresentationandachoiceofsignbeforewecanmaster
meaningwhichdependsuponmorechoicesthanthis.

13) Divide13intotwoparts:3⋅1stpart>½⋅2dpartbyasmuchasthe1stpart>4.
Recallthantwopartsofnisalwaysx+(n-x)so

3x-(13-x)/3=x-4

Canyouseethatallofthegivenrelationsarepresentinthisequation?

Thisgives1stpart=1,2dpart=12.Butthen3⋅1stdoesnotexceed
halfthe2d.Whereisthefalseassumption?Changethesigns:

(13-x)/2-3x=4-x

Thisshowsthatthe>shouldbe<.Andthisassumptionwasgivenus.
Wedidn'tmakeit.Inrepresentations,someassumptionscomefromagreater
depththanweexpect.

Youcanseefromoursign-postshownecessarymeaningistooursolutions.Andyoucan
seethatasolutionmusttrackassumptionsandtheirconsequences.Thenextsixexamples
showthepermutationsofmeaninginasimpleproblem.Twocouriers,AandB,travel
betweenCandD.AgoesnmphandBgoesmmph.AandBareatthismomentamiles
apart.Whendotheymeet?

1) | | | | |
C A B H D

SupposeA,Bgosamedirection,CtoDandm>n.AB=a.
ThentheymeetatHbetweenBandD.LetAH=x.
ThenAgoesxwhileBgoesx-a.
Adoesthisinx/mhours. (miles/(miles/hours))
Bthenrequires(x-a)/nhours.

x/m=(x-a)/n
∴x=ma/(m-n)=AH
x-a=na/(m-n)=BH
Theymeetafterx/aora/(m+n)hours.

2) | | | | |
C H A B D

Theytravelinsamedirectionbutn>m.
Thentheymusthavealreadymet.
AgainAH=xbutBH=x+a.Then

x/m=(x+a)/n
AH=x=ma/(n-m)
BH=na/(n-m)
Time=a/(n-m)
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3) MovingDtoCandm>n.
Thisissamesolnas#2butwithdiagramreversed.
(Verifythistoassureyourselfofthemeaningexpressed.)

4) MovingDtoCandn>m.
Thisissamesolnas#1butwithdiagramreversed.
(Arethesediagramssimplyreversedoristheremoretoit?)

5) | | | | |
C A H B D

AtowardsD,BtowardsC,mandnasyouplease.
SotheymeetbetweenAandB.
AH=xBH=a-xThen

x/m=(a-x)/n
x=ma/(m+n)
a-x=na/(m+n)
Time=a/(m+n)

6) AtowardsC,BtowardsD,mandnasyouplease.
SotheyalreadymetbetweenAandB.
Thisisthereverseof#5butwithidenticalsoln.

Here,thedata,expressedasnegationintheresult,determinestheplacementofAHand
BHandtheplacementoftimeinpastorfuture.Incases#1and#5allisthesamebutthe
directionofB.Thisisseenin#1asn>0andin#5asn<0.Thischangestheplacementof
BH.Sym.in#6,theplacementofAHisdeduciblefromAHin#1.Everycasemaybe
deducedfrom#1byattendingtothemeaningofnegationinthiscontext.Comparingthe
datainthetableofeachcasetocase#1willshowyouwhatthismeans.Ifwetake#1as
thegeneralform,alloftheseconsequencesarelatent.

Theprincipleis,thatanegativesolutionindicatesthatthenatureoftheansweristhevery
reverseofthatwhichitissupposedtobeinthesolution.

Sym.,ifweexpectanegativesolution,apositiveresultshowsustobemistaken.Ifwe
havenoexpectations,weareaskingquestionswithoutanymeaningattached.These
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wouldbemeaninglessquestions.Thenwhatdoesitmean,ifinourwork,weareunableto
conceiveofhowtoformulateaquestionofwhichwehaveexpectationsfortheresult?Let
uslookatothermeanings:

Foranyfractiona/b,asbdiminishes,a/bincreases:

2/4<2/3<2/2<2/1<...
Generalcase,ifb→0thena/b→∞orcontinualdecreaseofbmeansa/bpassesthrough
"all"valuesgreaterthanitsinitialvalue.ButconsiderourtwocouriersA,B,ifm=n.Then
AH=ma/(m-n)=ma/(m-m)=ma/0.Inanothermoregeometriccontext,wecouldsay
thatAandBmeetatinfinity.Butinthiscasem=nleadstox=x-a.IfpointAandB
coincide,thena=0andx=x-aistrue.ButifAandBareseparate,x=x-ashowsourinitial
questiontobeabsurd.AnevermeetsBifm=n.

Thesymbol∞isnotanumber.Itisindicativeofanadverb,thatis,thatwecontinueto
addonenumberortermafteranotherwithoutcease.Wecannotactuallydothis.Butwe
candrawconclusionsaboutan"infiniteform"fromageneralform.Ana/0=∞means
thata/0increaseswithoutlimit.orx=x-aisthesameas1=1-a/xandthis"approaches
equality"asxincreaseswithoutlimit.Buttherecanbenofinalvalueofxand,therefore,
nofinalequality.Ifm=n,thenasCAincreases,ABbecomesasmallerpartofCB.ButABis
constant.

| ||
C AB

Thetruthinthispictureistrueofeverypictureusingthisform.Goingbacktotheideaof
A=Bwhenm=n,thena=0andAH=ma/(m-n)=m0/(m-m)=0/0.Herethereisnounique
AHbecauseeverywhereA=B=H.Inbothcasesofa/0and0/0,theseresultsexposeerrors
ofassumptioninthecontextofthetwocouriers.Inothercontexts,othercontradictions
willbeexposed.Whatthendoesitmeaniftheseariseinacontextforwhichnoerrorscan
bedetermined?Itmeansthecontextisatautologyfromwhichnomeaningcanarise.

Thereisageometrytofirstdegreeequations.Allfirstdegreeequationscanberesolvedto
mx+c=0whichiswheretheliney=mx+cintersectsthex-axis.Letmeexplain.Takea
niceflatinfiniteEuclideanplane.Introducetwoinfinitelinesatrightangles.The
horizontaloneisthex-axis;thevertical,they-axis.Arbitrarilychooseaunitmeasure.
Thentheintersectionoftheaxesistheoriginwithcoordinates(0,0).Ifweuseourunit
measureandgooneunittotherightfrom(0,0)weareat(1,0);iftotheleft(-1,0);if
towardsthetop(0,1)andtothebottom(0,-1).Wecanthen,conceptually,considerthat,
byusingtheaxesasmeasure,anypointintheplanecanbelabelled(x,y)forsomex,y∈R.

Goingbacktoy=mx+c,letmandcbedefinedandwecansetx=0togettheline's
intersectionwiththey-axisatsome(0,y)andsety=0foritsx-axisinterceptatsome(x,0).
Markthosepointsontheplane,connectthedots,extendingtheline"infinitely"inboth
directionsandyouhavey=mx+cinageometriccontextwithitsnewform,whichis
equivalenttothealgebraicform.Otherformsarepossible.Doafewoftheseandyouwill
seethatmmeasurestheangleofthelinewiththex-axis.Wecallmtheslopeanditis
actuallythetangentoftheangleofintersection.Alinehaseverywherethesameslope.
Youcanplaywithcandseethatitisaverticaltranslationofaline.(Youareworkingwith
diagramshere,right?)

Alineingeneralformisax+by+c,whichwesettoequalto0tosolve.Youcangobackto
anyexampleinthischapter,interpretitgeometrically,andseewhat"solution"means
geometrically.Ifwesolvetheformfory,wegety=-a/b⋅x+-c/bandwesimplifythisto
oury=mx+cbyconsideringm=-a/bandctobeaconstantequalto-c/bwhere,here,ci
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oneand-cintheotherareinnowayrelated.Theyarenamesofdifferentthings.Allof
thepointsofalinecomefromtheequationy=mx+c.Withmandcdefined,anyx(onthe
x-axis)∈Rgivesayandweplot(x,y)ontheplane.They,inthissense,isNewton'swayof
callingmx+cafunctionofx.Morecommonly,weuseLeibniz'snotationsandsayf(x)=
mx+c.Thetwoareequivalent.Newton'sisclearlyinferioroncewegobeyondthesecond
derivativeinCalculus.Sotheynotationlingersonlyinthesimpleformsoflowdegree.

Youwilldiscoverthatyouneedoneequationforeveryvariableorunknownyouare
tryingtosolve.IfIgiveyoux+y=8andx,y∈Ryoucanchoosesolutionsusingsimple
additionandsubtractionuntiloursungoesoutandyoufreezeinplace.Butwithtwo
simultaneouseqnswecanhaveasolnthattellsuswherethelinesintersect:

x+y=12 [1]
3x-2y=31 [2]
From[1]y=12-xandsubstitute(sub)thisinto[2]
3x-2(12-x)=31
3x-24+2x=31
5x=55
x=11andsubthisinto[1]
11+y=12
y=1
soln:(11,1) (thepointwherethetwolinesintersect)

Thisisonewaytodoit.Thereisabetterwaythatsimplifiestheworkastheeqnsgrowin
size.Beforewelookintothat--areminderaboutproofs.Everythinginthisbookcanbe
andhasbeenprovenor"shownmathematicallytobealwaystautologicallytrue."Most
textsprovemostofwhattheypresent.Thistextdoesnot.Itconcentratesonthedoingof
provenmathematics.Wearedealingwiththelong-established,well-and-trulyproven
coreofmathematics.Here,weonlyuseproofswhentheyarethebestexplanation.Those
whoaremoremathematicallyinclinedmayfeeltheneedofmoreproofs.Goandfind
them.Proofsareveryimportant.Toreallylearnproofs,studyEuclid.

Here'sanotherwaytosolvethesesimultaneouseqns.WestilluseEuclid'saxiomsto
arithmeticallyalterthelines.Wecanmultiplyordividealinebyanynumberwithout
changingthesoln.Andwecanaddorsubtractthelinesfromeachother.Thisismatrix
arithmetic.Hereistheoldmethodontheleft,newoneontheright:

x+y=12 (a) 1112
3x-2y=31 (b) 3-231

3x+3y=36 (×3) 3336
3x-2y=31 3-231

3x+3y=36 3336
5y=5 (a-b) 05 5

3x+3y=36 3336
y=1 (÷5) 01 1

3x =33 (a-3b) 3033
y=1 01 1

x =11 (÷3) 1011
y=1 01 1
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Again,thesolnis(11,1).Youcanseethatthemethodsimplyusestheaboverulesof
arithmetictoproducearesultwhere1×eachvarisonalinebyitselfwithitssoln.The
blocksofnumberontherightareusuallyenclosedbylargebracketsbutmysoftware
won'tdothatjustasitwon'tdotheenclosingverticallinesofthenextbit.Wecanusethe
coeffsofthevarsineacheqntodetermineifthereisasolutionbeforeweevenbeginthe
abovemethod.Iflinesareparallel,theydon'tintersectandparallellinesareshown
geometricallybytheiridenticalangularintersectionwithathirdline.Parallellines,in
analyticalgeometry,havecoeffswhicharemultiplesofe.o.Considerthelasttwolines:

11 x1y1 Wearefindingthedeterminant(det)here.Fora2×2matrixthe
3-2 x2y2 det=x1y2-x2y1or-2-3=-5.Ifdet≠0,thereisasoln.

Wecanprovethegeneralcasethatparallellines,whichhavenosoln,musthavedet=0.
InEuclid'sterms,twolinescannotencloseaspace;theymusthave0,1,orallpointsin
common.Iflinesareparallel,theircoeffsaremultiplesofeachother,sowehave:

ax+by=c
nax+nby=nc (or)
a b
nanb (inmatrixform)
∴det=a⋅nb-na⋅b=nab-nab=0

Also,wecansaythatparallellineshavesameslope,differentintercepts.Asaglimpse
aheadbeyondthisbook,let'slookathowdeterminantsgetmorecomplexasthematrix
grows.Takea3×3matrixwheretheeqnsareplaneshavingtheformax+by+cz=d.

153
247
462

I'lljustshowtheset-upandyoucanseethe2x2detinthe3×3ineachstepandthendo
themath.The3×3determinantuseseachterminthetoprowtimesthecorresponding
2x2detsbelow.Thesignsofthetermstogetthe3×3detalternatepostoneg.

det=1(4⋅2-6⋅7)-5(2⋅2-7⋅4)+3(2⋅6-4⋅4)

Ifthisisnotequaltozero,thentheplanesmeetatapoint.Thereismuchmoretomatrix
arithmeticanddeterminants.AndtheseleadintovectorspaceswhichIespeciallyenjoy.
Ifwehadgiventhethreeplanesasax+by+cz=dwiththeird'sfilledin,youcoulduse
thesamemethodasabovewitha3×4insteadofa2×3matrixtofindthethree
dimensionalpoint(x,y,z)wheretheyintersect.Butthepointofallthisisthatthematrix
methodisveryusefulinsolvingsimultaneous1°eqns.

Let'slookalittlemoreat1°eqnsgeometrically.Ifwehaveonepointontheline(x1,y1)
andtheslopem,weknowthattheslopeisthechangeordifferenceinverticalchangeover
thechangeordifferenceinhorizontalchange.(Diagram?)Som=(y-y1)/(x-x1).From
thiswehave(y-y1)=m(x-x1).Therefore,

y=m(x-x1)+y1
y=mx-mx1+y1
y=mx+(y1-mx1)

wherem=(y-y1)/(x-x1).



90

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Itlookslikeamessbutpluginsomenumbersatthebeginningandit'ssimple.Whenwe
solveax+b=cwehaveaneqnofconditionandaskwhatx'smaketheLHSequaltoc.
Whenwesolveax+b=0,wearesolvingfortherootwherethelineintersectsthex-axis.
Andweknowthisis-b/awhichpluggedintoax+b=0giveszeroonbothsides.Some
easytheoremswithsimpleproofsbuildingonthisidea:

TheoremIIfx1istherootofax+bthen∀x,ax+b=a(x-x1).
Proof
ax+b=a(x+b/a)=a(x-(-b/a))=a(x-x1)■

TheoremIIax+bisthesamesignasawhenx>rootx1andoppositesignwhenx<x1.
Proof
ax+b=a(x-x1) (ThmI)
x>x1∴x-x1>0
∴a(x-x1)>0
Sym.x<x1∴a(x-x1)<0■

Inproofs,youknow thatSym.or"symmetrically"meansthatthesamepatternof
argumentisusedtoproducethegivenresults.Itisajustifiedandpracticalexpressionof
lazinesswheneveritdoesnotdestroyclarity.Destroyingclaritythroughlazinessisevil.

Ifinaline,ourgivenpoint(x1,y1)is(0,2)andourslopeorm=3,oury=mx+(y1-mx1)
becomesy=3x+2.Whatifwehad(x1,y1)and(x2,y2)tobeginwithandneededtheline?

y=mx+c [1] (generalexpression)
y1=mx1+c [2] (lineatpoint1)
y2=mx2+c [3] (lineatpoint2)
y-y1=m(x-x1) [4] (1-2)
y2-y1=m(x2-x1) (3-2)
∴m=(y2-y1)/(x2-x1) [5]
y-y1=((y2-y1)/(x2-x1))(x-x1) (sub5into4)

Thisisourlinederivedfromtwopoints.Iftheseare(0,2)and(-2/3,0),thenthelineis

y-2=(2-0)/(0-(-2/3))(x-0)
y-2=3x
y=3x+2

Thesetwopointswerethelinesy-andx-intercepts.WecanuseEuclidtodothesame:

yintercept=b=BA
xintercept=a=AC

BecauseAB‖PD:∆ABCsimilar∆DPC
∴AB:PD::AC:DC (Euclid6.2)
∴b:y::a:a-x
∴b(a-x)=ay
∴ba-bx=ay
∴b-(bx)/a=y
∴1-x/a=y/b
∴x/a+y/b=1

Similartriangleshavethesameanglesandareproportional.Rememberthisfinalform
whenwegettoourfieldguidetoconicsections.



91

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Ifwetakeourpreviouslineinthisform,wehave:

x/(-2/3)+y/2=1
-3/2x+1/2y=1
-3x+y=2
y=3x+2

InTheoremII,whenx=rootx1thisx1isthex-intercept.Whenxisgreateroflessthanthe
root,allthey'sareaboveorbelowthex-axis,dependingontheainthetheorem.You
shouldbeabletoquicklyestablishinyourmindtheinterceptandslope--theform--of
anyline.Thealgebraicformandthegeometricformaresimplytwoexpressionofthe
formofnumberwrtlines.Ifyouwillplaywiththealgebraandgeometryoflines,youcan
provetoyourselfthatgiveny=mx+c,alllinesperpendiculartoithaveslope-1/m.You
cantakeanytheoremaboutlineslikeourThmI,applyittoaspecificline,andusethe
resultingimagetoestablishthegeneraltruthofthetheorem.
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SecondDegreeEquations

Whenwemovefromfirstdegreeequationstoseconddegreeequations,ourgeometry
changesfromalinetoacurve.Thesimplestofthesearequadraticswhichtaketheforms:

ax²+b=0
ax²-b=0
ax²+bx+c=0
ax²-bx+c=0
ax²+bx-c=0
ax²-bx-c=0

Thegeneralformhereisax²+bx+cwherea,b,c∈R.Whenwesetthesefunctionsequal
to0,wearesolvingforroots,justaswithlines.Orwecantreatthemasfunctions,e.g.f(x)
=y=ax²+b,calculatevariousycoordinatesfromchosenxcoordinatesandthendiagram
orgraphtheeqnaswedidforlines.Again,xistheind.var.andyisthedependentvar.

Considertheexpressionf(x)=ax²-bx+c [1]
We'vedefinedtherootsoff(x)asthosexforwhichf(x)=0.
Letmbearoot∴am²-bm+c=0 [2]
Subtract[1]from[2]andf(x)=a(x²-m²)-b(x-m)

=(x-m)(a(x+m)-b)
Sox-m=0givesrootmanda(x+m)-b=0givesanother.Letitben.
Thenn+m=-b/aorb=a(n+m).Subthisbinto[2]
Thenam²-am(n+m)+c=0∴c-amn=0∴amn=c∴mn=c/a
Subournewb,cinto[1]:f(x)=ax²-a(m+n)x+amn

=a(x²-(m+n)x+mn
=a(x-m)(x-n)

Therootsarem,nwherea,b,c,m,n∈R

Hereisanotherwaytolookatquadratics.

y=ax²-bx+c [×4a]
4ay=4a²x²-4abx+4ac [±b²]
4ay=4a²x²-4abx+b²+4ac-b²

=(2ax-b)²+(4ac-b²)

Herewehavethreecases:

I.
b²>4acorb²-4ac>0
Letb²-4ac=k²>0
(2ax-b)²-k²=0
(2ax-b)²=k²
2ax-b=±k
x=b±k=(b±√(b²-4ac))/2a

Ifwetakethe+of±,x=m,ifthe-,x=n.Goingbacktoax²-bx+c=a(x-m)(x-n)∴

=a(x=(b+√(b²-4ac))/2a)(b-√(b²-4ac))/2a) [1]

∴Becauseb²-4ac>0,mandnarepositive.
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Issomethingbotheringyou?The4ay?Wecannotevermake4aequaltozero.Soweare
showingwhereyisequaltozero.

II.
b²=4acorb²-4ac=0∴k=0∴m,n=b/(2a)
∴f(x)ax²-bx+c=a(x-m)(x-n)=a(x-(b/(2a))²
∴m,n>=<0asb/(2a)>=<0

III.
b²<4acorb²-4ac<0∴k²<0

Ifwerunthealgebraonthiscase,weget:

x=(-b±√(b²-4ac))/2a
=(-b±√-(k²))/2a

Ifk=3,wehave(-b±√(-9))/2a.IntheTrigonometrysection,wewilldealmorefully
withtheideaofthesquarerootofnegativeone.Inanycase,norealnumbersquaredis
lessthanzero.Sotherearenosquarerootsofnegativenumbers.Longstoryshort:

Ifwesay√(-9)=√(-1×9)andsaythat√-1=ithen√(-9)=3i.Thentherootswiththis
formof√-1taketheformsofx+iyandx-iy.Withoutthisidea,wecouldonlyhaveroots
onthex-axisofrealnumbersandwouldwonder(aswasactuallydone)whattheheckwe
shoulddowiththeseimaginaryroots.Butifweleti=1onthey-axisand-i=-1onthey-
axis,thenx+iyandx-iybecomeasrepresentableas(x,y)and(x,-y)ontheplane.And
nowalleqnshaverepresentablerootsandfromthis"i"springsComplexAnalysis.These
kindsofnumbersarecalledcomplexnumbersdenotedintotalasC.RisasubsetofC.Or
further,wecansayN⊂Z⊂Q⊂R⊂C.

Thisax²-bx+cisonlyoneformofquadratic.Whenittakestheformx²-ax+bitisa
quadraticsolvablebyEuclideangeometry.Ifaandbareconstructible(lookthisupif
you'reinterested)thentherootsareconstructible.

Theorem
Givenax²-bx+c
⊙diamBQ:B=(0,1)Q=(a,b)∴rootsON,OM
Proof
Center⊙=(a/2,(b+1)/2)
BQ=a²+(b-1)²
∴⊙=(x-a/2)²+(y-(b+1)/2)²=(a²+(b-1)²)/4
whichreducestox²-ax+bwheny=0
∴rootsON,OM
If⊙istangenttoOX,OM=ON
If⊙doesn'tintersectOXorQ=B,rootsimaginary

Let'slookatthegeneralformofax²+bx+cwherea,b,c∈R

ax²+bx+c=0
ax²+bx=-c
x²+b/a⋅x=-c/a
x²+b/a⋅x+b²/4a²=-c/a+b²/4a²
(x+b/2a)²=-c/a+b²/4a²
x+b/2a=±(√(b²-4ac)/2a)
x=(-b±√(b²-4ac))/2a=m,n [1]
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Andwearriveatourformerresult.Thishasbeenabriefhistoryofthoughtwrt
quadratics.ItbeganasearlybruteforcegeometricalgebrausingEuclid.Itevolvedinto
anawarenessofamoregeneralcaseofax²-bx+c.Thencamealongstruggleover√-1
whicheventuallybecameaharmoniousexpansionofmathematics.Thegeneralcasesof
b²-4acwereunderstoodandthisopenedthewayforatrulygeneralcaseofax²+bx+c.
Theresult[1]isthequadraticeqnandthegeneralsolutionforallf(x)takingthisgeneral
form.

Justbyconsideringthisgeneralformanditsresult,wecansay:

1. Ifb²-4ac>0,thenrootsm,n∈R;
2. Ifb²-4ac=0,thenm=nandtherootisreal;
3. Ifb²-4ac<0,thenm,n∈C;and
4. If√(b²-4ac)∈Q,thenroots∈Q.

Verifythesebyanexample.Wecanalsoseethem+n=-b/aandmn=c/aandifwestart
withax²+bx+c,thesearethecoeffsofx²+b/ax+c/a.Seeifyoucanproveforyourself
thefollowingfourpropositionsregardingsigns:

1. ax²+bx+c:anyrealrootsarenegative;
2. ax²-bx+c:anyrealrootsarepositive;
3. ax²+bx-c:rootsarereal,onepos.,oneneg.,|neg|>|pos|;and
4. ax²-bx-c:realroots,onepos.,oneneg.,|pos|>|neg|.

Alsoconsider(x-m)(x-n).Ifthesehavethesamesign,theirproductispositive;ifof
differentsign,productisnegative.Andthiscasecanonlyhappenifxisgreaterthanone
andlessthantheother:m<x<norn<x<m.Ifwethenconsidera(x-m)(x-n),wesee
thattheseobservationsholdifa>0andarereversedifa<0.Alsotakethetimeto
establishwhy,ifbeginningwithax²+bx+cweendupwitha(x-m)(x-n)whereaisjust
thisconstant.

Ifc=0thenax²+bx+c=x(ax+b)androotsarex,-b/a.Ifb=0,thenax²+cgivesaroot
ofx=±√(-c/a)whichisrealorcomplex.Ifa=0,wehavex=-c/b.Butifweputbx+c
into[1],wegetroots0/0and-2b/0.Inthiscase,ifoureqnisarepresentation,0/0may
indicatethatonly-c/bisasolnand-2b/0mayindicatethatlargerandthatlargervalues
ofxmorenearlyprovidesomepracticalsolnintheworldofexperience.

Letusmakeafirstpassattheideaof√-xwrtquadratics.Later,wewilldealwiththisin
depth.Firstwecanshowacontextinwhichitisabsurd.Ifwedivideaintotwoparts,
equalornot,wehavea/2+xanda/2-x.Theirproductisa²/4-x².Ifwewantthe
maximumresult,xmustbe0whichistosayaisdividedexactlyintwo:

maxvalue=a²/4 [1]

Letusdivideaintox,x-asuchthattheirproductisb.Theirproductisax-x².

∴ax-x²=b
∴x²-ax+b=0

Sothesolnis:

(a±√(a²-4b))/2=a/2±√(a²/4-b)

From[1],ifb>a²/4then(a²/4-b)isnegative.Callthis-c.
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Thenitisabsurdtothinkthatwecanfindaquantityequalto√-ctoaddorsubtractfrom
a/2.Wecanalsoobservethatrootswith√-xappearonlyinpairs.Ifb²-4ac=k,rootsare
(-b±√-k)/2.

Absurdityinmathematicscanbeamatterofcontext.Inthecontextofquantity,thereis
no-3andno√-3.ButinthecontextofAnalyticGeometryorComplexAnalysisbothof
thesevalueshavemeaning.Theyarecorrectandconsistentindicationsofpositioninthe
problemspace.Buttheycannotenterintothesphereofquantity.

Unlikeanegativenumberinawordproblemorthearisalofa/0or0/0,thearisalof√-a
doesnotindicateamisstatementoftheproblem.Instead,itshowsthatthesolutionspace
isC,asupersetofR.Ifinpracticearealsolutionisrequired,asolnofonlycomplexvalues
would--inpractice--indicatenosolution.

Relatedtothisideaistheideaofthenthrootsofunitywhichwewillalsoconsideragain
inmoredepth.Let'stakeabrieffirstlook.Inxn-1=0orxn=1,theremustbenroots
suchthatxn=1.

n=1:x=1(or1¹-1=0)
n=2:x²=1∴x=±1
n=3:x³=1

1³isclearly1so1isaroot
x³-1=(x-1)(x²+x+1)
1istherootofthe1stfactor
2dfactorquadratic⇒roots(-1±√-3)/2
(Checkthisbyraisingeachtothethirdpower.)

n=4:x⁴-1=(x²-1)(x²+1)
1stfactorroots:±1
2dfactorroots:±√-1andwecallthese±i
i¹=i
i²=-1
i³=-i
i⁴=1andrepeat

WewillseethenthrootsofunityagainthetheTrigonometrysection.Theyarisein
geometry,algebra,complexanalysis,andmanyotherfields.Finally,let'snotethatother
eqnscantaketheformofaquadraticandsocanbesimilarlysolved.

1)
x⁴+4x²+3 (solveforx²asquadratic)
∴x²=-1,-3
∴x=±i,±i√3

Inthesolutionherefori,i⁴=1,i²=-1∴1-4+3=0.

2)
x²-3x+1=2-√(x²-3x+1)

Ifyousquarebothsidesandsimplifyyoucansolvex⁴-6x³+6x²+9x=0oryoucantreat
thewholethingasaquadraticwhichismuchlessofaheadache:

(x²-3x+1)+√(x²-3x+1)-2=0
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Ifv=√(x²-3x+1),thenthisisv²+v-2=0andv=1,-2.Thisgivesus:

√(x²-3x+1)=1 √(x²-3x+1)=-2
x²-3x+1=1 x²-3x+1=4
x²-3x=0 x²-3x-3=0
x=0,3 x=(3±√21)/2

Andthesearethefourrootsoftheabove4°eqn.DeMorganprovidesveryfewexercises.
Hereisaninterestingoneofhis:

Showthata+1/acannotbearealnumberlessthan2.Provethisbyshowingthatthe
rootsof

a+1/a=2-p

arepurelycomplexwhen0<p<4.Itmayalsobeshownfrom(a-1)²beingalways
positive.

ForDeMorgan,"realnumber"was"numerical,""complex"was"symbolical,"and"shown"
was"shewn."Thesehavebeenupdated.
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Limits

InDeMorgan'sday,theconceptoflimitwasasubsetofwhatbecameWeierstrass's
definitionoflimitwhichweusetoday:

f(x)hasalimitaasx→∞iffor∀ε>0,∃k>0:
if|f(x)-a|<εthen|x|<k

Olderdefinitionsconsideredonlysimplecontinuousfunctionswherethegraphwasa
continuousline.Weierstrass'sdefinitionallowsustoconsiderfns(functions)whichare
notcontinuous.Ifafntooktheformofacontinuedfraction,itwouldnotapproachits
existinglimitinacontinuouslinebutwouldjumpbackandforth,alwayscloserandcloser
tothelimit.Theprogressoftheideaoflimitexpandedandclarifiedtheidea,leavingthese
limitsofDeMorgan'sstillintact.

Ifx-2=0,wecanapplyalgebraintwodifferentwaystogetx²-4=0andx²-2x=0:

∴x²-4=x²-2x
∴(x+2)(x-2)=x(x-2)
∴x+2=x
Butx-2=0
∴x=2
∴4=2

Yousawthatcoming,right?Heretheanomalyarisesbyunknowinglydividingbyzero.

Canyoudeterminewhere?Butevenifx-2=εwhereε=(1/10271),thesameanomaly
wouldarise.Youwould,bytheabovelogic,have2and4asnearlyequal,asdifferingonly
byε.Whenyouaredividingeachsideby(x-2)orε,youaremultiplyingeachsideby1/0
or1/ε.Soanytinydifferenceinx²-4andx²-2xisconsiderablymagnified.Ifx-2=ε
thenx²-4andx²-2xarenotequalandonecouldbemuchlargeror[a]nelephantanda
gnatarebothsmallfractionsifthewholeearthbecalled1,buttheyarenotnearlyequalin
anysense.Soequalityisthendefinedas:

a=b⇔a-b=0∨a/b=1

Thisreads"aequalsbifandonlyifaminusbequals0oradividedbybequalsone.This
"ifandonlyif"or"⇔"meanseachsideimpliestheother.LHSimpliesboththeelements
ofRHSandeitherelementofRHSimpliestheLHS.Hereistheimportantideawithoutthe
elephantandgnat:

Approachtowardequalityismeasurednotbythediminutionofthedifferencebutbythe
approachofthisquotienttounity.

Fromthisfollows:

Theorem
Thevalueofafractiondependsentirelyupontherelative,notontheabsolute,valueofthe
terms.
Example
Followsfromma/mb=a/b
Req:Findtwofractionsa,beachlessthanagivenx:a/b=m
Soln:takeany2numbersp,q:p<xq.Thena=p/qb=p/mq.Testwithanyxandm.
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Def.limit≡When,undercertaincircumstances,orbycertainsuppositions,wecanmake
AasnearaswepleasetoP(Abeingaquantitywhichchangesitsvalue…andPafixed
quantity)thenPisthelimitofA.

ThisisverynearlyCauchy'sdefinitionoflimitasimmediatelyprecedingWeierstrass.
Cauchy'sdefinitionis,infact,stillusedincertaincases.Whatbotheredeveryonewasthat
everywherealimitappearedyouwereforcedtosay"asnearasweplease"or"howsoever
bigonechooses"andsomethingmoremathematical-soundingwaswanted.Ifyoulook
carefullyatWeierstrass'sdefinitionyoucansee1)howhesatisfiedthisdesireand2)
wherehehidthe"asyouplease."Sowhilewenolongerspeakofourpleasuresregarding
limitsourbehaviorislargelyunchangedsinceDeMorgan'stime.

Ifwecanmakeaquantityasgreatasweplease,itincreaseswithoutlimitorx→∞.Ifwe
canmakeitassmallasweplease,itdecreaseswithoutlimitorx→0.Ifx→0,thenthelimit
ofx+aisa.Ifthelimitofxwereainsomecontext,thelimitofx+ais2a.Ifx→0,then
1/x→∞.Thelimitisawayofconsistentlyhandling0,1/0,0/0whenevertheyarise.And

theyriselikeazombieapocalypseintheCalculus.Limitgivesasenseto(1/(x-a))(x-a)/a

whenx=aandtheexpressionbecomes(1/0)0/0.ThefollowingtheoremsareDeMorgan's
wayofintroducingthetechniqueoffindinglimits.

TheoremI
IfAandBaretwoexpressionsinxwhicharealwaysequal,solongastheypreservean
intelligibleform,thenthelimitsofAandBareequal.
Proof
Letx→∞A→PB→QthenPmustequalQ.
SupposeA=P+aandB=Q+b.Thenx→∞anda,b→0.
Elseifa→αthenA→P+α.
ButA→P∴a→0
A=B∴P+a=Q+b
ElseP≠Q.LetP>Q∴P=Q+R
P,Qdonotcontainx
∴Rdoesnotcontainx∴x→0
P,Q,Rconstant∴Q+R+a=Q+b∴R=b-a↴ (absurdasb-a→0asx→∞)
∴P=Q■

Thatproofshouldbewithinyourcapabilitiesnow.The"Else"tagsmarkthebeginningof
proofbycontradictionandeachusuallyendswitha"↴".Sowheredoesthefirst"Else"
end?WhyisitthatP,Qdonotcontainx?WhydoesitfollowthatRdoesnotcontainx?

TheoremII
Whenx→0thelimitisfoundbymakingx=0given1)thattheresulthassenseand2)
therearenoinfiniteterms.
Example(NotProof)
In1+2x+x²,ifx→0then1+0+0isthelimit.
Butin1+x+x²+x³+…wecannotsimplyonappearancessaywhattheinfinitesumof
thex'swillbe.

Theoremsandpropositions(which,asfarasIcantellarethesamething)requireproof.
ButDeMorganknowsthatatthispointyouaren'treadyforaproofsofsomeofthese.He
(andI)arehelpingyoulearnmathematics.

Welearnmathematicsbydoingmathematics.
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TheoremIII
Whenx→∞weknowthat1/x→0.
Example
Letv=1/x∴x=1/v.

A=(x+1)/(3x-2)Letx=1/v

1/v+1=(1/v+1)⋅v=1+v

3/v-2 (3/v-2)⋅v 3-2v

∴Ifx→∞thenv→0andA→1/3

Thatwasanextremelyusefultechniqueforfindinglimits.Hereisanothercooltechnique
andIsay"cool"becauseIthinkitiscool.Ilovediscoveringnewtechniquesinalgebra.
Theyarenot"tricks"and,Todhuntertothecontrary,theyarenot"algebraicartifices."
Theyareourgrowingdominionovermathematics.

TheoremIV
Ifa>1thenasn→∞,an→∞
Proof
a²=a+a²-a=a+a(a-1) (technique:anewusefora=a-b+b-…)
a³=a²+a²(a-1)
…
an=an+an(a-1) (Nowcomestheuseofthetechnique)
a>1∴(a-1)>0∴a(a-1)>0
a²>a∴a²(a-1)>a(a-1)andsoon (asinlineabovewitha³,a⁴,…)
∴Ifn→∞thenan→∞aseachnislargerthann-1

TheoremV
Ifb<1,ifn→∞thenbn→0
Proof
Letb=1/athenbn=1/an
b<1∴1/b=a>1∴an→∞ (ThmIV)
∴1/an=bn→0

Thewaytoviewsimpleproofsistobegratefulwhentheycomealong.Manylargerproofs
couldbesimplifiediftheauthormadetheeffort.Justasthereisnovirtueinunreadably
simpleC-code,thereisnovirtueinmakingthetruthopaqueeither.Whiletheabove
theoremsareimportant,thenextonedeservesallyourattention.Makesureyoufollow
thereasoninginthisproof.

TheoremVI
If0<x<1theseries(1+x),(1+x+x²),(1+x+x²+x³),…hasalimitof1/(1-x).Oreach
termiscloserto,andneverexceeds1/1-x.Sowecanrestatethetheoremas:

Ifx∈(0,1)then1/(1-x)=1+x+x²+x³+…

Proof
Ifx>0thentheterms1,(1+x),(1+x+x²),…monotonicallyincrease.
Term(n+1)=x(termn)+1∴termshaveform:1,1+x,1+x(1+x),1+x(1+x+x²),…
∴IfAanyterm,Bnextterm,thenB=1+Ax
B>A∴1morethancompensatesthelossofAbymultiplicationwithx∈(0,1)
Ax=A+Ax-A=A-(1-x)Aor1>(1-x)A (A⋅xdiminishesAby(1-x)⋅A)
∴1/1-x>AandAisanyterm.
Nowweproveeachtermapproaches1/1-xmorecloselyorx→∞,1+x+x²+…→1/1-x
Let1/1-x-A=p∴A=1/(1-x)-p [Cont'd]
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Nextterm1+x/(1-x)-px=1/(1-x)-px
Nextterm1/(1-x)-px² (validatethisifyoucan'tseeit)
Nextterm1/(1-x)-px³andsoon

pisconstant,xn<xn-1∴1+x+x²+…→1/1-x■

Asthenextlowhangingfruit,wehave1-x+x²-x³+…wheresym.A,Bareconsecutive
termsagain.

B=1-Ax=1+A-A(1+x)or
B=A+1-A(1+x)
NexttermC=B+1-B(1+x)
Inthisform,B>A,C<Bor
1>A(1+x)and1<B(1+x)or
1/1+x>Aand1/1+x<Bandsoonalternately
∴1>1/(1+x)
1-x<1/(1+x)
1-x+x²>1/(1+x)andsoon.(alternatingapproachtolimit,reWeierstrass)

∴1-x+x²-…±xn-1isterm(n-1)

∴1-x+x²-…+(-1)n-2xn-1+(-1)n-1xnisterm(n)
andtheseconsecutivetermsdifferbyxnandasn→∞x→0(x∈(0,1))

∴1/1+x=1-x+x²-x³+…

TheoremVII
Ifbothnumanddenomofafractiondiminishwithoutlimit,thefractioncangoto0,∞,or
afinitelimit.
Proof(orExample--youdecide)
(x²-a²)/(x-a)² (x²-a²)/(x-a) (x-a)²/(x²-a²)
Ifx=a,allequal0/0.Butsimplifythem:
(x+a)/(x-a) x+a (x-a)/(x+a)
Whenx→a,limitslefttorightare∞,2a,0.

TheoremVIII
Thesameistruewherenumanddenomincreasewithoutlimit.
Proof
LetA/Bbesuchafraction,thenA/B=(1/B)/(1/A)andThmVIIshowsthatthesealso
havelimitsof∞,0,oranyfinitevalue.

TheoremIX
ThesameistrueofproductsAB=A/(1/B)whereA→0andB→∞.Thenthelimitagain
cannotbepredictedasittakestheform0/0.
Proof
Exerciseforthereaderbyshowingsomeexamples.

Considerthelimitofaxasx→0.

x=1/ythenx→0asy→∞∴ax=a1/y=y√a
1)Ifa>1thenallroots>1

∴y√a=1+vora=(1+v)y

y→∞thenv→0 (andweprovebycontradiction)
Elsevalways≥k∴1+v=1+k

Buty→∞then(1+k)y→∞ (ThmIV)

∴(1+k)y>a∴(1+v)y>(1+k)y>aButa=(1+k)y↴(sowhatisthecontradiction?)
∴y→∞thenv→0∴1+v=1

∴Asx→0theny√a=a1/y=ax→1 (notethata⁰=1)
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2)Ifa<1then1/a>1∴y√(1/a)→1∴y√(1/a)=1/y√a→1/1=1
Proofsarealwaysanexerciseinsustainedreasoningandpatience.Thisdoesnotrely
uponnaturaltalent.Itreliesuponyourdevelopingyourmind.AswithThmVI,thenext
theoremrepeatedlypopsupasweprogress.

Def.rationalintegralexpression≡anysumoftheformaxn+bxn-1+…+cx+dwherethe
coeffs(a,b,…,c,d)∈Q.

TheoremX
Letf(x)bearationalintegralexpression:xnhighestpowerofx.Ifx→∞thenthenxnterm
cancontainthesumoftheremainingtermsinfinitelymanytimes.
Example(orProof?Whatdoyouthink?)
Inax³+bx²+cx+d,acanbetinyandb,c,dhuge
Butxcanbetakensolargethataxncancontainn(bx²+cx+d)asn→∞.
ax³/(bx²+cx+d)=ax/(b+c/x+d/x²).
Letc/x+d/x²=p.
Thenasx→∞,p→0
∴ax³containstheremainderax/(b+p)greaterthanax/(b+1)timesand
asx→∞,ax/(b+1)→∞

TheoremXI
Thesameistrueifinanyrationalintegralfnx→0,theleastpowerofxcancontainthe
remainderoff(x)infinitelymanytimes.
Proof
Thiscanbeshownbyasym.argumenttotheabovewhichshouldbewellwithinyour
powersbynow.Keepinmindthatyoumusttryand(atleastpartially)failmanytimes
beforeyoucannaturallydosomethingwell.

Alwayskeepinmindthatinfinityor"∞"isnotanumber.Itisidenticalwith"andsoon"
or"…"andthatmakesitanadverb.GoingbacktoThmVIandtoalgebraicdivision,let's
lookat1/1+x.Inonewayweget:

1+x)1(x+x²+…
x+x²
1-x-x²
x²+x³
1-x-2x²-x³
…

Andinanotherway,wecanget:

1+x)1(1-x+x²-…
1+x
-x
-x-x²

x²
x²+x³
… and1-x+x²-(-x³/(1+x))=1/1+x

Wecandothesamethingwhere1+x+x²+…+xn+xn+1/1-x=1/1-x.Youcanverify
theseforyourself.Soyoucandeterminewhattheinfiniteseriesisforboth1/(x+1)and
1/(1-2x+x²)anddeterminewhatrestrictionsmustbeplacedonxifeitheristohavea
limit.Determinewhy1/(x+1)differsfrom1/(1+x)inthisexpansion.
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Here,noonewilltellyouifyourresultsarerightorwrong.Thisismathematicsandyou
areresponsibleforthetruthofyourownresults.Inthenextchapterwewilllearnto
thinkoftheseresultsasinfiniteseriesandtheirinfinitesumsanddeterminewhenthe
latterhasafinitevalueorlimit.

Hereisanexampleofthepowerofthelasttwochapters:
Wesawthattherootsofax²+bx+cwhena=0are

-b+√(b²-4ac)=-b+b = 0
2a 2⋅0 0

-b-√(b²-4ac)= -b-b = 2b (×-1/-1)
2a 2⋅0 0

Butbx+c=0∴x=-c/b

Weusetheformx²-y²andtheideaoflimits.

Firstweshowthat√(b²+v)→b+v/2b

(b+v/2b+√(b²+v))(b+v/2b-√(b²+v))

=(b+v/2b)²-(b²+v)

=b²+2bv/2b+v²/4v²-b²-v

=b²+v+v²/4b²-b²-b=v²/4b²

Now(x+y)(x-y)=x²-y²∴x-y=(x²-y²)/(x+y)

∴b+v/2b-√(b²+v)=(v²/4b²)/(b+v/2b+√(b²+v))

Indenomasv→0thedenom→2b.Soasitdiminishes

ithastheform2b+wwherewdiminisheswithv.

∴b+v/2b-√(b²+v)=v²/(4b²(2b+w)=v²/(8b³+4b²w)

Thisfinalexpressiongoestozero.

∴b+v/2b=√(b²+v)+(goestozero)orlimitof√(b²+v)=b+v/2b

Sym.√(b²-v)→b-v/2b

As"Sym."means"samemethodofargument"youshouldcreatethissymmetricproof.

Nowinour(-b-√(b²-4ac))/2awecansubstitutetheselimitsforoura=0toseewhat
valuethelimithasasa→∞.

Letv=4ac∴√(b²-4ac)becomesb-4ac/2b

-b+b-4ac/2b=-4ac/2b = -4ac→ -c
2a 2a 4ab b

-b-b-4ac/2b= -2b+2ac/b → -2b
2a 2a 0

Nowbx+cisalineandify=0then-c/bisthex-intercept.Thesecondvaluesaysthat
whenx=-2b/0thenywillequalzeroagain.Ofcourse,thiscan'thappeninaEuclidean
sense.Tome,itdoesnotfittheideaofintersectionsatinfinityforprojectivegeometry.
ButIcouldbewrongoratleastoutofstepwithcanonicalthought.Inanycase,whenyou
havearesultlikethisdon'tmakeanyjudgments.Justletthisvalueandthepossible
pictureofintersectionatinfinitysitdormantinyourmemoryandmaybesomeday,
somethingwillbringitbacktolife.
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Functions

Let'sexaminetheideaoffunctionofonevariablewhich,ifthevariableisx,wedenoteas
f(x).Recall,f(x)isLeibnizandyisNewtonforthesamething.Considerthisform:

f(x)=c0x
n+c1x

n-1+c2x
n-2+⋅⋅⋅+cn-1x+cn [1]

Ifthenumberoftermsarefinite,thisisacommonalgebraicalfunction.Ifthetermsare
infinite,theinfinitesumcanbealgebraical,asin

1/1-x=1+x+x²+x³+⋅⋅⋅

or,inafunctionlikef(x)=ax,theinfinitesumcanbeatranscendentalfunction.Afunction

withanelementintheformaxisanexponentialfnandafunctionwithalogarithmlike
log10xisalogarithmicfn.Algebraicfunctionsinform[1]arepolynomialfunctions.Each
termisamonomialandthosearesometimesfunctionstoo.Givenform[1],weconsider
theformofthecoeffs:

1. Ifci∈Zitisanintegralfunction
2. Ifci∈Zandc0=1itisaregularintegralfunction
3. Ifci∈Qitisanrationalfunction
4. Ifci∈Ritisarealfunction

[Hereisaheadsupfortheseriousautodidact.Therearehundredsoffreemathematicaltextsoutthere

inPDFformatandsome,whilestillgood,areprettyold.Inoldertexts,rationalcanmeanthatpowers

ofxareinZand,inirrationalfunctions,powersofxareinQ.Inthesetexts,integralfunctions,rational

andirrational,havexonlyinthenumeratorandfractionalfunctions,rationalandirrational,canhavex

inthedenominator.Inthese,x+x²/awouldbeintegraland(a+x)/(bx+x²)wouldbefractional.All

ofthesedesignationshavebeenabandoned.Weusethefourdesignationsabove.]

Afunctionofonetermofxisamonomial:x³,ax²,(bx)1/2andonewithtwotermsisa
binomial:a+bx,ax²+√bx.Atermwithoutanxisaconstantterm.Youalreadyknowthat
thedegreeordimensionofafunctionisitshighestpowerofx.Wealwaysarrangepowers
ofxinascendingordescendingorder.Usually,weusethedescendingorderofform[1].
Butintranscendentalfunctionsandotherinfiniteexpressions,theformcausesustouse
ascendingorder:

f(x)=c0+c1x+c2x²+⋅⋅⋅+cnxn+⋅⋅⋅

Whenmultiplyingtwopolynomialsthemultiplicationproducessubordinateproducts
someofwhicharecombinedintotermsbecausetheproductshavethesamepowersofx:

(x+3)(x+2)=x²+2x+3x+6

andthesefoursubordinateproductscombineintothreeterms:x²+5x+6.Soregardless
ofordering,therewillalwaysbetwotermsnotmadeupoftwoormoresubordinate
productsandtheywillhavethehighestandlowestpowersofxintheresult:

(ax²+bx²+cx³)(px⁴+qx⁵)
termwithlowestpowerofx:apx⁶
termwithhighestpowerofx:cqx⁸
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Andyoucanseethatnoothersubordinateproductortermhasx⁵orx⁸.Twohavex⁷and
soonandtheformofnumberwillalwaysworklikethis.Wecanusethisideainthinking
aboutalgebraicdivision.Consider:

8x³+1Forthistohavearesultwith (2x+1)(something)
2x+1 noremainder,weneed: 2x+1

Andbytheformofnumberwrthighestandlowesttermsthissomethingmusttakethe
formof:

(2x+1)(cx²+bx+a)
2x+1

Thecmustbe4toget8x³andamustbe1.Soweareaskingourselvesabout:

8x³+1=(4x²+bx+1)(2x+1)
=(2x+1)(4x²)+(2x+1)(bx+1)

∴8x³+1-8x³-4x²=(2x+1)(bx+1)
∴-4x²+1=(2x+1)(bx+1)

RHShasterm2x⋅bxwhichmustbe-4x²∴bmustbe-2
Sowehave-4x²+1=(2x+1)(-2x+1)
Recallingtheform(a-b)(a+b)=a²-b²thisis1-4x²=(1-2x)(1+2x)
Andwenowhavea=1,b=-2,andc=4∴

8x³+1=(2x+1)(4x²-2x+1)=4x²-2x+1
2x+1 2x+1

Earlier,wenaivelydividedpolynomials.Andthisworkedbecausepolynomialsare
subjecttoEuclid'sAlgorithm(Eu.7.1)andthereforeareanintegraldomain.Choice
orderingofpowersofxwon'taffectdivisionbutorderingmustbeconsistent:

2x+1)8x³+1(4x²-2x+1 1+2x)1+8x³(1-2x+4x²
8x³+4x² 1+2x
-4x²+1 -2x+8x³
-4x²-2x -2x-4x²

2x+1 4x²+8x³
2x+1 4x²+8x³

0 0

IfPandQarerationalfns,youcanseethatP+Q,P-Q,andPQmustalsoberationalfns.
UnderwhatconditionsisP÷Qnotarationalfn?Orisitalwaysarationalfn?

Divisionoffnsleadstofactorsoffns.EverypolynomialPwhichdividespolynomialQ
withoutremainderisafactorofQ.InArithmetic'sDivisionsection,wesawsynthetic
divisionusedwiththeRemainderTheorem.Theseremainimportant.Thesimplest
factorsofQarebinomialswhichrevealtherootsofQorthosevaluesofxwheref(x)=0.

Let'slookintopolynomial(poly)division:

1. Nopolycanhaveafactorofhigherdegreethanitself.
2. Ifpolym°andanyfactorisp°,theremainderis(m-p)°

x⁴-1=(x-1)(x³+x²+x+1) 1°+3°
=(x²-1)(x²+1) 2°+2°
=(x-1)(x+1)(x²+1) 1°+1°+2°
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3. Everypolyofn°hasnroots.Therearemanyfamousproofsofthis--gofind
one.Notethatsomerootscanbemultipleroots:x²+2x+1=(x+1)²
Here-1isadoubleroot.Counting(-1,0)astworootswasanotherchoice
resultinginconsistency.

4. Divisionwithoutremainderisimpossibleunlessthedegreeofthedividendis
greaterorequaltothedegreeofthedivisor.

5. Whendividend°≥divisor°,anyremainderisoflowerdegreethanthedegreeof
divisoranddividend.

6. Ifdividendm°,divisorn°,thequotientis(m-n)°andanyremainderhasa
degreelessthanorequalto(n-1).Solongastheremainderdegreeisgreater
thanthedivisordegree,youarestilldividing.

7. dividendP,divisorD,quotientQ,remainderRthenP=DQ+Ror
P/D=Q+R/D.Thisshouldallberemindingyouofelementarydivisionwith
numbers.Theformisthesame.

8. LetM,N,Z,A,Bbepolys.IfM,NbothdivbyZthensum,difference,andproduct
ofMandNdivbyZ:

M=A N=B M+N=A+B M-N=A-B MN=ABZ
Z Z Z Z Z

9. In#7,everyfactorofPandDisafactorofR.Theproofisthesameastheone
fornumbersinarithmetic.

10.ThehighestdegreecommonfactorordivisorofPandDisthereforethehighest
degreeofcommondivisorofDandR.Sofindingthehighestdegreefactor
sharedbytwopolysispreciselyEuclid'sAlgorithm:

x²-2x+1)x³-1(x
x³-2x²+x
2x²-x-1)2x²-4x+2(1 (originalD×2)

2x²-x-1
-3x+3

(÷3) -x+1)2x²-x-1(2x+1
2x²-2x

x-1
x-1
0 ∴GCF=x-1

11.Ifonefactorofthepolyisnotdivbyapowerofx,thenonlythosepowersofx
whichdividetheotherfactorswilldividethewholewithoutremainder.Inthe
simplestcase:2x²+4x+2=2(x²+2x+1).Here2!divbyxsoonlyfactorsof1°
dividetheotherfactorandthewhole.
Butthisextendstothingslike(x⁴+a)(x³+6x²).Thelowesttermwouldbe6ax².
Sonopowerhigherthatx²candividetheproductwithoutremainder.Andthis
isthereforethehighestthatcandivide(x³+6x²).Theusefulnessofthisisthat
x²isthehighestpowerofxinanyfurtherpossiblefactor.

12.Ifafunctionisdivbyxn,thequotientisdivbyeveryfactorofthefn.Forexample,
x³-xisdivbyxandgivesx²-1.Thenbecausex-1isafactorofx³-1,x-1is
thenafactorofx²-1.
Proof
polyP(x³P)/(x+1)=A∴x³P=(A)(x+1)
By#11,Adivbyx³orA/x³=B∴A=x³B
∴x³P=x³B(x+1)
∴P=B(x+1)orP/x+1=B
∴BothPandx³Pdivbyx+1andthisissymmetricallytrueofanyotherfactor.
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Newideasfrom afterDeMorgan'stimehavebecomefundamentaltoourstudyof
functions.

Def.Giventwosets,AandB,afunctionf(x):A→Bassignseveryx∈Atoauniquey∈B.
Hereyistheimageofxunderf(x).Inadvancedmathematics,AandBareoftenseparate.
Butinmostcommoncases,theyarethesame:

f(x)=x³mapsR→R

f(x)=x²mapsR→R+or[0,∞)
f(x)=3x+1mapsZ→Z

Aisthedomainofthefunction.Butf(x)maynotcoverallofB.ThepartofBthatf(x)does
cover,allorsome,istherangeofthefunction.Herezisnotintherangeoff(x).

Def.f(x):A→Bisinjectiveor1-1ifeachy∈Bintherangeoff(x)istheimageofonlyone
x∈A.Anotherwaytosaythis:Fisaninjectionifandonlyiff(x1)=f(x2)impliesx1=x2.
Heref(x)isaninjectioneventhoughzisnotinitsimage.
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Def.f(x):A→Bissurjectiveorontoifeveryy∈Bistheimageofoneormorex∈Aunder
f(x).Soay∈Bcanbetheimageofmorethanonex∈Aunderf(x).But,tobeafunction,
nox∈AcanhavemorethanoneimageinB.

Def.Afunctionf(x):A→Bisbijectiveor1-1andontoifitisbothinjectiveandsurjective.

Wecanextendthisideaoffunctionstocompositefunctions.Herewehavef(x):A→Band
g(y):B→C.Theabovedefinitionsapplytoeverythinghere.Ifweusef(x)andthenuseg(y)
ontheresultoff(x),wehaveacompoundorcompositefunction.Thecompositesymbol
below"•"isoftenshownasacircleaboutthesamesizeinthesameposition.

Def.Givenf(x):A→Bandg(y):B→C,thecompoundorcompositefunctiong•f:A→Cis
definedasg(f(x))for∀x∈A.

Youcanseethatorderisimportanthere:

f:R→Rf(x)=2x
g:R→Rf(x)=x+1
f•g=f(g(x))=2(x+1)
g•f=g(f(x))=2x+1
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Youshouldbeabletoeasilyprovethefollowingtheoremsbyyourself:

Givenf:A→Bandg:B→C
Iffandgareonto,theng•fisonto.
Iffandgareinjections,theng•fisaninjection.
Iffandgarebijective,theng•fisabijection.

Onemorerelatedidea:f:A→Bmayormaynothaveaninversefunctionf-1thattakes

everyyintherangeoffinBbacktoitsoriginalxinA.Ifwehaveanf-inverseorf-1then:

x=f-1(y)⇔y=f(x)∀y∈rangef

Soiff(x)=2xthenf-1(y)=y/2.Ifzeroisnotinthedomain,theniff(x)=1/x,wehavean

inversef-1(y)=1/y.Butiff(x)=|x|wecannothaveaninversebecauseitwouldhaveto
makeyand-ytoxandwouldthereforenolongerbeafunctionthatmapseachelementin
thedomaintoauniqueelementintherange.

Inmanycases,thedomainisinfinite.Iff:R→Randfis1-1andontothenitsrangeisallof

Randbeingabijectionthereisanf-1.Butiff:Z→Rorf:N→Rorif,forsomefinitesetA,we
defineanf:A→R,thenfcouldbe1-1andontoitsrangeBwhichwouldbeasubsetofRor

B⊂Randwecouldstillhaveanf-1.Sometextbooksmuddlethisup.Butiffisabijection

or1-1andontoitsrange,thereisalwaysanf-1.

Decidewhetherthefollowingareinjective,surjective,orbijectiveandgivetheirrange.To
show thatsomethingisnot,say,injective,youonlyhavetogiveoneconcrete
counterexamplewhichshows,inthiscase,thattwox'sgotooney.

f(x)=2x f(x)=3x+4 f(x)=x²
f(x)=x³+1 f(x)=x³-3x

f(x)=x,ifx∈Q,or2x,ifxirrational

Wecanexpandourideasoffunctionnotationtothinkaboutfunctionsmoregenerally.
You'veseenhowweusef(x)followedbyitsdefinition:

f(x)=ax²+bx+c

Andthenwecanspeakofthatparticularf(x)asshorthandforthelongerdefinitionuntil
weredefineit.Weusef,g,honthislevelofabstraction.WealsouseF,φ,ψandother
symbols,usuallyGreekletters,atahigherlevel.Let'slookatthishigherlevel.Here
parensareoptionalandusedforclarityonly,φxissimplyφ(x).

φx=xa∴φ(1+x)=(1+x)a
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Thisleadstoausefularithmetic:

Letφx=ax∴φbx=abx=b⋅φxorφbx=bφx

Youcanseehowthisarithmeticcreatesalevelofabstractionifyouwillworkoutthe
followingequalities.

Ifφx=xa then φx⋅φy=φ(xy)

Ifφx=ax then φx⋅φy=φ(x+y)
Ifφx=ax+b then (φx-φy)/(φx-φz)=(x-y)/(x-z)
Ifφx=ax then φx+φy=φ(x+y)

Wecanworkbackwardsinthisarithmetic.

Ifφ(xy)=xφythisistrueify=1.
∴φx=xφ(1)
Butφ(1)isaconstant.Callitc.
Nowwedetermineitsvalue.
φx=cx∴φxy=cxyandxφy=x⋅cy=cxy
∴φ(xy)=xφyfor∀c
φx=cxandφ(1)=c
∴φx=cxforanyc

Iwouldnotgoonfromhereuntilthatlastbitissolidinyourmind.Don'tletthefinite
mindsimplyslideoverit.Youwillneedwhatyoulearnhereagainandagain.Anddon't
makeitharderthanitis.

Soifφ(xy)=(φx)ythenletx=1.

∴φy=(φ(1))y=cy∴φx=cx

Andwecheckthisbyshowing

φ(xy)=cxy=(cx)y=(φx)yaswebegan.

Letusprovethatthisworksingeneralbyshowingthatitleadstoauniqueresultof:

Theorem φ(xy)=(φx)y⇔φ(x)=cx

Proof
Letφxfor∀x,ybeφx⋅φy=φ(x+y) [A]
y=a+b∴φx⋅φ(a+b)=φ(x+a+b)=φx⋅φa⋅φb (by[A])
a=c+d∴φx⋅φ(c+d)⋅φb=φ(x+c+b+d)=φx⋅φc⋅φb⋅φd
∴Forai[i:=1-n]φa1⋅φa2⋅⋅⋅φan-1⋅φan=φ(a1+a2+⋅⋅⋅+an-1+an)
Letai=ajfor∀i,j
∴(φa)n=φ(a+a+⋅⋅⋅[ntimesa]⋅⋅⋅+a+a)
∴(φa)n=φ(na)∀n∈N

∴(φb)m=φ(mb)

Letmb=na∴(φb)m=(φa)n∴φb=(φa)n/m

Butb=n/m⋅a∴φ(n/m⋅a)=(φa)n/m

∴φ(pa)=(φa)p∀p∈Q
In[A],letx=y=0∴x+y=0
Letφ(0)=c∴c⋅c=c∴c=1
Lety=-x∴x+y=0∴φx⋅φ(-x)=1∴φ(-x)=1/φx

∴φ(-pa)=1/(φ(pa))=1/((φa)-p)=(φa)-p

∴ifa=1thenφp=cp∴φx=cxfor∀x
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Thisisthemostdifficultproofthatwehavedone.Itshowswhatispossibleinproofs,
especiallyhow,bymakingchoicesofinternalvalues,wecanmaketheformrevealitself.
Gobackanddeterminewherethesechoicesweremade.Thenconsiderwhatmustbe
knowninordertomakeeachchoice.Thenconsiderthechoicesasawholeandhowthey

drivetheprooftothefinalformofcx.

Thisisanimportantproofandwillbeusedtwoorthreemoretimesinthistextto
establishthatsomethinghasthisform.I'mnotsayingyoushouldmemorizeit.Butyou
shouldmakesureyouunderstandit.Andthenyoushouldkeepitinmind.Many

importantideashavethisformandifyoucanrememberthatφ(xy)=(φx)y⇔ φ(x)=cx

thenseeingonesideofthisintheformyouareworkingwithwillestablishtheexistence
oftheotherform.Andyoucanthenbringmorepowerandmoretoolstoyourwork.
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Series

We'veseenthatifx∈(0,1):

1+x+x²+x³+⋅⋅⋅ [1]

getscloserandcloserto1/(1-x)asweaddmoretermsbutthatitneverexceedsthislimit.
Thisisaninfiniteseriesand1/(1-x)isitssum.

Def.Thesumofaninfiniteseriesisthelimititapproachesasthetermsareadded.Ifa
limitexists,theseriesisconvergent;ifnolimitexists,theseriesisdivergent.

Thesearedivergent:

1+1+1+⋅⋅⋅+1+⋅⋅⋅ 1+2+3+⋅⋅⋅+n+⋅⋅⋅
1+2+4+⋅⋅⋅+2n+⋅⋅⋅ 1+1/2+1/3+⋅⋅⋅+1/n+⋅⋅⋅

Wehavetoreasonupontherelationofthetermsandconsidertheformofitsgeneral
terminordertofindalimit.In[1],xnisthegeneraltermandyoucanseethegeneralterm
indicatedinthedivergentseriesabove.Ifthereisnolawoftherelationofterms,we
cannotconceiveofageneraltermorconsideralimit.

Thefollowingserieshavelaws.Whatarethey?Notethatalawcancomeintoeffectat
anypointintheseries.Butthenitmustcontinuetoapply.

7162226323642…
510 910 910 9…
510111521303943526170…
798594103109109109…

Considerthisseries:

43475361718397113…

Theseareallprimenumbers.Butwemustfindandconsiderthelaw,notitsincidental
results.Herean=(n⋅(n+1))+41.Andthistermresultsinprimesuptothe39thterm
whichis39⋅40+41=1601.Butthenexttermis40⋅41+41=41²whichisnotprime.

Def.Thegeneraltermofaninfiniteseriesisthealgebraicalexpressionofthenthterm
whichembodiesthelawoftheseries.

Series NthTerm
1234… n
14916… n²

1xx²x³… xn-1

1x/2x²/3x³/4… xn-1/n

1xx²/2x³/6… xn-1/(n-1)!

Inthislastseries,thefirsttermisnotunderthelaw.Oneofthetoolswehaveofjudging
theconvergenceofaninfiniteseriesistheratioofsuccessiveterms.Thisiswhatweare
showinginthisnexttheorem.
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Theorem Theinfinitesuma+b+c+d+e+⋅⋅⋅isthesameas

a(1+b/a+cb/ba+dcb/cba+edcb/dcba+⋅⋅⋅)

Thisisjustalgebra.Proveittoyourselfifyoucan'tjustseetheequality.Lettheratioof
eachtermtotheprecedingtermbethecapitalizednumerator:

b/a=Bc/b=Cd/c=De/d=E

Thena+b+c+d+e+⋅⋅⋅=a(1+B+CB+DCB+EDCB) [2]
Ifeveryratio(B,C,D,…)islessthansomequantityPthen

a(1+B)<a(1+P)
a(1+B+CB)<a(1+P+PP)andsoon

Thenthesumof[2]islessthana(1+P+P²+P³+⋅⋅⋅)
SoifP<1,weknowthelimitifa/(1-P)becauseitslargerfactorhastheformof[1]which
provesthenexttheorem:

Theorem Aseriesisalwaysconvergentwhentheratioofanytermtotheprecedingterm
islessthansomequantitywhichitselfislessthanunity.

Thiscanhappenafteranyfinitenumberofterms.Ifthefirst50termssumto10⁴butthe
remainingtermshavealimit(orsum)of50,theserieshasafinitelimitof10050.Hereis
animportantseriesofthiskind:

1+1+1/2!+1/3!+1/4!+⋅⋅⋅

Ifyouwilluseyourcalculatortosumthefirsttentermsofthisseries,youcandeterminea
decentapproximationofEuler'snumberε.

TheoremTheseriesa+b+c+⋅⋅⋅isconvergentif:
1)thetermsmonotonicallydecreaseafteragiventerm(ora>b>c>⋅⋅⋅)and
2)sometermintheseriesislessthananychosenfraction.

Proof
Theseries(a-b)+(b-c)+(c-d)+⋅⋅⋅isaseriesofdecreasingtermswithalimitofa(just
regrouptheparens).Soaseriesmadeofalternatingtermsofthisseries(a-b)+(c-d)+⋅⋅⋅
hasalimitlessthana.Andthesealternatetermsareourseriesinthetheorem.■
Example1-1/2+1/3-1/4+⋅⋅⋅convergestosomelimit<1.

TheoremIfanyquantityPisgreaterthananyoneoftheseriesofratiosabove:
b/a,c/b,d/c,…thentheseriesa+bx+cx²+dx³+⋅⋅⋅isconvergentwhenx<1/P.
Proof
Withtheseriesa(1+(b/a)⋅x+(cb/ba)⋅x²+(dcb/cba)⋅x³+⋅⋅⋅)ifPisgreaterthananyof
theratiosb/a,c/b,…thenthisnextseriesisbigger

a(1+Px+P²x²+P³x³+⋅⋅⋅)=a(1+Px+(Px)²+(Px³)+⋅⋅⋅)

AndweknowthislastseriesconvergesifPx<1orx<1/P.Sotheoriginalsmallerseries
converges.■

ExampleConsider1+2x+3x²+4x³+⋅⋅⋅withratios2/1,3/2,4/3,….Then2isgreater
thananyoftheseafterthefirst.Soifx<1/2,thenthisseriesconvergesbeginningwith
thesecondterm.
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ExampleConsider1+x+x²/2!+x³/3!+⋅⋅⋅withratios1,1/2,1/3,1/4,….Theratios
monotonicallydiminish.Soforanyfractionm,nomatterhowsmall,atermcomeswhere
1/missmallerthanthatratioandallremainingratios.Sox<1/(1/m)=misanyvalueno
matterhowgreat.Sothisseriesconvergesforanyx.

TheoremIfPislessthananyoftheratiosb/a,c/b,…
thena+bx+cx²+⋅⋅⋅divergesforanyx>1/P

Proof
Followsfromlasttheorem.

Fromthispointweconsideronlyconvergentserieswithpositivetermsunlessotherwise
defined.

Theorem Everyseriesoftheforma+bx+cx²+⋅⋅⋅hasthepropertythat,ifxissmall
enough,thenanyonetermcancontainthesumofallthefollowingterms.
Proof
Thenforsomex,someterm(cx²)canbeanymultiple(10⁴)oftheremainingterms(dx³+
ex⁴+⋅⋅⋅)Letx₁bethegreatestvaluethatmakestheremainingtermsconvergentandlet
thesumofthispartialseriesbeS.Thenanyx<x₁,d+ex+⋅⋅⋅<S.Socx²containsthe
remainingsumasfollows:

cx² .= c = c .
dx³+ex⁴+⋅⋅⋅ dx+ex²+⋅⋅⋅ x(d+ex+⋅⋅⋅)

Soforx<x₁,c < c = cx² .
xS x(d+ex+⋅⋅⋅) dx³+ex⁴+⋅⋅⋅

Sandcarefixedquantities.Soxcanbechosensothatc/xSislargerthan10⁴which
makescx²/(remainderofseries)evengreater.Thisissym.trueofanytermandany
multiple.■

ExampleRequired:xin1+2x+3x²+⋅⋅⋅:4x³contains10³⋅(sumofremainingterms)
Theremainderis5x⁴(1+6/5x+7/6⋅6/5x²+⋅⋅⋅) [A]
6/5isgreaterthananyfollowingratio.Sothisnextseriesisgreaterthan[A]
5x⁴(1+6/5x+6/5⋅6/5x²+⋅⋅⋅)=1/(1-(6/5)x) [B]
Soweneedx:4x³>10³⋅[B]or1-6/5x>1250x
orevenmoresoif1-2x>1250x
or1>1252xorx<1/1252
Soifx<1/1252then4x³>10³⋅[B]andevengreaterthan10³⋅[A]

Let'slookathowaninfiniteseriescanbeexpressedasafinitealgebraicrelationP.Here's
onewealreadyknow:

1)
P=1+x+x²+x³+⋅⋅⋅
1+x+x²+⋅⋅⋅=1+x(1+x+x²+⋅⋅⋅)
∴P=1+xP
∴P=1/(1-x)bysimplysolvingforP.

2)
P=1+2x+3x²+4x³+⋅⋅⋅
(P-1)/x=2+3x+4x²+5x³+⋅⋅⋅
∴(P-1)/x-P=1+x+x²+⋅⋅⋅=1/(1-x)
∴P(1/x-1)=1/(1-x)+1/x=1/x⋅1/(1-x)∴P=1/(1-x)²
Makesureyoucanworkthatoutalgebraically.
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3)
P=1+3x+5x²+7x³+⋅⋅⋅
(P-1)/x=3+5x+7x²+⋅⋅⋅
∴(P-1)/x-P=2+2x+2x²+⋅⋅⋅=2/(1-x)
∴P=(1+x)/(1-x)²

Usethismethodtoshowthat1+4x+9x²+16x³+⋅⋅⋅=(1+x)/(1-x)³.Wecanusethis
methodtofindthesumofafinitenumberofterms.

P=1+2x+3x³+⋅⋅⋅+(n-1)xn-2+nxn-1

(P-1)/x=2+3x+4x2+⋅⋅⋅+nxn-2

(P-1)/x-P=1+x+x2+⋅⋅⋅+xn-2-nxn-1

=(1-xn-1)/(1-x)-nxn-1=(1-(n+1)xn-1+nxn)/(1-x)

∴P=(nxn+1-(n+1)xn+1)/(1-x)²

Youshouldbeabletoworkthatlastoneoutalgebraicallyifyouwillrecallthatxn-anis
divbyx-aforalln∈Nandrememberthatthiscanbean-xndivbya-xandleta=1andxn

bexn-1.Ordoyouneedahint?Onemoretheorem:

TheoremIfthetwoseriesa0+a1x+a2x²+⋅⋅⋅,b0+b1x+b2x²+⋅⋅⋅areequalforeveryfinite
xthenai=bifor∀iandtheseriesarethesame.
Proof
Thistheoremsoundstrivialbutitisnot.Wewillshowitisnottrivialandalsoshowhow
totakeourPfromaboveanddevelopitinaseriesofpowersofitsx.Sogiventhenext
LHSwedetermineitsRHS:

(1+x)/(1-x)²=a0+a1x+a2x²+a3x³+⋅⋅⋅
Multiplybothsidesby(1-x)²or1-2x+x²
1+x=a0+a1x+a2x²+a3x³+⋅⋅⋅

-2a0x-2a1x²-2a2x³-2a3x⁴+⋅⋅⋅
a0x²+a1x³+a2x⁴+a3x⁵+⋅⋅⋅

=a0+(a1-2a0)x+(a2-2a1+a0)x²+⋅⋅⋅
Bothsidesareequal.Soweusethelasttheoremtoshow:
a0=1 a1-2a0=1∴a1=3
a2-2a1+a0=0 ∴a2=5
a3-2a2+a1=0 ∴a3=7andsoon
∴ourrequiredseriesis1+3x+5x²+7x³+⋅⋅⋅

Ifwedevelop1/(1+x²)thesameway:1/(1+x²)=a0+a1x+a2x²+a3x³+⋅⋅⋅
Andourtheoremgivesus:

a0=1 a2+a0=0∴a2=-1 a₄+a₂=0∴a₄=1
a₁=0 a₃+a₁=0∴a₃=0 a₅+a₃=0∴a₅=0

andtheseriesis1-x²+x⁴-x⁶+⋅⋅⋅asyoucanworkoutforyourself.

Ifthisprocessofequatingaican'tbeused,thentheexpressioncan'tbedevelopedintoan
infiniteseries.Afewremarksoninfiniteseries.Letxfirstbepositive,thenbereducedto
zero,thenbenegative.Thefollowingfnsvalueswillthentakethefollowingsigns:

signofx + 0 - .
1/x + ∞ -

x3 + 0 -

1/x3 + ∞ -

x2 + 0 +

1/x2 + ∞ +
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Ifwhenxchangesfromatob,passingthroughallintermediatevalues,thesignoff(x)
changesfrompositivetonegativeorviceversa,thenthepointatwhichthechangetakes
placeiseitherinfiniteornothingbuttheconverseisnottrue,thatafunctionalways
changesitssignwhenitsvaluebecomesnothingorinfinite.Consider:

1/(1-x) =1+x+x²+⋅⋅⋅
2 =1+1/2+1/4+⋅⋅⋅
1/0 =1+1+1+⋅⋅⋅
-1/2 =1+2+4+⋅⋅⋅

Thatlastoneisnottrue(younoticed,right?).Whenanequalityspecifiedispurely
algebraical,wearenotatlibertytocomparemagnitudesbyanyarithmeticalcomparison,
ifinfiniteseriesareinquestion.Amoremodernwaytosaythisisthatinfiniteseriesare
onlytruewhentheyconverge.Andconvergenceoftenrequireslimitationstobeplacedon
thevalueofx.

Withrespecttodivergentseries,weadmitnoresultsofcomparisonexceptthosewhich
arederivedfromtheirequivalentfinitealgebraicalexpression.Asimpleexampleofthisis
the1/0or∞seriesabove.WhenEulerfirstdiscoveredtheusagesofinfiniteseries,hedid
notdistinguishbetweenconvergenceanddivergence.Andsoforhim,our

1/(1+x)=1-x+x²-x³+⋅⋅

provedthat1/2=1-1+1-1+⋅⋅⋅.Thisisanothercase,aswithzero,thenegative
numbersandtheideaofalimit,wheremathematicstookacenturyorsotosortthingsout.
Thiselevationofanewideatoacorrectandconsistentideaseparatedthegoldfromthe
drossinalltheworkdonewiththatideainitstransitionperiodandclarifiedthe
understandingofthemathematiciansinvolved.
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TheBinomialTheorem

IcouldlayoutthealgorithmoftheBinomialTheorem'sexpansionof(x+a)nandwecould
treatitlikeourbabyarithmeticalgebra.Thearithmeticofalgebraisalwaysandforever
simplyarithmetic.Butalgebraisthestudyoftheformofnumber.Let'scometoan
understandingoftheform ofNewton'sBinomialTheorem ortheexpansionofany
binomialtoanyexponent.

TheBinomialTheoremistheexpansion,finiteorinfinite,ofanybinomial(a+b)nwheren
isanyexponent:positive,negative,orfractional.Wecanreduce(a+b)nto(1+x)nlike
this:

a+b=a(1+b/a)∴(a+b)n=an(1+b/a)n
Letx=b/aandlosetheconstant,whichwecanrestoreifnecessary:(1+x)n
Aswithpreviousseries,wewant(fromourearliernon-trivialtheorem)

(1+x)n=a0+a1x+a2x²+⋅⋅⋅

andwemustworkoutthevaluesofeachai.

Lemma(alemmaisasubsidiaryprooftobeusedinsomelargerproofwhichfollowsit)

Foranyn,(an-bn)/(a-b)thelimitasb→aisnan-1.Notethatifa=bitbecomes0/0butit

willhavealimit:nan-1.
Proof

Ifn∈N,(an-bn)/(a-b)=an-1+an-2b+an-3b²+⋅⋅⋅+abn-2+bn-1

Asa→b:an-1+an-2a+an-3a²+⋅⋅⋅+aan-2+an-1

=an-1+an-1+an-1+⋅⋅⋅+an-1+an-1=nan-1

Ifn=p/q∈Q,(an-bn)/(a-b)=(ap/q-bp/q)/(a-b)

=(a1/q)p-(b1/q)p Leta1/q=a1b
1/q=b1then=a1

p-b1
p =(a1

p-b1
p)/(a1-b1)

(a1/q)q-(b1/q)q a1
q-b1

q (a1
q-b1

q)/(a1-b1)
Wealreadyprovedthatasb1→a1thisgoesto:

pa1
p-1 =p/q⋅a1

p-q=p/q⋅(a1/q)p-q=p/q⋅ap/q-1=nan-1

qa1
q-1

Ifn<0thenn=-p

an-bn =a-p-b-p=1/ap-1/bp = 1.⋅bp-ap =-1.⋅ap-bp

a-b a-b a-b apbp a-b apbp a-b

Asb→athisis-a-2p⋅pap-1=-pa-p-1=nan-1■

ThislemmaisanotherstudyinthemanipulationofformwhichallowsDeMorgantoshow
allthreecasesidentical.

Backtofindingourai:

[Cont'dnextpage.]
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A=(1+x)n=a0+a1x+a2x²+⋅⋅⋅

B=(1+y)n=a0+a1y+a2y²+⋅⋅⋅

A-B=a₁(x-y)+a₂(x²-y²)+⋅⋅⋅

Dividebothsidesbyx-y,LHSinitsformof(1+x)-(1-y)

(1+x)n-(1+y)n=a₁+a₂x²-y²+a₃x³-y³+⋅⋅⋅

(1+x)-(1+y) x-y x-y

Bylemma,asy→xbothsidesaretherefore

n(1+x)n-1=a₁+2a₂x+3a₃x²+⋅⋅⋅

Multiplybothsidesby(1+x)

∴n(1+x)n=a₁+2a₂x+3a₃x²+4a₄x³+⋅⋅⋅

+a₁x +2a₂x²+3a₃x³+⋅⋅⋅

Butbyouroriginalassumptionofform:

n(1+x)n=na₀+na₁x+na₂x²+⋅⋅⋅

∴a₁=na₀2a₂+a₁=na₁ora₂=(n-1)/2⋅a₁=n⋅(n-1)/2⋅a₀

Bythesamealgebra:

3a₃+2a₂=na₂∴a₃=n⋅(n-1)/2⋅(n-2)/3⋅a₀

4a₄+3a₃=na₃∴a₄=n⋅(n-1)/2⋅(n-2)/3⋅(n-3)/4⋅a₀

Sowehavethisformwitha₀undetermined:

(1+x)n=a₀(1+nx+n⋅(n-1)/2⋅x²+n⋅(n-1)/2⋅(n-2)/3⋅x³+⋅⋅⋅)

Beforewegoon,considerconvergence.Here,ratiosoftermsare:
nx,(n-1)/2⋅x,(n-2)/3⋅x,⋅⋅⋅∴generalterm((p+2)term)/((p+1)term)=(n-p)/(p+1)⋅x

Ifp∈N,seriesisfinitebecause(n-p)/(p+1)becomes0atthe(n+2)thtermsandstays
there.Whatifnisfractionalornegative?Whenp>n,(n-p)/(p+1)xisalwaysnegativeso
termsalternatesign,sinceiftheratioisnegative,thetermsmustalternatesign.Aseries
ofalternating-signtermsisconvergentifthecorrespondingseriesofallpositiveterms
converges.Ifalltermsarepositive:

(p-n)/(p+1)x=px/(1+p)-nx/(1+p)=x/(1+1/p)-nx/(1+1/p)

Asp→∞,1sttermgoestox,2dtermgoesto0,∴ifx<1,atsomepointtheratiowillbeless
thanunityandwillapproachalimit.Soboththeseriesofpositiveandtheseriesof
alternatingsignareconvergent.

Thisbeingthecase,wecan,asbefore,makex=0∴(1)n=a₀ora₀=1foralln,either

integerorfraction.Whennisfractional,(1)n=(1)p/q=a0andherewearechoosing1as
theqthrootof1.Later,wewillseethat1,orunity,hasnrootsofunityforeveryn.Ifn=3,
therootsare1,-1/2+i√3/2,-1/2-i√3/2wherei=√-1.Andwehaveseenthatifnis
fractional,thenonlyx<1leadstoconvergence.(Justsowe'resolidhere,x<1meansxis
ontheopeninterval(0,1).)

DeMorgan'sproofoftheBinomialTheoremwhichfollowsisagoodexampleofproofby
induction.Todothis,wemust:

1)Showtrueforn=1(orifthisistrivial,showforn=firstnon-trivaln.)
2)Assumetrueforn=n
3)Usealgebratobringbothsideston+1(Youcanassumen-1andmoveton,ifeasier.)
4)Bringtheresultbacktothegeneralformofwhatyouareproving.
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Soyoushowthefirsttermistrue.Thentakeanytermandturnitintothenext.Thisgives
youn=2fromn=1,n=3fromn=2,andsoonbyimplication.StudyDeMorgan'sproofto
seehowthisworks.Hedoesitinaninterestingway.

ProofofBinomialTheorem.
Supposethetheoremistrueforanyonewholenumber,saym.

Then(a₀being1):(1+x)m=1+mx+m⋅(m-1)/2⋅x²+m⋅(m-1)/2⋅(m-2)/3⋅x³+⋅⋅⋅

Multiplybothsidesby(1+x):

(1+x)m+1=1+mx+m⋅(m-1)/2⋅x²+m⋅(m-1)/2⋅(m-2)/3⋅x³+⋅⋅⋅

+x+ m⋅x²+ m⋅(m-1)/2⋅x³+⋅⋅⋅

=1+(m+1)x+(m⋅(m-1)/2+m)x²+(m⋅(m-1)/2⋅(m-2)/3)x³+⋅⋅⋅

Butm⋅(m-1)/2+m=m⋅(m-1)/2+1)=m⋅(m+1)/2=(m+1)⋅m/2

Andm⋅(m-1)/2+m⋅(m-1)/2=m⋅(m-1)/2⋅((m-2)/3+1)=(m+1)⋅m/2⋅(m-1)/3

∴(1+x)m+1=1+(m+1)x+(m+1)⋅m/2⋅x²+(m+1)⋅m/2⋅(m-1)/3⋅x³+⋅⋅⋅

which,ifwewritenform+1andn-1form,becomesthesameseries,orfollowsthesame

lawas:

(1+x)n=1+nx+n⋅(n-1)/2⋅x²+n⋅(n-1)/2⋅(n-2)/3⋅x³+⋅⋅⋅

Therefore,iftheexpressionbetrueforanyonewholevalueofn,itistrueforthenext.But

itistruewhenn=1for:

(1+x)¹=1+1x+1⋅(1-1)/2⋅x²+1⋅(1-1)/2⋅(1-2)/3⋅x³+⋅⋅⋅

∴itistruewhenn=2.Butitisthereforetruewhenn=3andsoon,adinfinitum.■

Youcanseethathehascovered,inhisownway,thefourstepsofproofbyinduction.You
couldtryyourhandatproofbyinductionbyprovingthesumofanA.P.orG.P.

Let(1+x)nbeafunctionofnanddenoteitφn.

Then(1+x)n⋅(1+x)m=(1+x)n+m orφn⋅φm=φ(n+m)
Andyoucanverifythisasanexerciseofalgebraicmulti-rowedmultiplicationofinfinite
seriesaswehavebeendoingabove.

Whenanalgebraicalmultiplication,orotheroperation,suchashithertobeendefined,can
beprovedtoproduceacertainresultincaseswherethelettersstandforwholenumbers,
then thesameresultsmustbetruewhen thelettersstand forfractionsor
incommensurablenumbers,andalsowhentheyarenegative.

Or--whatistrueforNistrueforR.(1+x)p/qistruewhetherxislessthanoneornot.But
forxgreaterthanorequaltoone,theseriesdoesnotconvergeandisofnointeresttous.

Itfollowsthat(1+x)n=φnfalls,byourearlierproof,intotheformofcnwherec=φ(1)
andφ(1)isshownaboveinthenexttolastlineoftheproof.

(1+x)1/2:n=1/2(n-1)/2=-1/4(n-2)/3=-1/2
∴series=1+1/2⋅x+1/2⋅(-1/4)⋅x²+1/2⋅(-1/4)⋅(-1/2)⋅x³+⋅⋅⋅

=1+1/2⋅x-1/8⋅x²+1/16⋅x³-⋅⋅⋅

Itisnotnecessarytodomorethantreetermswhenwritingoutaninfiniteseriesunless
youarecalculatingitsapproximatevalue.Sometimesitisnecessarytoaddthe
"+⋅⋅⋅+[generalterm]+⋅⋅⋅"forclarity.Butthesefourtermsarebasicallythemax.

n=-1(n-1)/2=-1(n-2)/3=-1(n-3)/4=-1∴

(1+x)-1=1-x+x²-x³+⋅⋅⋅(butyouknewthat)
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Itisallthesamewhetherweuse(1+x)nor(a+b)n.Thecoeffofthetermsremainsthe
same:n=5(n-1)/2=2(n-2)/3=1(n-3)/4=1/2(n-4)/5=1/5(n-5)/6=0
Soyoucanprovetoyourselfbyplainmultiplicationoffactorsthat

(a+b)⁵=a⁵+5a⁴b+10a³b²+10a²b³+5ab⁴+b⁵.

SomeofyouwillquicklynoticethatthecoeffsoftheBinomialTheoremareboththeterms
ofPascal'sTriangleandthenumberofcombinationsofnthingstakenfromasetofm
things.YoucanworkoutforyourselfthattheBinomialTheoremcoeffsareCn|m.EvenI
candothat.ButPascal'sTriangleremainsamysterytome.Whatwashedoing.

Pascal:"Hey,guys.Lookatthisweirdtriangle."
Fermat:"Oui.Beaucoupcool."
Newton:"Idon'tgetit."
Pascal:"Look.Thelinescomefromaddingthevaluesonthepreviouslinelikethis."
Newton:"Sureseemslikeit.So?"

I'msurethatifthereisapoint,Newtonsawit.Ican'tseeit.But,okay,itiskindofcool.
Andifyouwillmemorise14641for(a+b)⁴,youcangetalotofcoeffsfasterthandoingit
Newton'sBinomialTheoremway.

DeMorganwasnotonetofillhisbookswithexercises.Butifyoucareaboutmathematics,
youshouldnaturallyplaywithitsideas.AndIdomeanplay,becauseifitisn'tfuntoplay
withmathematics,youareonthewrongbus.DeMorgan,inhisElementsofAlgebra,
suppliedfivepagesofexercisesforthesectionontheBinomialTheoremwhichyoucan
bangyourheadagainstbydownloadingthebookonarchive.org.TheBinomialTheorem
isoneofthemostimportantearlyideasweacquireinalgebra.Whatevertimeyouspend
playingwithitiswell-spent.
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TranscendentalSeries

Untiltheadventofthesliderule,calculationsreliedheavilyonlogarithms.Youhad
logarithmsbasetenandbaseε.Thesearestillusedandaredenotedaslog10xorlogxfor
base10andaslnxforbaseε.Sayyouhadtwobignumbers,xandy,andneededthevalue
ofx/y.Youlookupthelogarithmsofxandyinatableandlogx/y=logx-logy.Easy
enough.Taketheresulttotheanti-logtabletogetyouranswer,whichwillbeaccurateto
fiveorsevenorninedigitsdependingonwhatyouspentforyourbookoftables.

SoinDeMorgan'sbook,exponential(ε)andlogarithmicseriesfocusedoncalculations
andtheuseoftables.Buttheseseries,asfunctions,arewhoppinglyimportantin
everythingfromCalculuson.SowewilluseDeMorgantogiveusasoundbasisforthese
twoimportantfunctionsandjustskipoverthemechanicsofcalculatingwithlogarithms
byhand.

Def.Inab,awrtbisacoeffandwrtabisafactor.Inab,bwrttoaisanexponentandwrt

abisalogarithm.Andawrtbisthebaseofthelogarithm.In3⁴,4isthelog(base3)of3⁴

or81.Inax,xisthelog(basea)ofax.Ournotationfortheseis4=log381andx=logax.
Again,whenthebaseis10,wewritelogandnotlog10.Andwhenthebaseisε,wewriteln
or"naturallogarithm".

Toconstructasystemoflogsbase10wewouldsolvethefollowingequations:

10x=1 10x=2 10x=3 andsoon

Thesolutionstendtobeirrationalnumbersandsologsareapproximationstosome
chosendegreeofaccuracy.Inlogtables,log2=0.30108ifthelogsruntofivedecimal
places.

ThmI:Whateverthebase,thelogof1is0.
Proof

∀a,a0=1∴loga1=0■

ThmII:Thelogofthebaseitselfis1.
Proof
a¹=a∴logaa=1■

ThmIII:Thelogsofyand1/yaredifferentsignsofthesamevalue.
Proof

y=ax∴x=logay

∴1/y=a-x∴-x=loga1/y
∴loga1/y=-logay■

ThmIV:Givenbasea,ifavalueisbetweenamandan(⋅|⋅(am,an))
thenthelogofthevalueis⋅|⋅(m,n)
Proof
Followsfromdefinitionoflog.■
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Example
Base10

Number⋅|⋅ Log⋅|⋅
1,10 0,1
10,100 1,2
100,1000 2,3
1,0.1 0,-1
0.1,0.01 -1,-2
0.01,0.001 -2,-3

ThmV:Thelogofaproductequalsthesumofthelogsofitsfactors.
Proof

IfP=ap,Q=aq,R=arthen

PQR=ap+q+r∴logPQR=p+q+r=logP+logQ+logR■

ThmVI:Inanydivision,thelogisthedifferenceofdividendanddivisor(ornumerator
anddenominator).
Proof

P/Q=ap-q∴logP/Q=p-q=logP-logQ■

ThmVII:ThelogofPmisfoundbymultiplyinglogPtimesm.
Proof

IfP=apthenPm=amp∴logPm=mp=m⋅logP

ThmVIII:Anegativenumberhasnoarithmeticallognorisasystemoflogswitha
negativebasefeasible.
Proof

Thisismoreadefinitionoflogsthanaproof.Theeqnax=bhasonlyonearithmeticalsoln
andtheothersarenothandyforlogs.Thesamegoesfornegativebases.■

ThmIX:Thelogarithmof0is∞.
Proof
Ifydiminisheswithoutlimit,thenitslogmustincreasewithoutlimit.

log1/2=-0.30103
log1/4=-0.60206
log1/8=-0.90309

Youcanseewherethisisgoing.■

Afewexamplesjusttosolidifythetheorems:

x⋅1=x logx+log1=logx
x¹=x 1⋅logx=logx
logaax=logaa+logax=1+logax

logx√y=logx+logy1/2=logx+½logy
log(xy³)/(pq²)=logx+⅓logy-logp-2logq

log((xy³)/(pq-1))-1=-1(logx+3logy-logp-(-1)logq)
=-logx-3logy+logp-logq

Let'sconsidertheseriesthatleadstoEuler'snumberε.Ifyouexpand(1+1/n)nyouget:

1+1+(1-1/n)/2+(1-1/n)/2⋅(1-2/n)/3+⋅⋅⋅
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Andifyouexpand(1+1/n)nxyouget:

1+x+x⋅(x-1/n)/2+x⋅(x-1/n)/2⋅(x-2/n)/3+⋅⋅⋅

and(1+1/n)nxis((1+1/n)n)xso

(1+1+(1-1/n)/2+⋅⋅⋅)x=(1+x+x⋅(x-1/n)/2+⋅⋅⋅)

Andtheseconvergeif1/n<1orn>1.Ifn→∞theseare:

1+1+1/2!+1/3!+⋅⋅⋅and1+x+x²/2!+x³/3!+⋅⋅⋅

ThefirstoftheseisEuler'sεandthesecondisthefunctionεx.IfyouknowanyCalculus

youcanseeintheseriesitselfthatthederivativeofεxisεxwhichmakesitsousefulin
mathematicsthatitwilldogyoureverystepfromtrigonometryon.Sopayattention.

Andrememberthateverythinginmathematicsisonlywhatitisdefinedtobe.As
mathematicsbecomesmorecomplicatedasweprogress,thecomplicationgoesnofarther
thanthecomplicatedexpressionwhichisbeforeyouonthepage.Comprehendthatand
youaredone;thereisnomysteriousdarkregionbeyondthis,evadingyourunderstanding.
Thereisonlyeachthingasyoumeetitinyourprogress.

Theinversefnofεxislnxorthenaturallogofxorlogbaseεofx.
Sowithbaseε,thelnofx=1+x+x²/2!+⋅⋅⋅.Fromthiswehave:

εkx=1+kx+1/2!k²x²+1/3!k³x³+⋅⋅⋅

Andekx=(ek)x.Soiflna=kthenek=a.Then:

εkx=ax=1+x⋅lna+½x²(lna)²+⋅⋅⋅

So(dothemath)ifx→0then(ax-1)/x→lna.DeMorganusesthistoshowyouhowto
calculatelnx,whichourcalculatorshandleforus.Butthealgebraofhowyoudothisis
veryinstructive.Watchwhathedoes.Weknowthattheseriesforlnais:

lna=(a-1)-½(a-1)²+⅓(a-1)³-⋅⋅⋅

Leta=1+bthen

ln(1+b)=b-b²/2+b³/3-⋅⋅⋅ [1]

Changebto-b:

ln(1-b)=-b-b²/2-b³/3-⋅⋅⋅ [2]

[2]-[1]=ln((1+b)/(1-b))=

2(b+b³/3+b⁵/5+⋅⋅⋅) [3]

Let(1+b)/(1-b)=(1+x)/xthenb=1/(2x+1)and

ln((1+x)/x)=ln(x+1)-lnx=2(1/(2x+1)+⅓⋅1/(2x+1)³+1/5⋅1/(2x+1)⁵+⋅⋅⋅)
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Makesurethatyoufollowthelogicofhowb=1/(2x+1)andwhyhechose(x+1)/x.Thisis
thepowerofalgebra.Practicallyspeaking,thisseriesallowsyoutocalculatenaturallogs:

x=1ln2=2(1/3+1/3⋅1/27+1/5⋅1/243+⋅⋅⋅)
x=2ln3=ln2+2(1/5+1/3⋅1/125+1/5⋅1/3125+⋅⋅⋅)
x=3ln4=ln3+2(andsoon.)

Andtheaccuracyinthetablesisonlylimitedbyhowmuchtimeyouspendhunchedover
yourpaperusingnothingbutaquillpenandarithmeticinthepoorlightofasmoking
whale-oillamp.DeMorgancalculatesln2=0.69314718056,ifyou'recurious.Ifyouare
morecurious,convinceyourselfthatyoucanconstructsuchatableifyouonlycalculate
thevalueoflnxwhenxisprime.Wewillcloseoursectiononalgebrabylookingatthe
usesoftheseimportantseries.

LemmaLetf(x)beafn:f(x+y)canbeexpandedas:A₀+A₁y+A₂y²+⋅⋅⋅.
HereAiarefunctionsonlyofx.Leti=√-1theninf(a+bi)+f(a-bi)thei'sdisappearbutin
f(a+bi)-f(a-bi)theydonot.
Proof
f(x+y)=A₀+A₁y+A₀y²+⋅⋅⋅ [A]
f(x-y)=A₀-A₁y+A₂y²-⋅⋅⋅ [B]
ThenA+B=2A₀+2A₂y²+2A₄y⁴+⋅⋅⋅
andA-B=2A₁y+2A₃y³+2A₅y⁵+⋅⋅⋅
Nowletx=a,y=ibwherei=√-1,i²=-1,i³=-i,i⁴=1andsoon.Then
y=bi y⁵=b⁵i
y²=-b² y⁶=-b⁶
y³=-b³i y⁷=-b⁷i
y⁴=b⁴ y⁸=b⁸andsoon.Then
f(a+bi)+f(a-bi)=2A₀-2A₂b²+2A₄b⁴-⋅⋅⋅
f(a+bi)-f(a-bi)=2A₁bi-2A₃b³i+⋅⋅⋅■

Examples
1/(a+bi)+1/(a-bi)=2a/(a²+b²)
1/(a+bi)-1/(a-bi)=-2b/((a²+b²)i)

(a+bi)n+(a-bi)n=2n-2n⋅(n-1)/2⋅an-2b²+⋅⋅⋅

(a+bi)n-(a-bi)n=i(2nan-1b-2n⋅(n-1)/2⋅(n-2)/3⋅an-3b³+⋅⋅⋅)

Wedefineevenlyevenasdivby4,8,...,4nandoddlyevenasdivby2,6,10,....Andour
theoremholdsifa=0andn∈N.

2bnifnevenlyeven
(bi)n+(-bi)n= 0ifnodd

-2bnifnoddlyeven

0ifniseven
(bi)n-(-bi)n= 2ibnwhenn∈{1,5,9,...}

-2ibnwhenn∈(3,7,11,...}

Ifweapplytheseideastoεixandε-ix:

εix=1+ix-x²/2!-ix³/3!+x⁴/4!+⋅⋅⋅

ε-ix=1-ix-x²/2!+ix³/3!+x⁴/4!-⋅⋅⋅

(εix+ε-ix)/2=1-x²/2!+x⁴/4!-x⁶/6!+⋅⋅⋅ [A]

(εix-ε-ix)/2i=x-x³/3!+x⁵/5!-⋅⋅⋅ [B]
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LetLHS[A]beφxandLHS[B]byψx.NowDeMorgandoesn'ttellyouthisuntilmuchlater
butφxiscosinexandψxissinex.Theefforttoreallyfollowtherestofthissectionwillbe
rewardedfromtrigonometry,throughCalculus,andbeyond.

(φx)² =(ε2ix+2εixε-ix+ε-2ix)/4

(ψx)² =(ε2ix-2εixε-ix+ε-2ix)/-4

(φx)²+(ψx)²=(4εixε-ix)/4=1

(φx)²-(ψx)²=(ε2ix+ε-2ix)/2=φ(2x)

φx⋅ψx =(ε2ix-ε-2ix)/4i=½ψ(2x)

Iffollowsthat2φxψx=ψ(2x).Youcanuseyourabilitytomultiplyinfiniteseriestoverify
anyoftheaboveequalitiesusingtheRHSofthetwoeqns.Thenitfollowsthat:

φ(x+y)=φxφy-ψxψy
φ(x-y)=φxφy+ψxψy
ψ(x+y)=ψxφy+φxψy
ψ(x-y)=ψxφy-φxψy

Nowconsiderhowimportanttheperiodic(trig)fnsaretothesciences.Combinethatwith

thederivativeofεxbeingεx,makingittheposter-childforallofCalculusandyouwill
realizehowimportant[A]and[B]are.Thefactthathighschooltrigbooksnolonger
includetheseshowsyoujusthowdumbed-downeducationhasbecome.

Letεix=p,ψx/φx=χx(sinx/cosx=tanx)

Then1/i⋅(p-1/p)/(p+1/p)=ψx/φx=χxor(p²-1)/(p²+1)=iχx

∴p²=(1+iχx)/(1-iχx)andfrom[3]afewpagesbackweget

lnp²=2(iχx+⅓(iχx)³+⋅⋅⋅)=2i(χx-⅓(χx)³+1/5(χx)⁵-⋅⋅⋅)

Butp²=ε2ixorlnp²=2ix∴x=χx-⅓(χx)³+1/5(χx)⁵-⋅⋅⋅

[A]and[B]arealwaysconvergent.Theconvergencecanbeginatanytermbymakingx

largeenough.Ifx=1000,convergencebeginsatthetermx264/264!.Alsoconsiderthat
becauseφx²+ψx²=1theabsolutevalueofφxandψxisalwayslessthanunity.

Wearegoingontotrigonometrynowwherewewillseemuchofthisagaininadifferent
context.Don'tworryifyourunderstandingofthesetrigseriesseemsshakyorshallow.
Understandingdeepenswithuseandyouhaven'tusedthesemuch,haveyou?Again,
thereisnothingmoretothemthantheirsymbolsonthepageandtheirassignedmeaning.
Graspthat,"speak"itoverandoverthroughuse,andyou'llbefluent.Nothingishidden.
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Trigonometry

Trigonometry(trig)wasoriginallythemeasurementoftrianglesandwasusedin
surveying,plain(plane)sailing,andotherpracticalways.Butitsmathematichasbeen
expandedanddeepenedsincethosedays.

Trigonometrycontainsthescienceofcontinuallyundulatingmagnitude;meaning
magnitudewhichbecomesalternatelygreaterandless,withoutanyterminationinthe
successionofincreaseanddecrease.Afunctionofxiscontinuallyundulating,whenasx
increasescontinually,sayfrom 0to∞,φxneverbecomespermanentlyincreasing,nor
permanentlydiminishing,norpermanentlyapproachingafixedlimit.

Alltrigonometricfunctionsarenotundulating;butitmaybestatedthatincommon
algebranothingbutinfiniteseriesundulate;intrigonometry,nothingbutinfiniteseriesdo
notundulate.

Thesimplestundulationisperiodicor∀x,∀n∈N,forperioda,φ(x+na)=φx.

Considerationofangularmagnitudesmustsuggestperiodicfunctions.Letastraightline,
fixedatoneextremity,revolveaboutthatextremity.Thetotalangledescribedmaygoon
increasingadinfinitum:theangleisnotaperiodicmagnitude,thoughbeginnersareapt
tothinkso.Butthedirectionindicatedisperiodic,thoughnotamagnitude.

Themostcommonangularmeasureistodivideonecompleterevolutioninto360parts
calleddegrees.Degreesaredividedinto60minutesandminutesinto60seconds.
Furtherdivisionisindicatedbydecimalfractions.Degrees,minutes,andsecondsare
denoted°,',".Forexample,18°47'23".1774isthefollowingfractionofarevolution:

18/360+47/(60⋅360)+23/(60²⋅360)+1774/10⁴⋅1/(60²⋅360)

Inmathematics,wemeasureanglesnotbydegreesbutbyradians.InEuclid,weprove
thatcircumferencesofcirclesareproportionaltotheirdiameters.If⊙A(circleA)has
circumferenceCAand⊙BhasCBthentheradiiare1/2Ci=RAandRB.Thisleadstothe
proportions⊙A:⊙B::RA:RBandEuclidcanmanipulatethisproportiontoprovemore
propositions.Mathematicallythisleadsto⊙A÷RA=⊙B÷RBforallcirclesA,B.Therefore,
⊙/Risthesameforallcirclesandthisvalueis2π.Bymeasuringanglesbyfractionsof2π,
wegeneralizethemeasurementofangles.Weareineffectsayingthatthecircleathand
hasaunitradiusandthisgivethecircumferenceameasureof2π.Sothereare2πradians
inarevolutionand90°=2π/4=π/2radians.Andsoon,withthefractions.

Watchyourmindwhendealingwithπ. Becausewedefineπbytheaverageof
increasinglydoubledn-gons,inscribedanddescribedonacircle,itsrepresentationis
necessarilyinfinite--asforanyn-gon,wecandoublethesidesandgeta2n-gon.Butπis
only3.14159roundedofftothenearestonehundredthousandth.So2πislessthan6.3.
Thisπthingisasmallnumberwhichoneweirdlytendstoforget.

If⊙Aisbigand⊙Bistiny,thentheanglesubtended(orenclosedby)π/2subtendsa
muchbiggerarcin⊙Athanin⊙B.Butthemeasureremainsthesamefortheangles.Ifθ
=radians,s=subtendedarc,r=radius,wecanrelateallcirclestothecircleofradiusone:

θ:1::s:rorθ=s/r



126

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Notethat,asπradianscanbemeasuredas180°,eachradian=180/πdegrees.But2πis
notthenumber360norisπ=180,eventhoughyouactuallyrunintononsenselikethisin
somebooks.2πismeasuredby360degrees.

We'vetalkedabouttheformofnumber.Herearesomeformsidenticaltocos2θorthe
cosineofdoubletheangleθ:

cos²θ-sin²θ 1-2sin²θ
2cos²θ-1 1/(1+tan2θtanθ)

Alloftheseareequivalent.Butifyouthinktheyareallthesame,trylaterinCalculusto
findtheirderivativeortaketheirintegral.Andifyouwererepresentingsomethinginthe
worldofexperiencethenoneofthesewouldexpressitmoreclearlythantheothers.Only
inthemeaninglessnessoftautologyareallequivalentexpressionsthesame.
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BasicTrigFunctions

Themostbasictrigonometricfunctionsare
thesineandthecosine.Thesearethetruth-
groundsfromwhicheverythingelseisbuilt.

Here,ABandDEareouraxesintersectingat
theoriginC.CFisaradiuswhichcanrotate
throughanyangle,whichwedenoteasθ=
∠FCA.CGistheprojectionofCFontothex-
axisandKCistheprojectionofCFontothe
y-axis.ButweusuallyrefertoFGrather
thanKCandtheseareequal.Byusingthe
magnitudeofCGandGFasxandy,the
pointFisat(x,y).Ourθispositivewhen
thelineCFisrotatedinacounter-clockwise
direction.Butwecanmeasureanyangleas
negativebymeasuringthesameanglefrom
theclockwiserotationitwouldrepresent.
Here,ifθ=60°then-θwouldbe-300°andifθ=π/3then-θ=-5π/3.

Theaxesdividetheplaneintofourquadrants.AsCistheorigin(0,0),thenxispositivein
thedirectionofCAandnegativeinthedirectionofCB.Sym.yispositiveindirectionCD
andnegativeindirectionCE.Here,FisinquadrantIwithxandybothpositive.CM
intersects⊙CinquadrantIIIwherexandyarebothnegative.BDisthearcofquadrantII
andEAofquadrantIV.

LettheabscissaCGbedenotedxandtheordinateGFbedenotedyandCFbetheradiusr.
Thentheprimarytrigfnsaretheratiosofthesethreemagnitudes.Iftheangleofrotation
isθ,wehavethefollowingtable:

Consider∆FCG:
CFishypotenuse
CGisbase
GFisperpendicular

Wedenotecosecantθ
ascscθ.

Versedandcoversed
sinesareleftinhere
because,thoughrare,
theydostillturnup
whenyouleastexpect
themandyoumightas
wellknowwhatthey
are.
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Iwanttoemphasizesomethingheresothatanimportantbuttrivial-seemingideaisclear
inyourmind.Becausethebasicfunctionsaboveareratiosandbecausetheproportionof
⊙A:⊙B::diamA:diamBextendsto::radiusA:radiusB::CGorGFonA:CGorGFonB
wecanrestricttrigtotheunitcircleofradius1andgetthesamevalueofthebasicfns
(ratios)thereasonanyothercircle.Thismeansthattrigfnsgivepurelyabstractnumbers
asresults,notmagnitudes.Thecosineofπ/3,whichis60°,is1/2oftheradiusbutthe
radiusisanyradiusandontheunitcircle1/2of1is1/2.

Thesefunctionscanbeconsideredasprojectingfactors.Thefncosθturnsradiusrintoits
projectionontothex-axis;sinθ,turnsrintoitsprojectiononthey-axis.Thefntanθturns
theprojectiononxintotheprojectiononyandcotθdoestheopposite.

Youcanseethatthreeofthebasicfnsaretheinversesoftheotherthreeor

cosθ⋅secθ=sinθ⋅cscθ=tanθ⋅cotθ=1

Because∆FCGisarighttriangle,fromEuclid1.47weget:

cos²θ+sin²θ=1 [1]
1+tan²θ=sec²θ [[1]×1/cos²θ]
1+cot²θ=csc²θ [[1]×1/sin²θ]

Whatarethesekindsofeqnsgoodfor?That'sareasonablequestion.Theynaturallyarise
inmanymathematicalmodels.Andin"pure"mathematics,itispossibletoexpress
unsolvableeqnsintermsoftrigfnstomakethemsolvable.Gofindastandardtrigtextif
youwanttotryyourhandatsolvingthiskindoffn.Butlet'sgiveyoumoretoworkwith
first.

From1+tan²θ=sec²θ⇒cosθ-1/√(1+tan²θ)
Thensinθ=tanθ/√(1+tan²θ)
Andiftanθ=b/athencosθ=a/√(a²+b²)andsinθ=b/√(a²+b²)

Youshouldbeusingourbasictrigdiagramatthebeginningofthissectiontoestablishin
yourmindtheformthesearetakinggeometrically.Eachfncanbeexpressedintermsof
anyoneoftheothers.Forexample,ifsinθ=t,thencosθ=√(1-t²)andtanθ=t/√(1-t²)
andtheotherthreearetheinversesofthese.Asanexercise,leteachofthebasicfns=t
andexpresstheotherfiveintermsofthatt.

Therearelimitsonthevaluesthebasicfnscantake.Sineandcosinearealwaysonthe
interval[-1,1].Canyouseethisinthebasicdiagram?Thereforesecantandcosineare
alwaysoutside(-1,1).Buttangentandcotangent,beingasymptotic,canhaveanyreal
valueon(-∞,∞).

Ifyougobacktotheideaofthesignofxandyineachofthefourquadrants,youcansee
thatallfnsarepositiveinquadI.Ineachoftheotherquads,onlytwofnsarepositive.
Whichonesarethey?Notethatthewholesystemoffnsremainsconsistentiftheradiusis
takenasanegativevalue.

AlltrigfnsFareperiodicorFθ=F(θ+2π),takingthesamevalueateachpointineach
revolutionevenastheanglecontinuestoincreaseordecrease.Mosttrigtextshavethe
followingtableandthentalkaboutitinterminably.Bestifyoujuststudyitanddrawlittle
diagramstoverifythevalues.NotethatinDeMorgan'sday,theydidnotconsiderinfinity
asbothpositiveandnegative.Nowwedo,-∞beingonthe"farleft"ofthenumberline
and+∞beingonthe"farright."Shouldany∞inthisnexttablebe-∞?



129

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

FromEuclid,wehavetheideasofcomplementaryandsupplementaryangles.Iftwo
anglesadduptoarightangle,theyarecomplementsofeachother.Andtwowhichsumto
tworightanglesaresupplementsofeachother.Arightangleis90°orπ/2andtworight
anglesare180°orπ.Intrig,youwilloftenencounterθandπ/2-θascomplementsorθ
and180°-θassupplements.

Thecosinefnisanevenfnofθorcos(-θ)=cosθ.Sineisanoddfnofθorsin(-θ)=-sinθ.
Thisideacomesfromtheideaofevenandoddpowers.Sotanθisoddbecause:

tan(-θ)=sin(-θ)/cos(-θ)=-sinθ/cos0=-tanθ

Ifrandθaregiven,wecanaddorsubtractrightanglestoθ,therebyplacingtheanglein
fourpositions.Theserelationsarecommonoccurrencesandcomingtoanunderstanding
ofthefollowingtablebyuseofdiagramsisrecommended.
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Those"conclusions"aretrueofallangles.Thefollowingcaseareperhapsthemost
important:

1. Fnsofcomplementsarecofns:sin(π/2-θ)=cosθandcos(π/2-θ)=sinθ
2. Supplementshavesamesine:sin(π-θ)=sinθ
3. Oppositequadshavesametangent:tan(π+θ)=tanθ
4. Anyquadxandquadx+3havesamecosine:cos(2π-θ)=cosθ
5. cos(π/2+θ)=-sinθ cos(π-θ)=-cosθ

sin(π/2+θ)=cosθ tan(π-θ)=-tanθ

Validatethefollowing:Form∈Z,

Angleswithsamesine:2mπ+θand(2m+1)π-θ
Angleswithsamecosine:2mπ+θand2mπ-θ
Angleswithsametangent:mπ+θ

Eachsinehasonecosecant.Eachcosinehasonesecant.Eachtangenthasonecotangent.
Butineveryothercase,eachfnhastwofnsofeveryotherkind,onepositiveandone
negative:

cosθ=±√(1-sin²θ) tanθ=±√(1-cos²θ)/cosθ

Because,inourbasicdiagram,∆FCGisalwaysa∟∆(righttriangle),wecaneasilycalculate
thevaluesof45°,60°/30°,18°/72°,15°/75°. Forinstance,45°orπ/4hasequal
projectionsupontheaxes.SobyEuclid1.47,a²+b²=c²∴2a²=1∴a=b=√2/2.For18°,
wecanuseEuclid4.10withanisos∆(isoscelestriangle)withanapexangleof36°.
CombinedwithEuclid2.11,wegetsin18°=¼(√5-1).Youshouldgolookupthese
Euclidcitationstoseewhatyouaremissing.WithoutEuclid,youaremissingalot.For
theabovelistedangles,ourvaluesare:

Therearesomeimportantlimitsregardingthesebasicandfundamentaltrigfns.Thefirst
relationissinθ/θ.Ifθis1/2n⋅2πfor∀n∈N,wecanconsiderthen-gon(polygon)
inscribedinacircleradiusrsuchthatθsubtendseachside.Theneachsideis2r⋅sinθand
thecircumferenceisπ2r=2nθr.Theratioofside:circumferenceissinθ/θ.Andthisratio
asn→∞orasθ→0hasalimitof1.At5°,theradianmeasureis0.872665andthesineis
0.0871557.Sofor"small"angles,theradianmeasureis"practically"equaltothesine.

Thenfortanθ/θ=1/cosθ⋅sinθ/θ,thelimitasθ→0mustalsobe1orasθ→0thentanθ→θ.
Finally,(1-cosθ)/θ=θ/(1+cosθ)⋅(sinθ/θ)².Soasθ→0,then1-cosθ→0.But1-cosθ
diminishesmuchmorerapidlythanθ.∀n∈N,θ>n(1-cosθ)atsomepointbeforeθ=0.
Whenθ=5°,θ>20(1-cosθ).
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Fromthese,itfollowsthat

sinaθ=sinaθ⋅bθ.⋅a
sinbθ aθ sinbθ b

hasthelimitofa/basθ→0.Andthatasn→∞,(nsinθ)/n→θ.

secθ-tanθ=(1-sinθ)/cosθ=cosθ/(1+sinθ)=0whenθ=π/2
∴θ→π/2(or3π/2),tanθ→secθSym.cotθ→cscθasθ→0(orπ)

Again,1-cosθ=sin²θ/(1+cosθ)=θ²/(1+1)forsmallθ.
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Functionsof2+Angles

Themostimportantrelationaftersin²θ+cos²θ=1isthesineandcosineofthesumand
differenceoftwoangles.DeMorganderivesthisintwodifferentwaysinhislaterbook.
Inmynotes,Ihavesixoreightoftheseproofsoftwoangles.Allareinstructive.ButIam
givingyouEliasLoomis'sfromhisElementsofGeometry.Loomisisn'tasentertainingas
DeMorgan.Buthisbooks,intheirway,areeverybitasgood.Thisisthesimplestand
clearestoftheseproofs.

Givenanytwoarcs,AB,BD.MakeBE=BD.WefindthesineofAD,thesum,andofAE,the
difference,ofthesearcs.

AB=aBD=b∴AD=a+bandAE=a-b
AddchordDEandradiusCB=R=1.
arcDB=arcBE∴DF=FE∴DE⊥CB(Euclid3.3)
AddEG,BH,FI,DKall⊥CAandEL,FM‖AC
∆BCH~∆FCI(Euclid6.4)
∴CB:CF::BH:FIorR:cosb::sina:FI
∴FI=(sina⋅cosb)/R
Sym.CB:CF::CH:CIorR:cosb::cosa:CI
∴CI=(cosa⋅cosb)/R
∆DFM~∆CBH
∴CB:DF::CH:DMorR:sinb::cosa:DM
∴DM=(cosa⋅sinb)/R
Sym.CB:DF::BH:FMorR:sinb::sina:FM
∴FM=(sinb⋅sina)/R

FI+DM=DK=sin(a+b)
CI-FB=CK=cos(a+b)
FI-FL=EG=sin(a-b)
CI+EL=CG=cos(a-b)
∴sin(a+b)=sina⋅cosb+cosa⋅sinb
cos(a+b)=cosa⋅cosb-sina⋅sinb
sin(a-b)=sina⋅cosb-cosa⋅sinb
cos(a-b)=cosa⋅cosb+sina⋅sinb■

LoomislefttheresultsasafractionoverR.ImadeR=1asweonlyconsidertheunit
circleintrignowadays.Forcalculatingactualcircles,usetheactualradius.Fromthese
relations,anavalanchefollows.Youcanworkanyoftheseoutwithwhatyouknowsofar
asanexercise:

DoubleAngles
sin2θ=2sinθcosθ sinθ=2sin(θ/2)cos(θ/2)
cos2θ=cos²θ-sin²θ cosθ=cos²(θ/2)-sin²(θ/2)

=1-2sin²θ =1-2sin²(θ/2)
=2cos²θ-1 =2cos²(θ/2)-1

1+cos2θ=2cos²θ 1+cosθ=2cos²(θ/2)
1-cos2θ=2sin²θ 1-cosθ=2sin²(θ/2)
tan²θ=(1-cos2θ)/(1+cos2θ) tan²(θ/2)=(1-cosθ)/(1+cosθ)
cot²θ=(1+cos2θ)/(1-cos2θ) tan²(π/4-θ/2)=(1-sinθ)/(1+sinθ)
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HalfAngles
sina=2sin(a/2)cos(a/2) cosa=cos²(a/2)-sin²(a/2)
Wecantake cos²(a/2)+sin²(a/2)=1
Subtract cos²(a/2)-sin²(a/2)=cosa
Andget 2sin²(a/2)=1-cosa
Oradd 2cos²(a/2)=1+cosa
∴sin(a/2)=√(1/2-1/2⋅cosa) cos(a/2)=√(1/2+1/2⋅cosa)

ProductsofFunctions
sin(a+b)+sin(a-b)=2⋅sina⋅cosb sin(a+b)-sin(a-b)=2⋅cosa⋅sinb
cos(a+b)+cos(a-b)=2⋅cosa⋅cosb cos(a-b)-cos(a+b)=2⋅sina⋅sinb

TangentFunctions
tan(a+b)=sin(a+b)=sinacosb+cosasinb

cos(a+b)cosacosb-sinasinb

(dividebycosacosb)

=tana+tanb
1-tanatanb

Sym. tan(a-b)=tana-tanb.
1+tanatanb

tan2θ= 2tanθ. tanθ= 2tan(θ/2).
1-tan²θ 1-tan²(θ/2)

tana+tanb=sin(a+b)/(cosa⋅cosb)
tana-tanb=sin(a-b)/(cosa⋅cosb)

TheaboveisabouthalftheavalancheasfoundinDeMorgan,Loomis,oranyotherdecent
trigtext.Butyoushouldbeabletoderivealloftheabovefromthecos(a+b)/sin(a+b)
proof.Andtherearetrigformulatablesoutthereifyouneedthem.Andonlywhenyou
aresolvingthesepuppieswillyouknowwhatyouwillneedbasedontheformofthings.

Wecouldhavecos3a=cos(a+a+a)andtreatitascos((a+a)+a).Thenthisis

cos(a+a)cosa-sin(a+a)sina
=(cosacosa-sinasina)cosa-(sinacosa+cosasina)sina

andsoon.Letc=cosa,s=sina,andrecallthatMnisthecombinationofmthingstaken
fromnthings,whichyouhadbetterbeabletocomputeinyoursleep.Ourcos(a+a+a)is
cos3a.Ifyouwroteouttheworkfor3aand4ayouwouldseeapatternappear:

cosnθ=cn-2nc
n-2s²+4nc

n-4s⁴-6nc
n-6x⁶+⋅⋅⋅

sinnθ=1nc
n-1s-3nc

n-3s3+5nc
n-5s5-7nc

n-7s7+⋅⋅⋅

(c+s)n=cn+1nc
n-1s+2nc

n-2s2+⋅⋅⋅

Sowecancalculatecos(nθ)andsin(nθ)likethis:letn=4

(c+s)⁴=c⁴+4c³s+6s²c²+4cs³+s⁴

Itoldyoutomemorise"14641".Socos(nθ)getstheoddtermsandsin(nθ)getstheeven
terms.
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cos4θ=c⁴+6c²s²+s⁴ sin4θ=4c³s+4cs³

Butthesignsalternatepositivenegativeintheseresults.Sofinallywehave:

cos4θ=c⁴-6c²s²+s⁴ sin4θ=4c³s-4cs³

Itfollowsthattofindthesineorcosineofthenthpartofanangle,wesolveann°eqn.Or
givensineofangleb,totrisecttheangleweneedsineofb/3.Letx=sinb/3then

b=3(1-x²)x-x³=3x-4x³or4x³-3x+b=0

Ifb=30°,thisis8x³-6x+1=0.DeMorgan,justliketoday'scomputersbutwithalot
morework,couldextractarootofthiseqnequalto0.173648177867whichisthesineof
10°.Thiseqnhasthreerealrootsandtheyarethesinesof10°,50°/130°,and250°.This
alsoshowsthattrisectingananglebydirectEuclideanconstructionisimpossibleasa
rulerisafirstdegreeeqnandacompassisonlyoneofmanyseconddegreeeqns.
Interestingly,theGreeksconstructedthecissoidcurvetotrisectangles.

Let'sfindtheinfiniteseriesforsineandcosine.Firstwehavetodeterminethatasn→∞,
then(cos(x/n))nhasafinitelimit.Ifwetaken:x/n∈(-π/2,π/2)wecanuseoneofthe
formulaeabove(whichone?)toshow:

cos²(x/2n)=(1+cos(x/n))/2>(cos(x/n)+cos(x/n))/2>cos(x/n)

or

(cos(x/2n))²n >(cos(x/n))n

Ifwetakecosx,(cos(x/2))²,(cos(x/4))⁴,…wehaveaseriesofincreasingterms,noneof
whichexceedunity.SotheyhaveafinitelimitL.Nowconsideranytermincos(nθ)or
sin(nθ):

Mnc
n-msm=n⋅(n-1)/2⋅(n-2)/3[mfactors]⋅(n-m+1)/m⋅(cosθ)n-m(sinθ)m

Letnθ=zwhichisafixedanglewhereθ=z/nthenasn→∞,θ→0.Takeourgeneralterm

above,divideby(cosθ)n,multiplyanddivideitbyθmtimesanditbecomes:

nθ⋅(nθ-θ)/2⋅(nθ-2θ)/3⋅⋅⋅(nθ-(m+1)θ)/m⋅1/θm⋅(sinθ)m/(cosθ)m

or

z(z-θ)/2(z-2θ)/3⋅⋅⋅(z-(m+1)θ)/m⋅(tanθ/θ)m

Notethatreadingthatlastbitwilldoyounogood.Takethegeneraltermandactually

derivethetanθterm.Here,asθ→0,thez-product→zm/m!foranym.Thenfromthe
abovederivationsofcos(nθ)andsin(nθ)wehave:

(cosz)/L=1-z²/2!+z⁴/4!-⋅⋅⋅and(sinz)/L=z-z³/3!+z⁵/5!⋅⋅⋅

Gobacktothealgebrasectiononconvergencetoseethattheseconverge.Ifz=0,then
cosθ=LorL=1from(cosz)/L.From(sinz)/Ldividebothsidesbyz,letz→0,andas
(sinz)/z→1thenL→1.Rememberingthatzisanyangleθ,wehave:
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cosz=1-z²/2!+z⁴/4!-z⁶/6!+z⁸/8!-⋅⋅⋅

sinz=z-z³/3!+z⁵/5!-z⁷/7!+z⁹/9!-⋅⋅⋅

Byinspectionhere,coszisanevenfn,sinzisanoddfn,andforsmallz,sinz=zand
cosz=1-z²/2.Ifyouhavesufficientfaithinyourpolynomialdivision,youcanprovethat

tanz=z3/3+2z5/15+17z7/315+⋅⋅⋅

andeveryone,accordingtoDeMorgan,shouldbeabletousetheselastthreeinfinite
seriestoverifycos²z+sin²z=1,cos²z-sin²z=cos2z,and2sinzcosz=sin2z.Ifyoushy
awayfromlongcalculationslikethis,thereisagainagoodchancethatyouareonthe
wrongbus.Justdon'tthinkyouhavetodothemall.Dosome.Doone.Butdoenoughfor
you.

DeMorgangoesontoderivetwomoreseriestoexpresscosnθandsinnθintermsof
cos(nθ)andsin(nθ).Theseallowhimtoshowthingslike

sin2θ=1/(cotθ+tanθ)andcos2θ=1/(1+tan2θtanθ)

whichyoucouldtrytoprovewithouthisseries.Itmightnotbepossible.Mythought
hereisthatifyoucanunderstandandderiveallthetrigonometryinthissectionuptothis
point,youhaveasubstantialbasis.InDeMorgan'stime,muchoftrigwasusedfor
numericalcalculation,especiallyinastronomywhichisfullofthoseverysmallangleshe
talksabout.Buttheseperiodicfunctionsarestillahugepartofengineeringand
mathematics.Makesurethatyouhavedevelopedasubstantialbasiswiththeseideas.
Thenyoushouldbeabletohandlewhatevertrigonometryarisesalongyourlineof
progress.
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InverseFunctions

Asyouknow,theinverseofφxisφ-1(x):φ-1(φ(x))=x.Soforcosx,wehavecos-1(cosx)=x.

Thefncos(x)isavalueandcos-1xisananglewhichhasthecosinex.Notethatanytrig
inversefnhasinfinitevaluesbecauseifθhascosine=xthensodoes2mπ±θform∈N.We
generallyusethesmallestvalueoftheangle:

cos-1cosθ=2mπ±θ

sin-1sinθ=2mπ+θor(2m+1)π-θ

tan-1tanθ=mπ+θ=cot-1cotθ

cos-1sinθ=2mπ±(π/2-θ)

tan-1cotθ=mπ+(π/2-θ)

Whatcanbeexpressedintrigfnscanbeexpressedininverselanguage:

Examples

1)

cos(2sin-1x)=1-2x²
Thisismerelycos2θ=1-2sin²xor
thecosineofdoubleanyanglewhosesineisxis1-2x²

2)

tan-1x+tan-1y=tan-1((x+y)/(1-xy))
Oranyanglewhosetangentisx,augmentedbyanyanglewhosetangentisy,is
oneoftheanglesrepresentedbythisfraction.

Proof
tan(φ+θ)=(tanφ+tanθ)/(1-tanφtanθ) [1]

φ+θ=tan-1([1])orφ+θisoneoftheanglesforwhichthisistrue■

Trytointerpretsin(cos-1x)=(1-x2)1/2andsin(3sin-1x)=3x-4x3inthisway.

Amultiplicityofanglesolnspermeatestrigonometry.Incos²θ+sin²θ=1,anyθisasoln.
Ifyousolveatrigeqninanycommontrigtext,youoftengetadifferentsolnforeachtrig
fnyousolvefor.Sometimesthereisonlyonesoln.

Thereisroomforconsiderablethoughtintrigonometry.

ThoselasttwoproblemsofinterpretationwereDeMorgan's.Here'sanotherwhichshows
hissenseofhumorandhisfaithinself-taughtstudents:

Showthatcossec-1sintan-1costan-1sincos-1tansin-1x=((3-4x²)/(1-x²))1/2

DeMorgan'schapteroninversefnsisnotmuchlongerthanthisone.Attheend,hewrites:

Thisisachapteronlanguageandsomeoftheprecedingexamplesaremerelyhard
phrasestobeconstruedfromtrigonometryintoalgebra.Butsuchtransformationshave
animportantuseincalculation.
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ForDeMorgan,mathematicsisalanguagewhichmustalwaysexpressmeaning.And
whileheneverusesthephrase"theform ofnumber",heiscontinuallycallingour
attentiontoit.Hereisoneofhisexamplesfromhischapterthatpointstotheformof
number:

(a²+b²-2ab⋅cos(c))1/2=((a+b)2-2ab(1+cos(c)))1/2

=(a+b)(1-(4ab⋅cos²(c/2))/(a+b)²)

=(a+b)cossin-1((2√(ab)+cos(c/2))/(a+b))

Canyoujustifythattoyourself?
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ComplexNumbers

Ifwelookattheserieswederivedforsinzandcoszandletz=θ,weseethateachtermis

oneofthoseinεθfromouralgebrasection.Andwecaneasilydeduce:

cosθ+k⋅sinθ=1+kθ-θ²/2!-kθ³/3!+θ⁴/4!+kθ⁵/5!-⋅⋅⋅

Ifthereexistedak:k²=-1,k³=-k,k⁴=1,k⁵=kandsoonthencosθ+ksinθ=εkθ.
Mathematicschosetocreatethesymbolitobeexactlysuchak∴i=√-1which,while
algebraicallyimpossible,enablestheentirefieldofcomplexnumberandcomplexanalysis.

In1834,HankelpublishedhisPrincipleofPermanence:

1. Anynumbercombinationwhichgivesnoalready-existingnumberistobegiven
suchaninterpretationthatthecombinationcanbehandledaccordingtothe
samerulesasthepreviousnumbers.

2. Suchcombinationistobedefinedasnumber,thusenlargingthenumberidea.
3. Thentheusuallaws(freedoms)aretobeprovedtoholdforit.
4. Equal,greater,andlessaretobedefinedinthelargerdomain.

Thinkaboutwhatitmeansthatlawsarefreedomsandthat#2comesbefore#3.

Sowehaveeiθ=cosθ+i⋅sinθand(cosθ+i⋅sinθ)(cosφ+i⋅sinφ)=cos(θ+φ)+i⋅sin(θ+φ).
Sofromalgebra,wecansaythatiff(θ)=(cosθ+i⋅sinθ)thenfφ⋅fθ=f(φ+θ)andfmustbe

somecθwherecisindependentofθ.Then

cθ-1=cosθ-1+isinθ Letθ→0andlnc=(0+i)orc=eiandcθ=εiθ

θ θ θ

Ifεiθ=cosθ+i⋅sinθthenε-iθ=cosθ-i⋅sinθ.∴cosθ=(εiθ+ε-iθ)/2andsinθ=(εiθ-ε-iθ)/2i.

Youcanproveforyourselfthat(cosθ+i⋅sinθ)n=cos(nθ)+i⋅sin(nθ).ThisisDeMoivres's
Theorem.Inthisformofnumber,cosθ+i⋅sinθisaquantitywhichifsquaredorcubed
doublesortriplesθ,whichisanangle.Reciprocalstakeadifferentformasyoucansee
here:

(cosθ+i⋅sinθ)(cosθ-i⋅sinθ)=cos²θ+sin²θ=1

Ifn∈Zfor∀θ:θ=θ+2mπthennθ=nθ+2nmπinonedirectiononly,ifweviewour
radiusoftheangleasadirection.Butifn∈Q:n=p/qinlowesttermsthennθindicates
exactlyqdirections.Forn(θ+2mπ)=pθ/q+2mpπ/qwhichindicatesthesamedirection
foranytwovaluesofm,m',m"where2m'p/q-2m"p/qisanevenintegeror(m'-m")p/q
isanyinteger.Sincep(p,q),thismeansm'-m"divbyq.Wegetallthedirectionsbytaking
m={0,1,2,3,...,(q-1)}.Thedirectionsare

pθ/q,pθ/q+p2π/q,...,pθ/q+(q-1)2π/q.

Andfromnumbertheory,dividingmpbyqgivesdifferentremaindershereandthe
directionsbecome

pθ/q,pθ/q+1⋅2π/q,pθ/q+2⋅2π/q,...,pθ/q+(q-1)2π/q
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Iffollows(cosθ+i⋅sinθ)p/q=cos(p/q⋅θ)+i⋅sin(p/q⋅θ).Ifcosθ+i⋅sinθisasolutionof

(cosθ+i⋅sinθ)nthencosθ-i⋅sinθsolves(cosθ-i⋅sinθ)n.Thenifsinθ=0andcosθ=±1
bothsolnssolvebotheqns.Withthatinmind,herearethetwelverootsof1and-1(or
θ=0andθ=π),wherethefirstsolnisπ/12:

12throotsofunityfor1 12throotsofunityfor-1
cos0±i⋅sin0 1 cos15±i⋅sin15 1/4(√6+√2)±i/4(√6-√2)
cos30±i⋅sin30 √3/2±i/2 cos45±i⋅sin45 √2/2±i√2/2
cos60±i⋅sin60 1/2±i√3/2 cos75±i⋅sin75 1/4(√6-√2)±i(√6+√2)
cos90±i⋅sin90 ±i cos105±i⋅sin105 -1/4(√6-√2)±i(√6+√2)
cos120±i⋅sin120 -1/2±i√3/2 cos135±i⋅sin135 -√2/2±i√2/2
cos150±i⋅sin150 -√3/2±i/2 cos165±i⋅sin165 -1/4(√6+√2)±i/4(√6-√2)
cos180±i⋅sin180 -1

Thesearethe12throotsofanyquantity:a=12throotof1∴a⋅12√mis12throotofm.It
followsthataandbarenotsineandcosinetothesameangleunlessa²+b²=1.Butaand
bcanbeproportionaltothesineandcosineofthatsameangle.Forifa²+b²=m²then
a/m,b/marecosineandsinetothatangleandthetangentofthatangleisb/a.Fromthis
wederiveanimportanttransformation:

a+ib=(a²+b²)1/2(costan-1b/a+i⋅sintan-1b/a)=(a²+b²)̂ε̂(tan-1ib/a)

wherex̂yisnotationforxyandweraise(a²+b²)toεtothe(tan-1ib/a).Thefunctiontan-1

hastwovaluesinoppositedirections,θandθ+π.Soifusingthepositivevalueof

(a²+b²)1/2thenthevalueoftan-1b/aistheonewhoseanglehasthesamecosineasa.

Wecancreateabasisfortrigusingz=εiθ=cosθ+i⋅sinθ:

z=cosθ+i⋅sinθ zn=cos(nθ)+i⋅sin(nθ)

z-1=cosθ-i⋅sinθ z-n=cos(nθ)-i⋅sin(nθ)

2cosθ=z+z-1 2cos(nθ)=zn+z-n

2i⋅sinθ=z-z-1 2i⋅sin(nθ)=zn-z-n

Fromthiswecanderivesomeofourpriorresults:

1)

sin³θ=(1/2i)³(z-z-1)³=-1/8i(z³-3z+3z-1-z-3)=-1/4(sin3θ-3sinθ)
2)

cos⁴θ=(z⁴+z-4)/2=((c+is)⁴+(c-is)⁴)/2=c⁴-6c²s²+s⁴

Allofthesenumbersoftheforma+biarecomplexnumbersdenotedCwhere

C={a+bifor∀a,b∈R}

ThesecondhalfofDeMorgan'slatertrigtextwasanearly(thefirst?)algebraofcomplex
numbercalleddoublealgebraanddevelopeditsowncomplexarithmetic. While
everythingthereisstillvalid,wewilltaketheslightlymoremodernview ofthis
arithmeticinthepagesthatfollow.
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Asinanalyticgeometry,weusetwo
perpendicularaxes,herewithoriginA.
TakeanylinesegmentABastheunit
length.Here,ABisavectorwhichisa
directedlinesegment,alengthpointingin
adefinitedirection.Ifweputthearrow
onA,wewouldhavevectorBA=-1.

Anyvectoronorparalleltothex-axiscan
bemeasuredbyABandrepresentsome
realnumberr∈R.Thex-axisisreferred
toastherealaxis.CD=-2.A'B'=1.
Vectorsnotonorparalleltotherealaxis
donotrepresentrealnumbers. They
representcomplexnumbers,partiallyor
totallyimaginary.Anyvectorswhichareequalinlengthandparalleltoe.o.representthe
samenumber.Complexnumbersarecompoundnumbers,partrealandpartimaginary.
Imaginaryisanotherpoorlychosenlabelcomingfrom√-1whichwas"imaginary"and
givesusthenotationi.

LetAB₁,AB₂betwovectorsrepresenting
c₁,c₂∈C.Thentoderivec₁+c₂,wecreate
B₁C‖AB₂andB₂C‖AB₁andthese
intersectatC.ThenthevectorAC=c₁+c₂.
GoingbothwaysfromAtoCprovesthat
c₁+c₂=c₂+c₁andwehavethe
CommutativeLaw.

Iftothisweaddanyc₃wecan
show

(c₁+c₂)+c₃=AC+c₃=
c₁+B₁D=c₁+(c₂+c₃)

andhavetheAssociativeLaw.
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Complexnumbershaveabsolutevaluesandarguments.LetACrepresentsomec∈C.Its
absolutevalueisitsundirectedlengthanditsargisitsanglewrtthepositivex-axis.Just
asanglesintrigcanbetakenpositivelyandnegatively,thesecanbetakenineither
directionandasanymultipleofn⋅2π,n∈Z.Wedenoteabs.val.andargofvectorcas|c|
andargc.Ifc∈R,itsargiseither0or±π.

Here,|c|=|c₁|=1,|c₂|=√2,|c₃|=2

argc=0 argc₁=π/2
argc₃=π/4 argc₄=-π/3

c₁is0+i,iistheverticalunitvectoroflength1.

Tomultiplyc₁⋅c₂,wemultiplythe
absolutevalues|c₁|⋅|c₂|andadd
argc₁+argc₂or

|c₁|⋅|c₂|=1⋅√2=√2

argc₁+argc₂=π/2+π/4=3π/4

Inc₂⋅c₃,c₃isnegative.

Soargc₂⋅c₃=π/4-π/3=-π/12
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YoucanseethatintheseinstancesofadditionandmultiplicationthattheCommutative
andAssociativeLawsholdbecausetheyalreadyholdinarithmeticandwehaveadded
nothingnew.Wehaveconformedthenewtotheexistingfreedoms.

Let'sprovetheDistributiveLaw:(c₁+c₂)c₃=c₁c₃+c₂c₃

VectorAB=c₁+c₂.Multiply∆BAB₁byc₃andwehave∆L₁AK₁
AK₁=|c₁||c₃|L₁K₁=|c₂||c₃|AL₁=|c₁+c₂||c₃|
Rotating∆L₁AK₁throughargc₃wehave∆LAK
AK=c₁c₃KL=c₂c₃AL=(c₁+c₂)c₃
Usingcomplexadditionweseec₁c₃+c₂c₃=(c₁+c₂)c₃■

Subtractionistheinverseofadditionor
ifc₁+c₂=c₃
thenc₁-c₂=d

Sym.fordivision,ifc₁=c₂rthenr=c₁/c₂.

Inbothofthesecases,theformof+and×isusedto
createtheirowninverses.Soifoneisconsistent,its
inverseisconsistent,too.

So|r|=|c₁|÷|c₂|andargr=∠B₂ABinthedirection
fromAB₂toAB₁whichinthiscaseisnegative.
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Indivision,ifc₁‖c₂insamedirectionthen∠B₂AB₁=0=argr.Ifc₁‖c₂andtheyarein
oppositedirections,∠B₂AB₁=πandrisnegative.Becausecomplexarithmeticis
consistentwithrealarithmetic,theybothspringfromthesametruth-groundsunderthe
samefreedomsofnumber:

(c₁+c₂)(c₁-c₂)=c₁²-c₂²
(c₁+c₂)²=c₁²+2c₁c₂+c²
c₁/c₂+c₃/c₄=(c₁c₄+c₂c₃)/c₂c₄

Butalloftheseexpressadifferentformofthesametruththattherealsexpress.In
algebra,ior√-1arosefromformslikex²+x+1withrootsof(-1±√-3)/2.Thesameidea
arisesfromadifferentformofnumberinthecomplexplane.Wewanttoshowthat
c²=-1orc=√-1.

c⋅c=|c||c|withargc+argc.Soif|c²|=1then
|c|=1.Ourarg=2⋅argcandc₂=-1∈R.So
2⋅argc=±π∴argc=±π/2.

Here,ACandAC'representthiscof|c|=1and
argc=±π/2.Wedenotecasiandhave+iwith
argπ/2and-cis-iwitharg-π/2.Wecallthis
"i"imaginaryasanunfortunateremnantofthe
idealisticmetaphysicsinthemindsofthe
mathematicianswhobroughtiintothefoldof
number.

Thinkof±1astherealunitvectors,positive
andnegativeand±iastheimaginaryunit
vectors,positiveandnegative.Ifwehavea
verticalvector,itsdirectiondetermines
whetheritisamultipleofior-i.

LetA'E'beavectornotparalleltotheaxes.Using
geometry,wecandefinec=A'E'bytheabsolute
valuesofvectorsaandbiandherewearriveback
attheideaofa+bi.

Recallthatallparallelvectorsrepresentthesame
number.SoallvectorsequalsomevectorAB
whereAistheoriginandABisparalleltothe
vectorinquestion.IfABisa+bi,thenallpointson
thiscomplexplanetaketheirvaluesfromthese
vectorsontheorigin.Thena+bidefinespoint(a,b)
inthecomplexplaneandthepointandthevector
areviewedasequivalent.

TheseideasarethebasisofVectorCalculusand
ComplexAnalysis.Let'slookatthreemoreideas
whicharefundamentalinthecomplexplane.
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Itisusualtodenotecomplexvaluesasz
justasweusexforrealvalues.∀z∈C,we
canaddsomea∈C:z'=z+a.Viewing
theseaspointsbutmaintainingvector
addition,wethenhavethetranslationofz
byatoz'.

Itisclearthatyoucanusethistotranslate
anyz∈Cto∀z'∈Cbychoosingtherighta.
Andasafunction,thisideacouldbeused
totranslateanydomainofpointstoany
rangeofpointsinthecomplexplane.

Theideaofacomplexfunctionwithgeometric
consequencescanbeappliedtocomplex
multiplication.IfzisvectorAEthen
zc=|z||c|=AE₁andthenargz+argcgives
thevectorAEstretched|c|timesinanew
position.Ifc∈R,therewouldbenorotation.

If|c|>1,thenewAEwouldbelonger.If|c|<1,
itwouldbeshorter.andif|c|=1thelengthof
thenewvectorisunchanged.So
multiplicationbyc∈Risastretchingofany
vectorsinthedomainofsuchafunction.And
ifc∈Cand|c|=1,thenallvectorsinthe
domainaresimplyrotated.

Ifwewantedofrotatez=AEbyπ/2wemultiply
zbyi.Torotatezby-π/4or-45°,wecan
calculateourrotationbyusingAC=1at-45°
fromthex-axis.ThenbyEuclid1.47,the
trianglessidesare√2/2.soweneedc=√2/2-
i√2/2tomaintain|z|androtateitthrough-π/4.

Thisemphasizesthatthevectorlengthisthe
lengthofthehypotenuseofatriangleofsidesa
andb:

(√2/2)²+(-√2/2)²=2/4+2/4=1²∴|c|=1
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HyperbolicTrigonometry

Let'sthinkaboutanothercontextwherea"trigonometry"ariseswithitsownformsof
sinesandcosines.Ourunitcircleisx²+y²=1andthecircleisaspecialcaseofanellipse
whichitselfisaconicsection.Acorrespondingcaseofaconicsectiontothecircleisthe
equilateralhyperbolaofx²-y²=1.

Ifyouwillleanslightlytotheright,
thisequilateralhyperbolawillbe
justfine. In an equilateral
hyperbola,theasymptotes,which
thecurvesinfinitelyapproach,are
atrightanglesatoriginO.

∀P,PK⊥DK,OK=v,KP=w
Thenx=v⋅cos45°+w⋅cos45°
=√2/2(v+w)
andy=v⋅sin45°+w⋅sin45°
=√2/2(v-w)
∴½(v+w)²-½(v-w)²=1=2vw.

IfAQ'isthecurveandOL'isthe
asymptote,wecandrop
perpendiculars:OK:KL::OK':K'L'
DivideKLandK'L'intonequalparts.
OK=v,KP=w,KL=t.Theneach
partist/nandthemthpartendsat
v+(mt)/nfromcenterOandthe
altitudeofthemthrectangleis1÷2(v+mt/n)anditsarea(workthisout)is1÷2((nv)/t
+m).Butinthesecondgroup,theareav/tisthesameasthefirstgroupanditfollows
thatthesumoftherectanglesonKLequalsthesumoftherectanglesonK'L'.

ThefigureKPQLiscomposedofrectanglesandcurvilineartriangles.Thesumofthese
latterislessthananyoftherectangles'sbaseswithanaltitudeofKP-LQ.Asn→∞,the
sumofthetriangles→0.Orthecurrentcurvilinearareaisthelimitofthesumofthe
rectangles.AsKPQL=K'P'Q'L',theircurvilinearareasareequal.ThereforeareaKPQL
dependsonlyonOL:OK.

LetOK=v,areaADPK=Aandv=φA.TakeQLEF=A.LetADLQ=BthenADEF=A+B.
BecauseADKP=QLEFthenOD:OK::OL:OE.LetOD=m.Thenm:φA::φB:φ(A+B)or

φ(A+B)/m=φA/m⋅φB/m orφA=mcA
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Thislastcomesfromourφ(xy)=(φx)yinthealgebrasection∴v=cAwhereweneeda
definitec.OA=1,∠AOD=45°∴m=√2/2∴

A=(lnv-ln√2/2)÷logc (fromv=cA)

Todeterminec,ifweincreasevbyh,theincreaseofareaconsistsofarectangleanda
curvilineartriangle.Ash→0theratioofcurv.∆:rectangles→0andthereforehasalimitof
unity.Theincreaseofareais:

ln(v+h)-ln(√2/2)-ln(v)-ln(√2/2)=1/ln(c)⋅ln(1+h/v)
ln(c) ln(c)

Sotheareaoftherectangleish⋅1/(2(v+h))andtheratiois

(2(v+h))/h⋅(1/ln(c))⋅(h/v-h²/2v²+⋅⋅⋅)

Andthelimitofthisratiois2÷ln(c).
Bytheabove2/ln(c)=1∴c=2and
A=½ln(√2⋅v).

NowwefindthecurvilinearareaAPN.
DKPNA=DKPA+APN
=½DK(DA+KP)+½AN⋅PN
=½(v-√2/2)(√2/2+w)+½(x-1)y
=½vw+√2/4⋅(v-w)-¼+½xy-½y
=½xy(since2vw=1,√2/2(v-w)=y)
∴ONP=DKPNA∴APO=DKPA
∴areaAPO=areaDKPA=½ln(√2⋅v)=½ln(x+y)=½ln(x+√(x²-1))=S

∴x+y=ε2S x-y=ε-2S x=(ε2Si+ε-2Si)/2y=(ε2Si-ε-2Si)/2

Gobacktoourunitcircle.IfS=areaofasectorwithangleθandr=1thenS=θ(1)²/2or

θ=2S.Butx=cosθandy=sinθ∴x=(ε2Si+ε-2Si)/2y=(ε2Si-ε-2Si)/2

If,inanequilateralhyperbola,wecallthenumbersx,ythehyperboliccosineandsineof
thenumberofsquareunitsintwicethesectorialarea,wehaveθ=2S,whereθisnot
derivedfromanangle.Thenusingcapitalletterstodenotehyperbolicfns:

Cosθ=(εθ+ε-θ)/2 Sinθ=(εθ-ε-θ)/2 Tanθ=(εθ-ε-θ)/(εθ+ε-θ)

Sotoconvertacirculartrigformtohyperbolic,whennoinversefnsareinvolved,we
changecosθtoCosθandsinθtoi⋅Sinθ.Thisgivesus:

Cos²θ-Sin²θ=1 Cos(φ±θ)=CosφCosθ±SinφSinθ
Cos²θ+Sin²θ=Cos2θ Sin(φ±θ)=SinφCosθ±CosφSinθ

Cosnθ=1/2n-1(Cosnθ+nCos(n-2)θ+n⋅(n-1)/2⋅Cos(n-4)θ+⋅⋅⋅)

Sinnθ=1/2n-1(Cosnθ+nCos(n-2)θ+⋅⋅⋅)neven

Sinnθ=1/2n-1(Sinnθ+nSin(n-2)θ+⋅⋅⋅)nodd

Ifwetakex=(aθ+a-θ)/2andy=(aθ-a-θ)/2andassumex²+y²=1,alloftrigonometry
followsifwecallxcosineandysine.Andwefindtheinversefunctionsdependuponhow

wedefinea.Ifaisdefinedasεiweregaintheapplicationofangularrevolution.
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SolutionofTriangles

Fastenyourseatbelts.Herecomestheroughguidetoeverythingyouneedtoknowabout
usingtrigtosolvetriangles.Triangleshavethreesidesandthreeanglesorsixpartsandif
youhaveanythree(exceptthreeangles)youcansolvefortheotherthree.Toseewhy
threeangleswon'twork,drawanytriangle(rightnow).Jointhesideswithalineparallel
tothebase.Thenewinnertrianglehasthesameanglesastheoriginal.Youcanextend
thesides,addanotherlineparalleltothebaseandthenewbiggertrianglehasthesame
angles.Alltriangleswiththesameanglesaresimilarorproportional.

Trig,asthesolutionoftriangles,wasoriginallyadistinctbranchofmathematics,butis
nowoflittleimportanceinageneralcourseofmathematics.Butitwon'thurtyoutosolve
atriangle.Oldertrigtextswiththeirproblemsasexamplesofhowtosurveylandwhere
theterrainisimpassableareprettyentertaining.

Letthesidesofatrianglebea,b,candlet
theanglesoppositethesesidesbe∠A,∠B,
∠C.LetCbearightangle(∟)thencis
thehypotenuse.

a/c=sinA=cosB a=c⋅sinA=c⋅cosB
a/b=tanA=cotB a=b⋅tanA=b⋅cotB
c²=a²+b² b=√((c-a)(c+a))

Ifyouthinkyouunderstandthis,dob/c
symmetricallytoa/candasymmetrically
tothelastidentityb. Theanglesof
∀∆BACsumto2∟or180°∴if∠C=90°andyouhave∠Bthen∠A=∠C-∠B.
Sowecansolveallrighttriangleswiththistable:

InDeMorgan'sdaythevaluesoftrigfnscamefromtrigtableswithvaluesfiveormore
digitslong.Logarithmswereusedtocalculatethevaluesandthewholethingwasan
arithmeticgrindbeyondthelimitsofyouraveragemodernpatience.Sotheyused
shortcutswhentheycould.Forsmall∠A,whengivenband∠A,c=b/cosAwasnota
convenientcomputation.
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Givenwhatyouknowof"real"trigonometry,whycanwerelyonthisshortcut:

c-b=(b⋅(1-cosA))/cosA≅2b⋅sin²(A/2)?

Thatdoesitforrighttriangles.Nowdrawanytriangle(i.e.notarighttriangle).Drawa
lineperpendicularfrom∠Ctosidec.Iftheperpendicularisinsidethetriangle,youcan
usethedefinitionofsinetoseetheperpendicularisb⋅sinA=a⋅sinB.Ifitfallsoutsidethe
triangle,thenweusetheexternalanglesof∠A,Bandhavethesamesine.Soinallcases,
a⋅sinB=b⋅sinAora/sinA=b/sinBora:b:sinA:sinB.TheLawofSinesfollows:

a/sinA=b/sinB=c/sinC [1]

Andthatwasthesweetestandshortestproofofthisyouwilleverfind.Thislawisoften
usedinsolvingtriangles.Ifyoutaketheexpansionofsin(A+B),squarebothsides,and
expresscos²intermsofsin²,wehave:

sin²(A+B)=sin²A(1-sin²B)+(1-sin²A)sin²B+2sinA⋅sinB⋅cosA⋅cosB
=sin²A+sin²B+2sinA⋅sinB⋅cos(A+B)

If∠A,B,Caretheanglesofyourtriangle:

∠A+∠B=180°-∠C sin(A+B)=sinC cos(A+B)=-cosC

∴sin²C=sin²A+sin²B-2sinA⋅sinB⋅cosC

Dividebysin²C,forsinA/sinCandsinB/sinCsuba/c,b/c,multiplybyc²and

c²=a²+b²-2ab⋅cosC [2]

ThisistheLawofCosines.ObedientchildrencanshowthatthisistheequivalentofEuclid
2.12,13andthattheintroductionofnegativenumberwouldcombinehistwopropositions.
Usinginversefns,[2]isequivalentto

c=(a+b)cossin-1((2√(ab)⋅cos(c/2))/(a+b)) [3]

=(a-b)sectan-1((2√(ab)⋅sin(c/2))/(a-b))

Fromyourdiagramwiththeperpendicularfrom∠Ctoc,eachsideofatriangleisthesum
oftheprojectionsoftheothertwouponit,positiveornegativeastheangleofprojectionis
acuteorobtuse.Therefore:

a=b⋅cosC+c⋅cosB b=c⋅cosA+a⋅cosC c=a⋅cosB+b⋅cosA

Thismakesc²=(c⋅cosA)²+(c⋅sinA)²=(b-a⋅cosC)²+(a⋅sinC)²=b²-2ab⋅cosC+a²∴

cosC=(a²+b²-c²)/2ab [4]

Sym.forcosAandcosB.Itfollows(andyoushouldverifythatitdoesfollow):

1+cosC=((a+b)²-c²)/2ab 1-cosC=(c²-(a+b)²)/2ab
cos²(c/2)=((a+b+c)(a+b-c))/4ab sin²(c/2)=((b+c-a)(c+a-b))/4ab

Ifyou'vebeendozing,wakeup.Thisnextbitabouttheperimeterofatriangleequaling2s
willpopupinthefuturewhenyouleastexpectit.
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Leta+b+c=2s.Thena+b-c=2(s-c)b+c-a=2(s-a)c+a-b=2(s-b)∴

cos²(C/2)=(s(s-c))/absin²(C/2)=((s-a)(s-b))/abtan²(C/2)=((s-a)(s-b))/s(s-c)[5]

Sym.forA/2andB/2.Letp=√(((s-a)(s-b)(s-c))/s)whichistheradiusofthetriangle's
inscribedcirclebyEuclid4.4.Showthat:

tan(A/2)=p/(s-a)tan(B/2)=p/(s-b)tan(C/2)=p/(s-c) [6]

FromsinA=sin(A/2)cos(A/2)wehave:

sinA=2/bc⋅√(s(s-a)(s-b)(s-c)) [7]

Sym.forsinB,sinC.Weclosethissectiononold-schooltrigwiththefourcasesoftriangle
solutions.Youshouldusediagramstojustifythesesolutionstoyourselves.

Case1 Giventhreesides:a,b,c
For∠Acos(A/2)=√(((s(s-a))/bc)orsin(A/2)=√(((s-b)(s-c))/bc)
Sym.for∠B.Then∠C=180°-(∠A+∠B)

Case2 Giventwosidesandincludedangle:a,b,∠C
∠A/2+∠B/2=90°-∠C/2
tan(A/2-B/2)=(a-b)/(a+b)⋅tan(90°-C/2)
∠A=(∠A/2+∠B/2)+(∠A/2-∠B/2)
∠B=(∠A/2+∠B/2)-(∠A/2-∠B/2)
c=a⋅sinC/sinA=b⋅sinC/sinB

Case3 Givenoneside,twoangles:c,∠A,∠B
∠C=180°-(∠A+∠B)
a=c⋅sinA/sinC
b=c⋅sinB/sinC

Case4 Giventwosidesandanot-includedangle:a,b,∠B
Get∠AfromsinA=a⋅sinB/b
1)Ifa⋅sinB>bthensinA>1andnosolution.
2)Ifa⋅sinB=bthensinA=1and∠Aisarightangleandc=a⋅cosBand∠C=90°-∠B
3)Ifa⋅sinB<bthensinA<1andtherearetwosolutions.

Letthesebe∠A'and∠A"whicharesupplementaryangles
andlet∠C',∠C"andc',c"betheremainingparts.
∠C'=180°-∠B-∠A' ∠C"=180°-∠B-∠A"
c'=a⋅sinC'/sinA'=b⋅sinC'/sinB c"=a⋅sinC"/sinA"=b⋅sinC"/sinB

Let'sdoadiagramandseewhatthedealisherewithtwosolns.
PQisourgivenside,∠PQXourangle.
Ifourothergivensideislessthanthe
perpendicularfromP,nosoln.Ifit
equals the perpendicular, right
triangle.Butifitisgreaterthanthat
butlessthanPQ,twosolns:PX,PY.If
itisgreaterthanPQ,PVistheonly
solnbecausePZturns∠PQXintoits
supplementandisnotasoln.
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Calculus

AnalyticalGeometry

Leaveyourseatbelton.IhavesharedallofDeMorgan'sanalyticgeometrywithyouthat
wasintheElementsseries.ButinCalculus,itwouldbegoodtoknowabitmore.When
youdealwithpolynomialsofdegreethreeandhigher,theyareusuallytreatedabstractly.
Butseconddegreeequations,beyondquadratics,areeasilyidentifiedgeometricforms.So
thiswillbearoughguidetothegeneralseconddegreeequation:

ax²+bxy+cy²+dx+ey+f=0

Everyformthiseqntakesisaconicsectionortheintersectionofa
planewithaconeoftwosheets.Weshouldfirstnotethatifwe
havethedx,ey,orbxyterms,wecansimplifytheeqn,ditchthese
terms,andthen"unsimplify"ourresults,ifnecessary.

Ifb²-4ac≠0,ourconicsectioniscenteredsomewhereawayfrom
theorigin,outintheplane.Sowecantranslateittotheorigin
andlosethedx,eyterms.

Ifwehaveabxyterm,ourcurvehasbeenrotated.Ifweunrotate
it,welosethattermaswell.Inboththesecases,Iwillleavethe
detailstothecuriousreader.

Nowlookatthedoubleconeandimagineourpassingaplanethroughit.

b²-4ac intersectionis
<0 ellipse,circle,orpoint
>0 hyperbolaortwointersectinglines
=0 parabola,twoparallellines,oneline

Iftheplanecutsonlyonesheetofthecone,yougetacircleifyourplaneisperpendicular
tothecone'sverticalaxisBB'.Holdtheplaneatanangleandyougetanellipse.Passthe
conethroughwherethesheetscometogetherandyougetapoint.Youcanworkoutthe
intersectionsofthehyperbola,parabola,andtheirextremecasesonyourown.Tohelp
withthat,let'stakeabriefoverviewoftheconicsections.Welookatthem allas
unrotatedandcenteredontheoriginoftheXandYaxes.

Anellipsehastwofoci:F,F'andiscomposed
ofallpointsP:PF+PF'=2awhereaissome
constant.HereAA'isthemajoraxisandBB'
istheminoraxis.CistheoriginandCF=CF'.
BC=b.BylettingCR=xandRP=yfor∀P,
wederivetheeqnoftheellipse:

x²+y²=1ory²=b²(a²-x²)
a² b² a²
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Ifyouhavebeenactivelydevelopingyourmindwiththistext,youwillhavenotrouble
understandingthederivationoftheellipse'sequation.Youcanprobablyfigureouthowto
translatethegeneral2nddegreeequationifyousubstitutex+hforxandy+kfory.
Rotationrequiresabitoftrigonometry.Butyoumightbeabletodothataswell.Doyour
bestandthengofindtheanswersomewhereifyouattemptthese.

Inanhyperbola,wehave|PF-PF'|=2a.
ThelineXX',producedbothways,isthe
transverseaxis.BB'istheconjugateaxis
andBB'=2b. Thentheeqnforan
hyperbolabecomes:

x²-y²=1ory²=b²(x²-a²)
a²b² a²

Inaparabola,wehaveonlyonefocusF.The
lineYY'isthedirectrix.Theparabolaisall
pointsPwherePD(whichisperpendicularto
YY')equalsPF.Let'sdothisderivation:

BN=x.PN=y.BF=2a.Bydefinition,FP=PD.
∴FP=BN(DPNB≡square)∴FP²=BN²
∴FN²+PN²=BN²(Euclid1.47)
∴(x-2a)²+y²=x²∴y²=4a(x-a)

Usually,originisatA.Letx=x'+ay=y'.
Bysubstitution,y'²=4ax'
Losetheaccentsforthegen.eqn:y²=4ax

Nowyoucanrecognisetheseformsofnumberwhenyouencounterthembyquickly
calculatingtheb²-4ac.Thenyoucanpicturetoyourselfwhatyouaredealingwith.Let's
lookatsolvingsystemsofsucheqnsfortheirintersections.

1)
x²+2xy+y²+2x+2y-120=0 [1]
xy-y²-8=0 [2]
Usetheb²-4actoidentifythese.Givenwhattheyare,inwhatformscantheyintersect?
Don'tforgetsingle-pointintersectionswhicharetangents.
(x+y)²+2(x+y)=120 (from1)
(x+y)²+2(x+y)+1=121 (completingthesquare)
∴(x+y)+1=±11∴(x+y)=10,-12
Letx+y=10 [3] Letx+y=-12
x-y=8/y (2) Sym.fromx-y=8/yw/x=-12
2y=10-8/y (3-2) ∴y²+6y+4=0
∴y²=5y-4 ∴y=-3±√5

∴y²-5y+4=0 ∴x=-12-y=-9-/+√5
∴y=4,1 solns(-9-√5,-3+√5)(-9+√5,-3-√5)
∴x=10-y=6,9solns(6,4)(9,1)
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Learntokeeptrackof±and-/+whichisusually±upside-down.Theyhaveadiscernible
logictotheiruse.

2)
x²+y²-x-y-78=0 [1]
xy+x+y-39=0 [2]
Identifytheseandresisttheurgetotranslateandrotate[2]outofexistence.Sowhatis
[2]?Andwhatisthisapparent"nonexistence"ifwecenteritontheorigin?Whatdoes
thismean?
x²+y²-(x+y)=78 (1)
2xy+2(x+y)=78 (2×[2])
x²+2xy+y²+x+y-156=0 (+)
(x+y)²+(x+y)-156=0
∴(x+y)=12,-13
Letx+y=12
xy=39-(x+y)=39-12=27 (2)
x²+y²=78+(x+y)=78+12=90 (1)
2xy=54
∴x²-2xy+y²=36 (-)
∴(x-y)=±6 [3]
(x+y)=12 [4]
∴2x=18,6∴x=9,3 (3+4)
∴2y=6,18∴y=3,9 (4-3) solns(9,3)(3,9)
Letx+y=-13
∴xy=39+13=52
x²+y²=78-13=65
2xy=104
∴x²-2xy+y²=-39 (why?)
∴x-y=±√-39andx+y=-13

∴2x=-13±√-39 2y=-13-/+√-39 (howderived?)

∴x=(-13±√-39)/2 y=(-13-/+√-39)/2

Sowhatarethepointsofsolutioninthislasthalfoftheproblem?Onbothproblems,you
shouldknowthegeometricformsoftheeqns.Andyouknowthepointsofintersection.
Howaccurateadiagramcanyousketch,givenwhatyouknow?

Iwanttogiveyouaglimpseofwherethealgebrayouhavelearnedsofarwilltakeyouas
youadvanceintoanunderstandingofthegeneralseconddegreeequation.

ax²+bx+c=0
ax²+bx+c+(b²-4ac)/4a=a(x+b/2a)²
ax²+bx+c=a((x+b/2a)²-((b²-4ac)/4a²))

Verifythoselasttwolines.Itfollowsthat

ax²+bxy+cy²=ay²((x/y)²+b/a⋅(x/y)+c/a)
=ay²(x/y+b/2a+√((b²-4ac)/4a²))⋅(x/y+b/2a-√((b²-4ac)/4a²))
=a(x+(b/2a+√((b²-4ac)/4a²)y)⋅(x+(b/2a-√((b²-4ac)/4a²)y)
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Verifythat.Fromthisitfollows,thatif

x²+2x+3=(x+1+i√2)(x+1-i√2)

then

x²+2xy+3y=(x+(1+i√2)y)(x+(1-i√2)y)

Sogivenx³+y³=(x+y)(x²-xy+y²)WecanresolvetheRHfactorintoitsownfactors.
x²-x+1hasroots1/2±√-3/2.Therefore,

x²-xy+y²=(x+(1/2+√-3/2)y)(x+(1/2-√-3/2)y)

Ourpolynomialdivisionalsoextendsintothisgeneralseconddegreeequation.Acouple
ofexamplesandthenanexplanation.

xy-x)x²+xy+1(1
xy-x
x²+x+1

Nosurprisesthere.Wearejustdividingnormally.Butwecangofurther,lookingfor
factors:

xy-1)xy²-y³+x²-1(y
xy²-y

y²-1)-y³+x²+y-1(-y
-y³+y

x²-1

Herewehavexy²-y³+x²-1=y(xy-1)-y(y²-1)+x²-1,wherex²-1istheremainder.
Notethatifyoudividebyy²-1firstandthenxy-1,yougetadifferentresult.Nowabitof
explanation.Wecanfindfactorsherethatwoulddividethedividendwithoutremainder.

Youcanseethatthedividendisnotintheusualordering.Togetourfactors,wehaveto
introduceanordering.Andonemightneedtotrymorethanoneoftheestablished
orderings.Andthenonewouldneedtofollowanalgorithmofrepeatedpolynomial
divisiontoestablishwhatiscalledareducedGroebnerBasis.Andthenwewouldhaveour
"prime"littlepolynomialsthatwoulddividewithoutremainder.Andeverythingwouldbe
thesameregardlessoftheorderinwhichfactorswereusedtodividethedividend.

Ifyoulookthisup,thetextswillrunyouneckdeepthroughringtheoryandtrytoscare
youoffwithHilbert'sBasisTheorem ofwhichonemathematiciansaid,"Thisisnot
mathematics.Thisisreligion."ButIcouldlayallthepracticalstepsoutforyouandyou
havealltheknowledgeyouneedtocarryitoutandfindthefactors.Youcandothese
mathematics,withoutneedingthetheory,justasyoucandoarithmeticwithoutitstheory.
Don'tlosesightofthefactthatwelearnmathematicsbydoingmathematics.Mathematics,
inthe20thcentury,hasbeenrunningawayfromdoingandclingingtotheorizing.Don't
letthisputyouoffifyoulovedoingmathematics.Thereisstillagreatdealtobedone.
AndIthinkmathematicsneedsustodoit.
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LimitsofDecreasingRatios

Calculusisthestudyofratios.Givenafn:y=f(x)thendx/dyistheratioof

changeinx:changeiny

Ifratioschange,itcanhappenthataratiocanchangetowardsequality,Considerx:x+a
andincreasexbym:x+m:x+m+a.Notethattheirdifferenceisstilla.

x+a=1+a x+m+a=1+ a.anda> a.
x x x x+m x x+m

∴1<1+a/(x+m)<1+a/xandasm→∞then1+a/(x+m)→1.Thereforetheantecedent
xisapproachingequalitywiththeconsequentx+ainthisratioorasm→∞ then
x+m→x+m+abecausea,nomatterhowlarge,isfinite.

Calculusisthestudyofmotion.Imagineacirclewithachordonsomearc.Ifwedecrease
thechord,itsarcdecreaseswithoutlimit.Butifweconsidertheratiochord:arcwecan't
assumethataschord→0thattheratiowillincrease,decreaseorremainthesame.

LetM,Nbetwodecreasingquantities:

M=11/201/4001/80001/160000
N=11/2 1/4 1/8 1/16

M/N110-1 10-2 10-3 10-4

Wecanseethatthisratiomustdecreasewithoutlimit.Sym.N:Mincreaseswithoutlimit.
NowredefineM,N:

M =11/31/61/10 1/15 1/21 1/28
N = 11/41/91/16 1/25 1/36 1/49
M/N 14/39/616/1025/1536/2149/28

Here,ratioincreaseseachsteporeachmomentbuttheratiohasalimit:M/N→2.The
denomofthexthtermofMis1+2+3+⋅⋅⋅+xorx(x+1)/2∴xthvalueofM=2/(x(x+1))and
thexthvalueofN=1/x².

M/N=2x²/(x(x+1))=2x/(x+1)=2⋅x/(x+1)

Soasx→∞thenx/(x+1)→1∴M/N→2.M/Nisinincreasingratio,limit2.N/Misin
decreasingratio,limit1/2.

Hereisanexampleofhow,fromtime
immemorial,idiotshavewritten in
books.Theiridioticartifactsmayfade
withtime. Butweseethat,overa
centuryon,theirstupidandunhelpful
marksremaintoplagueus.Weneed
thisdiagram.Butmoreimportantly,we
needyounottowriteinbooks.Use
coloringbooks,ifyoumust.Butdon't
dothis.
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Here'sabettercopyofourdiagram.
Pleasedon'tmarkonthisone.Thisispart
of⊙O,OCwitharcAB.RadiusOCbisects
arcABandchordAB. ∆ODA~∆BMA(~
means"similar").

InCalculus,wedon't(usually)movealong
thefiniteelementsofaseries.Wemove
continuously.WeletBmovetoAover
everypointinbetween.Inthismotion,
chordBAandarcBA;linesBM,MA,BT,TN;
∠BOA,COA,MBA,TBN allmustdiminish
withoutlimit.Canyouseethat?

OTdiminishesandOMincreases.Butneitherwithoutlimit.OTisneverlessandOM
nevergreaterthanradiusOC.The∠OBM,MAB,BTNallincreasebutwithalimitofπ/2.
Considertheratiosoftheseelements.WebeginwithchordAB<arcAB<BN+NA.
∆BMA~∆ODAwithsidesalwaysinsameproportion(Euclid6.4)evenassides→0while
onlyonesideof∆ODA:DA→0.

OAandODdifferbyDCsoOD/OA→1.ButOD/OA=BM/BA,soasB→A,BM→BA.Because
DA→0,OD/DAandOA/DA→∞.TheseratiosequalBM/MAandBA/MAsoBM,BAcontain
moreandmoremultiplesofMAwithoutlimit.

BecausechordBA<arcBA<BN+NA=BM+MAthen1<arcBA/chdBA<BM/BA+MA/BA
andasBM/BA→1thenMA/BA→0. Inpracticaltermshere,if∠BOA=1°then
arcBA/chdBA=1.00002.IF∠BOA=1'thenarcBA/chdBA=1.0000001.

Ifm,ninm+ndecreasetogetherinsuchawaythatnalsodecreaseswrtm,Leibniz
consideredthatncouldbe"infinitelysmall"wrtmsothatm+ncouldbetakenasm.We
havemadeCalculusmorerigorous.Butthisideastilllurkstheredownbelow.

Let'saddaverysmallhtoaandsquarethesum:

(a+h)²=a²+2ah+h²

wherewehave1:h::h:h².Hereh²<1andifmh=1thenmh²=handmcouldbevery
large.Here,Leibnizcouldsimplytake2ah+h²as2ah.Buttruly,"infinitelysmall"and
"verylarge"areunfittermsformathematics. Theywerealreadyrecognizedas
undesirableinDeMorgan'sday.Butifwelookattheincrementofa,whichish,andthe
incrementofa²,whichis2ah+h²,weunderstandenoughaboutlimitstoseethatash→0
then(2ah+h²)/h=2a+h→2a.
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Taylor'sTheorem

Let'slookatseriesagain.Ifinx+h,histheincrementofx,then,inφ(x+h),symmetrically
φ(x+h)-φxistheincrementofφx.Thisisnegativewhenφ(x+h)<φx.Wewillseethat
φ(x+h)canbeexpandedasaseries

φx+ph+qh²+rh³+sh⁴+⋅⋅⋅

wherethepowersofhareallinN,unlessthereareparticularvaluesofxwhichrequire
thepowerstobeinQandthesearesingularpointsofsomefunctions.Weconsiderhere
onlyfunctionswithoutsingularpoints.Soallofthepowersofhinourseriesexpansion
arenatural,whole,possiblyvegan,numbers.

Wehaveseenhowtheseries1+x+x²+x³+⋅⋅⋅derivesitsfirstntermsbydividing1-xn

by1-x.Ifx<1,thetermsmonotonicallydecreasewithoutlimitorxn>xn+1.Because

1-xn = 1.- xn .
1-x 1-x 1-x

wecanseethatifn→∞thenxn/1-x→0and1-xn/1-x→1/1-xforanyx∈(0,1).Again,series
areconvergentwhenthesumoftheirtermshasalimit,otherwisetheyaredivergent.

1+2+4+⋅⋅⋅+2n+⋅⋅⋅ divergesand
1+1/2+1/4+⋅⋅⋅+1/2n+⋅⋅⋅ converges...

...becauseittakestheformoftheserieswejustmentioned.Recallthatconvergence
requiresthetermstomonotonicallydecrease.Buttheycandosoafteranyfinite-
numberedtermandhavethelimit∑(non-decreasingterms)+(limitconvergentseries).
Letthisserieshavemonotonicallydecreasingterms:

a+b+c+d+⋅⋅⋅+k+l+m+⋅⋅⋅=a(1+b/a+c/b⋅b/a+d/c⋅c/b⋅b/a+⋅⋅⋅)

thenthissameformcanstartanywhere

=a+b+c+d+⋅⋅⋅+k(1+l/k+m/l⋅l/k+⋅⋅⋅)

Theorem
1)Ifthetermsabove(b/a,c/b,...)cometobelessthanunityandafterwardseither
approachalimitordecreasewithoutlimitthentheaboveseries(a+b+⋅⋅⋅)converges.
2)Ifthelimitofthetermsb/a,c/b,...isgreaterthanunityortheyincreasewithoutlimit
thentheseriesa+b+c+⋅⋅⋅diverges.
Proof
1)
(a)Letl/kbethefirstratiolessthanunityandtherestdecrease:l/k>m/l>n/m>⋅⋅⋅
thenthefirstofthesetwoseries

[1]k(1+l/k+l/k⋅l/k+l/k⋅l/k⋅l/k+⋅⋅⋅)
[2]k(1+l/k+l/k⋅m/l+l/k⋅m/l⋅n/m+⋅⋅⋅)

isgreaterthanthesecond.
series[1]<k⋅1/(1-l/k)=k²/k-landisconvergent
∴series[2]convergent∴a+b+⋅⋅⋅+k+l+⋅⋅⋅converges.
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(b)Letl/k<1andsuccessiveratiosl/k,m/l,...approachlimitA<1thenof
[1](1+A+AA+AAA+⋅⋅⋅
[2](1+l/k+l/k⋅m/l+⋅⋅⋅)

[1]isgreaterbutitconvergesasA<1.Andagain(a+b+⋅⋅⋅+k+⋅⋅⋅)mustalsoconverge
fromtermk.
2)Youshoulddothisproofyourself.Youcanonlybuildupyourconfidenceinproofsby
doingthem.Andyouwilldomanyofthemnotquiterightbeforetheyeverturnoutright.
Sostrapaspineonandgiveitatry.■

Nowconsiderourseriesfromthebeginningofthissection,startingwiththesecondterm:

ph+qh²+rh³+sh⁴+⋅⋅⋅

Ourratiosarethenqh²/ph=qh/p,rh/q,sh/r,....Ifq/p,r/q.s/r,...arealwayslessthana
finiteAorbecomesoatsomefinitepointthenqh/p,rh/q,sh/r,...must,atsomepoint,be
lessthanAh.IfwemakeAh<1,bymakingh<1/Atheseriesconvergesbytheabove
theorem.Sointheexpansionofφ(x+h)letφtaketheseforms:

form withx+h expansion

xn (x+h)n =xn+nxn-1h+n(n-1)xn-2⋅h²/2!+n(n-1)(n-2)xn-3⋅h³/3!+⋅⋅⋅

ax ax+h =ax+kax⋅h+k²ax⋅h²/2!+k³ax⋅h³/3!+⋅⋅⋅(wherek=lna)
lnx ln(x+h)=lnx+1/x⋅h+1/x²⋅h²/2!+2/x³⋅h³/3!+⋅⋅⋅
sinx sin(x+h)=sinx+cosx⋅h-sinx⋅h²/2!-cosx⋅h³/3!+⋅⋅⋅
cosx cos(x+h)=cosx-sinx⋅h-cosx⋅h²/2!+sinx⋅h³/3!+⋅⋅⋅
(sinandcosseriespos/negbypairs)

Weseetheseriesh,h²/2!,h³/3!,...andwealsoseetheircoeffs.Thesecoeffsareusually
denotedinthisexpansionasφ',φ",φ'",...forφxandf',f",f'"forf(x)aswewillshowhere:

φ(x+h)=φx+φ'x⋅h+φ"x⋅h²/2!+φ'"x⋅h³/3!+⋅⋅⋅

Again,theseφiarethedifferentialcoefficientsorderivativesofφ.Soinxntheseare:

φx=xn φ'x=nxn-1 φ"x=n(n-1)xn-2 φ'"x=n(n-1)(n-2)xn-3 andsoon.

TheseseriesofφareTaylorSeriesfromTaylor'sTheoremandour"theorem"thatany
functionisanexpansioninourformofφ(x+h)isanequivalenttheorem.Isay"theorem"
aswedon'tyethaveaproof.InCalculustexts,Taylor'sTheoremoftentakesourform.
Hereishisformandyoushouldbeabletoworkouthowhisandoursareequivalent.

Taylor'sTheoremFor∀fnf(x)whichhas(n+1)derivativesintheintervalatoxor[a,x]:

f(x)=f(a)+f'(a)(x-a)+f"(a)⋅(x-a)²/2!+⋅⋅⋅+fn(a)⋅(x-a)n/n!+fn+1(a)(α)(x-a)n+1//(n+1)!
whereαisbetweenaandx.

Thisisafiniteserieswitharemainderofα.Soinφ(x+h)orφx+φ'x⋅h+φ"x⋅h²/2!+⋅⋅⋅,
φxisincreasedbyφ'x⋅h+φ"x⋅h²/2!+⋅⋅⋅andthisistheincrementofφx.Andhisthe
incrementofx.Therefore

incrementofφx=φ'x⋅h+φ"x⋅h²/2!+⋅⋅⋅=φ'x+h(φ"x⋅h/2!+φ'"x⋅h²/3!+⋅⋅⋅)
incrementofx h

Because1/2!,1/3!,1/4!convergestoε-2,ash→0,thistermwiththehfactor→0leaving
uswithφ'x.Sotheratioofincφx:incxordy/dx=φ'x.
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Let'slookatthenotationofCalculusbeforewetakeageometriclookatallthis.Insteadof
(incrementofφx)/(incrementofx)wewillhavedy/dx.Weknowthatf(x)forLeibnizisy
forNewtoninnotation.Ifweread"d"as"differenceof"or"changein",andsomepedants
do,wehave(changeiny)/(changeinx)orsimplydy/dx.Hereistheimportantthingto
remember:dy/dxisthelimitofthisratioash→0inourdiscussionabove.

dy/dxisalimit
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AGeometricViewpoint

Leanleftthistimeandlet'sreviewour
analyticalgeometry. HereOisthe
origin.OAisthepositivex-axis,OD
negative.OBisthepositivey-axis,OC
negative.AnypointPhasanabscissa
OMandanordinateON.OM=NPand
ON=MP.IfIhaven'tmentionedit
before,abscissasandordinatesare
linesandtheirmagnitudesareusedto
nameP.OM=x,MP=yandP=(x,y)
andthesearethecoordinatesofP.

Torepresentafunctionasagraph,letPmoveonMPasMmovesfromOtoAandfromO
toD.Foranypoint(x,0)onDAletMP=x².ThenourPis(x,x²)andthecurveP'Oisthe
graphoff(x)ory=x².

Let⊙O,OA×EF@Pandsomeotherpoint.
Required:generalsolutionofcoordinatesof
pointP.

OE=aOF=bOM=xMP=yOA=r
Thenby∆OMPandEuclid1.47:
x²+y²=r²foranyPon⊙O
Bysimilar∆s:EM:MP::EO:OFor
a-x:y::a:b.∴ay+bx=ab∀P∈EF

ButforP',EM':M'P'::EO:OFor
a+x:y::a:b∴ay-bx=ab∀P∈EF
Andyoucanworkouttheratioandresults
forP"andseethatittoohasay-bx=ab
forallpointsonEF.

IhaveincludedthisexampletoshowwhyOCmusthaveanegativeforxandODanegative
fory.Whenwechoosethosenegativedirections,thenthelineEFhastheformulasuch
thatay+bx=abfor∀P∈EF.Let'sgoalittledeeperandsolveforbothpointswhereEF
intersectsthecircle.

ay+bx=ab [1]
x²+y²=r² [2]
y=b⋅(a-x)/a (from1,subthis→2)
x²+b²((a-x)²/a²)=r² (reducetoquadratic)
(a²+b²)x²-2ab²x+a²(b²-r²)=0
Sym.(a²+b²)y²-2ab²y+b²(a²-r²)=0
∴x=a((b²±√(a²+b²)r²-a²b²)/(a²+b²))
y=b((a²±√(a²+b²)r²-a²b²)/(a²+b²))

∴1)If(a²+b²)r²>a²b²orrisgreaterthantheperpendicularfallingfromOtoEFwhichis
ab/√(a²+b²)thentherearetwopointsofintersectionwithEFandthecircle.
2)If(a²+b²)r²=a²b²thenthetworootsareequal∴thetwopointsofintersectionarethe
samepointandEFisatangenttothecircle.
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3)If(a²+b²)r²<a²b²thentherootsareimaginarypointsonthecomplexplaneandEF
doesnotintersectthecircleinouruniverse.

AsourpointPmovesony=x²,itis
changingitsdirectionateverypoint.At
P,OM=xandMP=y.Letchangeinxbe
MM'=dxthenchangeinyisQP'=dy.So
coordinatesofP'are(x+dx,y+dy).In
∆P'PQthetangentisP'Q/PQordy/dx.
Becausey+dy=(x+dx)²asyisx²,our
dy=2xdx+dx²ordy/dx=2x+dx.Then
asP'→PthenM'→Manddy/dx→2x.

LineTPVisisthetangenttoy=x²atP∴dy/dxisitsslopeatanyP.IfOM=2thenMP=4
anddy/dx=2x=4.IfOM=3,dy/dx=2x=6.Theangleofthistangentlineistheangleit

makeswiththex-axis,∠VTA.Sothetangentoftheangleisalways2xandtan-12xgivesthe
angle.Again,ify=φxthenφ'xisthetrigonometrictangentoflineTPVwiththex-axis.

Infigure5,theXandYaxesareOC,ODand
ABjoinstheeaxs.ImagineA"→A'asB"→B'
where,ofcourse,AB=A'B'=A"B"because
it'sthesamelineinmotion.

A'B'×AB@P'A"B"xAB@P"ThenPis
theintersectionwhereA"B"cutsABonthe
waytoA'B'.Actually,whenA"B"intersects
ABatP,thetwolinescoincide.Also,you
canseethatP",P,P'arenotcolinear.Soif
weimagineA"B"asbeginningonODand
movingtoOA,itsintersectionswithalineat
ABwouldbeacurve.Pisthelimitofthese
intersectionsandcannotbedetermined
withbasicalgebra.SoweuseCalculus.

OA=aOB=bA"B"=AB=A'B'=lAA'=daBB'=db
∴OA'=a+daOB'=b+dbAlso,a²+b²=l²and(a+da)²+(b+db)²=l²
Subtractingthelasttwo:2ada+da²-2bdb+db²=0
∴db/da=(2a+da)/(2b-db) [1]
A'B'→ABthenda,db→0anda,bconstant
∴limitdb/da=2a/2b=a/b
LetP'=(OM',M'P)=(x,y)
AndweknowthatanypointonABisay+bx=ab [2]
P'∈ABandA'B'
∴(a+da)y+(b-db)x=(a+ab)(b-db) [3]
yda-xdb=bda-adb-dadb (2-3) [4]
AsA'B'→ABalltermsof[4]vanish.
Divide[4]bydaandsubresultintodb/dain[1]
y-x(2a+da)/(2b-db)=b-a(2a+da)/(2b-db)-db [5]
Thenletda,db→0
y-(a/b)x=b-a²/borby-ax=b²-a² [6]

From[6]and[2]webuildfigure6:
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x=OM=a³/(a²+b²)=a³/l²
y=MP=b³/(a²+b²)=b³/l²
BP:PN=OM::BA:AO
∴BP=OM(BA/AO)=a³l/l²a=a²/l
Sym.PA=b²/l OQ⊥BA
∴OAmeanproportion⋅|⋅(AQ,AB)(Eu.6.8.C1)
∴AQ=a²/lBQ=b²/l
∴BP=AQAP=BQ
∴Pisthesamedistancefromoneend
ofABasQisfromtheotherend,
forallpositionsofAB

Considerapointmovinguniformlyonastraightline.Thismeansthatifwedividetheline
uniformlyintonequalparts,thepointtakesthesametimetocrosseachpart.The
numberofunitsinlengthdescribedinaunitoftimebythepointisvelocity.Ifvelocity
equalsvandtimeistthenvtisthelengthdescribed.Ifapointcovers3feetin1.5seconds,
itmovesat3÷1.5=2ft/sec.

Nowletthemotionofthepointbenotuniform.Butletitbecontinuous,whichistosay
thatthemotionisdescribedbyanalgebraicfunctionoftime(φt)andnoinstantaneous
changeofmotionoccurs(atsingularpoints)likeaballhitinmidairorbouncingoffawall.

Letφt=t+t².Ourtismeasuredinsecondsandφtisinchestraveled.Letthepointtravel
fortsecondsreachingt+t²inchesandthenletafurtherdtelapse.Thepointthenreaches
(t+dt)+(t+dt)²inches.Thedifferenceofthesepositionsisdt+2tdt+dt²whichis
inchestraveledindtseconds.Andthisvaluemustvarybythesizeofdt.Ifdt=1sec,then
thisequals3dt+dt².If2sec,then5dt+dt².Notethatthisdt²is(dt)².Notd×t²orany
otherweirdinterpretation.Likeourpointony=x²wherethedirectionortangent
changesateverypointinspace,herevelocitychangesateverypointintime.Letseveral
intervalsoftimeelapse:

time distance
t t+t²
t+dt t+dt+(t+dt)²
t+2dt t+2dt+(t+2dt)²
t+3dt t+3dt+(t+3dt)²

differences d÷dt
dt+2tdt+dt² 1+2t+dt
dt+2tdt+3dt² 1+2t+3dt
dt+2tdt+5dt² 1+2t+5dt

Thenasdt→0,velocity→1+2t.AndfromTaylor'sTheoremifφt=t+t²thenbyexpansion
φ't=1+2t.Coincidence?IfweviewtheaboveasTaylorSeries:

φ(t+dt)-φt =φ'tdt+φ"tdt²/2+⋅⋅⋅
φ(t+2dt)-φ(t+dt) =φ'tdt+3φ"tdt²/2+⋅⋅⋅
φ(t+3dt)-φt(t+2dt)=φ'tdt+5φ"tdt²/2+⋅⋅⋅
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Weknowfromourseriesinalgebrathatasdt→0thefirsttermcontainstherestofthe
seriesinfinitelymanytimes.Therefore,thisφ't=1+2tisthelimitofourvelocityforall
intervalsoftime.

ManyCalculustextsteachthatthederivativeofxnisnxn-1andoft+t²is1+2tbyshowing
youaprocess.Theyarecallinganalgorithmthederivative.Butthederivativecomes
fromTaylor'sTheoremwhere,byusinganincrementofx,youcanderiveeachfollowing
termfromitsprecedingtermandendupwithaserieswithφxanditsfirsttonth
derivatives.Justlikeinarithmeticaldivision,wegetthevalueofaderivativefroman
algorithm.Butunderlyingitisatheoremthatjustifiestheshortcutofthealgorithm.

Ifapointmovesuniformlyonacircle,what
are the velocitieswrtto itsx and y
coordinates? LetPmovefrom AtoBon
arcAP.OA=r∠AOP=θ∠POP'=dθ
OM=xMP=yMM'=dxQP'=dy
velocity=ain/sec Fromtrig:x=rcosθ
x-dx=rcos(θ+dθ)

=rcosθcosdθ-rsinθsindθ
y=rsinθ
y+dy=rsin(θ+dθ)=rsinθcosdθ+rcosθsindθ
∴dx=rsinθsindθ+rcosθ(1-cosdθ)(by-)[1]
dy=rcosθsindθ+rsinθ(1-cosdθ) [2]
Asdθ→0thensindθ→sinθ,1-cosθ→0
∴dx=rsinθdθ[3] dy=rcosθdθ[4]
BecausearcAPisuniformlydescribed,sois
∠POA∴arcaisdescribedin1secandsois
∠(a/r)andthisiscalledangularvelocity.
Divide[3],[4]bydt:dx/dt=rsinθ⋅dθ/dtdy/dt=rcosθ⋅dθ/dt
Andasthese"changesin"dt,dθ,etc.gototheirlimits,wehave:

velocityx=r⋅sinθ⋅a/r=a⋅sinθ velocityy=r⋅cosθ⋅a/r=a⋅cosθ

Geometrically,MmovestowardOatvariablevelocityv₁wherev₁:a::sinθ:1::AM:OB
andNmovesfromOwithvelocityv₂wherev₂:a::cosθ:1::OM:OA.ThemotionsofM
andNarecalledsimpleharmonicmotion.Whenthevelocityofapointisactedon
continuously,itissaidtobeacteduponbyanacceleratingforce.Letapoint,fromastate
ofrest,increaseitsvelocityuniformlysothatintimetitsvelocitybecomesv.Whatlength
willithaveinscribedintimet?

Dividebothtandvintonequalparts,eachequaltot',v':nt'=tandnv'=v.Letv'be
appliedtothepointatrestandineveryt',applyanotherv'.Ineachintervaln'itsvelocity
isthenv',2v',3v',...nvandthespaceitcoversisv't',2v't',3v't',...nv't'.Sothesumofthis
seriesisv't'+2v't'+⋅⋅⋅+(n-1)v't'+nv't'or

∑(firstnintegers)(v't')=n(n+1)/2⋅v't'=(n²v't'+nv't')/2

Nowletnv'=v,nt'=t∴½v(t+t')isthespacecoveredandast'→0this→½vt.Andthisis
one-halfofthelengthofapointmovingcontinuouslyatvelocityvfromstarttofinish.
Acceleratingforceismeasuredbythevelocityattainedinonesecond.Letthisbeg.Then
asthesamevelocityisacquiredeverysecond,velocityintsecondsisgtorv=gtandour
formula½vt=½gt².
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Ifourpoint,insteadofbeingatrest,hadvelocityawhenaccelerationstarted,youwould
havetoadda⋅t'toeveryintervalandarriveatat+½gt²forlength.Iftheforcedecelerated
thevelocity,wehaveat-½gt².

Letthepoint'svelocitybeacceleratedorretardedinanon-uniformway.Letitstartout
fromastateofrestanditsmotionbeφt=t³.Soitsvelocityorφ't=3t².Itsvelocityat

A=3t² from3t²
B=3t²+6tdt+3dt² from3(t+dt)²
C=3t²+12dt+12dt² from3(t+2dt)²

whereAistimetandB,C,Daretimesdt,2dt,3dt.Thenthelengthofthesesegmentsare:

AB 3t²dt+3tdt²+dt³ from(t+dt)³-t³
BC 3t²dt+9tdt²+7dt³ andsoon
CD 3t²dt+15tdt²+19dt³

Wehavehereaninitialvelocityof3t²and,atA,anacceleratingforceof6t.

1. Notethatthisisallindependentofdt.Wecanscalethemomentoftimeindtup
anddownandtheseresultsholdfordt,2dt,3dt,...

2. Ifweexpandφt=t³inaTaylorSeries,derivingeachtermfromtheprevious,
then6t=φ"intheseriest³,3t²,6t,6,0,0,...

3. 6tisthelimitorlimitingvalueofφ"tasdt→0orthe(incφ'x)/(incx)aswe
showedinTaylor'sTheoremash→0.

Ingeneralterms,intimet,thepointPtravelsφt.Soint+dtittravelsφ(t+dt)andthe
lengthdescribedindtisφ(t+dt)-φt=φ'tdt+φ"t⋅dt²/2!+φ"'t⋅dt³/3!+⋅⋅⋅wherethe1st
termifP'svelocityandthe2dtermisP'sacceleration,positiveornegative.
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LimitsofIncreasingRatios

Wehavelookedatratiosofdecreasingquantities.Let'slookatratioswhosequantities
mayincreasewithoutlimit.Consider:

x²+2x+3 asx→∞,numanddenom→∞
2x²+5x butdividebothbyx²

1+2/x+3/x² asx→∞thenratio→1/2
2+5/x

Inalgebra'sseriessection,weprovedthatforanyconvergentseries,ifxbesmallenough
thenanytermcanbeinfinitelylargerthanthesumofallthefollowingterms.Theaboveis
anapplicationofthatidea.Italsofollowsfromthisthatasx→∞:

(x+1)m/xm→1where(x+1)m=xm+mxm-1+⋅⋅⋅

∴(x+1)m/xm=1+(mxm-1+⋅⋅⋅)/xm

InRHterm,numdiminishesfasterthandenom∴RHterm→0.

Sym. xm .→ 1.

(x+1)m+1-xm+1 m+1

LHS= xm .= xm .= 1. becauseasx→∞

(m+1)xm+½(m+1)mxm-1+⋅⋅⋅ (m+1)xm+A m+1 thenA→0

Remember,wearetalkinglimitshere.Sym.:

(x+b)m .= xm+B .= 1 .asx→∞

(x+a)m+1-xm+1 (m+1)xm+A a(m+1)

Considerthesumsoftheseseries:

1+2+3+⋅⋅⋅+x-1+x [1]
1²+2²+3²+⋅⋅⋅+(x-1)²+x² [2]
1³+2³+3³+⋅⋅⋅+(x-1)³+x³ [3]

...

1m+2m+3m+⋅⋅⋅+(x-1)m+xm [4]

Weaskwhatistheratioofseriesn+1tothelasttermofseriesnor(1²+2²+⋅⋅⋅+x²):x³for
examplewhenx→∞.

Wefirstshowthatthelasttermgoestozerowrtthesumoftheprecedingterms.Let's

showthatx³canbe10-3of1³+2³+⋅⋅⋅+(x-1)³.First,asx→∞theratiox³/(x-1000)³→1
asthisequals1/(1-(10³/x))³.Thisisalsotrueofx³/(x-n)³whenn∈{999,998,997,...,1}
Allgoto1asx→∞.Nowlet(x-1)³=αx³,(x-2)³=βx³,...(x-1000)³=ωx³.Thenasx→∞
allfractionsα,β,...,ω→1.Therefore,

1 .= x³ .= x³ .→ 1 .
α+b+⋅⋅⋅+ω αx³+⋅⋅⋅+ωx³ (x-1)³+⋅⋅⋅+(x-1000)³ 1000
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Sox³/(x-1)³+⋅⋅⋅+(x-1001)³becomeslessthan1/1000
Thenx³/((x-1)³+⋅⋅⋅+(x-1001)³+⋅⋅⋅+2³+1³)hasanevensmallerlimitthan1/1000.
Andas10³wasanarbitrarychoice,x³canbeinfinitelylessthantheprecedingterms.
Fromourexperiencewithseries,weknowthisistrueofanyterm:thatanyterm,givena
largeenoughx,isinfinitelysmallerthanthesumoftheprecedingterms.Thenanyseries:

axm+bxm-1+⋅⋅⋅+px+q+r/x+s/x²+⋅⋅⋅

canbedividedbyxmandbe

a+b/x+⋅⋅⋅+p/xm-1+q/xm+r/xm+1+⋅⋅⋅

thenasx→∞then1/x→0andtheseriesgoestoa.Lettherebeaseriesofnfractions:

a/(pa+b),a'/(pa'+b'),a"/(pa"+b"),...wherea,a',a",...andb,b',b",...→∞buttheseries
b/a,b'/a',b"/a",...→0.Thenasb/a→0thefractions→1/psince

a/(pa+b)=1/(p+b/a)andsoon

Thenafractionsummingthesenumeratorsanddenominators

(a+a'+a"+⋅⋅⋅)/(p(a+a'+⋅⋅⋅)+b+b'+⋅⋅⋅)→1/p

aswell.Forthislargefractionequals1÷(p+((b+b'+⋅⋅⋅)/(a+a'+⋅⋅⋅)))and
(b+b'+⋅⋅⋅)/(a+a'+⋅⋅⋅)mustbebetweentheleastandgreatestofb/a,b'/a',...aswehave
seenbackinarithmetic.Sothisfractionofsumsgoestozeroasdoa/b,a'/b',....Allofthis
appliesto

A+(a+a'+⋅⋅⋅) .
B+p(a+a'+⋅⋅⋅)+b+b'+⋅⋅⋅

solongasa+a'+a"+⋅⋅⋅isinfinitelygreaterthanAandB.Toseethis,dividethenumand
denomby(a+a'+⋅⋅⋅).Letthefractionsbe:

(x+1)³, (x+2)³ , (x+3)³ ,⋅⋅⋅
(x+1)⁴-x⁴(x+2)⁴-(x+1)⁴(x+3)⁴-(x+2)⁴

eachofwhichasx→∞goesto¼.Summingtheirnumsanddenomsweget

(x+1)³+(x+2)³+⋅⋅⋅+(x+n)³ [1]
(x+n)⁴-x⁴

Ifweaddx⁴todenomand(1²+2²+⋅⋅⋅+x²)tonum,wecanstill,forlargeenoughn,make
theadditionsinfinitelysmallwrtthetermsin[1].Regardingthedenom,thisis

((x+n)⁴-x⁴)/x⁴=(1+n/x)⁴
∴(1³+2³+⋅⋅⋅+x³+⋅⋅⋅+(x+n)³)/(x+n)⁴→¼ asx→∞
∴(1³+2³+⋅⋅⋅+x³)/x⁴→¼ asx→∞

∴(x+1)m/((x+1)m+1-xm+1)→1/(m+1)asx→∞

Foralittleexerciseintheseideasshowthattheratiosofx(x-1)/2:x²,x(x-1)/2⋅(x-2)/3:x³,...
havethelimits1/2!,1/3!,...
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PartialandTotalDerivatives

Asummaryofresults:

1. Ify=φxandxisincrementedbydx,yisincrementedby
φ'xdx+φ"x⋅dx²/2!+φ"'x⋅dx³/3!+⋅⋅⋅

2. φ"isderivedinthesamemannerfromφ'xasφ'xisderivedfromφx.Orφ'xis
thecoeffofdxinthedevelopmentofφ(x+dx)andφ"xisthecoeffofdxinthe
developmentofφ'(x+dx)

3. φ'xisthelimitofdy/dxasdx→0andisthedifferentialcoeffofy
4. Ineachdevelopment,asdx→0,thefirstterm'scoeffisthederivative.Itfollows,

thateveninapproximation,bytakingdxsufficientlysmall,thefirsttermcanbe
broughtwithinanyacceptablemarginoferror.

Supposextobethecorrectvaluebuttwosamplevalues,x+handx+k,areallwehavefor
data.Theφ(x+h)andφ(x+k)areapproximationsofφx+φ'xhandφx+φ'xkanderrors
arealmostφ'xh,φ'xk.Theseareintheratioofh:kanditfollowsthattheerrorinour
resultswillvarybythesameratio.Italsofollowsinpracticethatifxisincreasedbyequal
stepsthenanyφx,forafewsteps,willincreaseinthesamemanner.Ifh,2h,3h,...arethe
increments,theincrementsofφxapproximateφ'xh,φ'x2h,φ'x3h,....

InthedevelopmentofanyterminaTaylorseries,sayφ'x,weknowthatasdx→0thelimit
oftheseriesbecomesthecoeffofφ'x.Soifφx=2x³thenφ'x=6x²,φ"x=12x,φ'"x=12.

Considerx²y+2xy³.IfweincreasexbydxandexpandtheTaylorseries,theφ(x+dx,y)
increasesby2xydx+2y³dx+[stuffthatgoestozero].Ifweincreaseybydyandexpand
φ(x,y+dy),φ(x,y)increasesbyx²dy+6xy²dy+[zerostuff].Soifweincreasebothxandy,
theincreaseis(2xy+2y³)dx+(x²+6xy²)dy.

Whatwehavedoneistopartiallydifferentiatebyx,partiallybyy,andthentotallybyx
andy.Innotation,ifwecallf(x,y)uorsimilarthen

du/dx=2xy+2y³ du/dy=x²+6xy² du=(2xy+2y³)dx+(x²+6xy²)dy

ordu=du/dx⋅dx+du/dy⋅dy.Thisideaextendstofnsofanynumberofvariables.Letz
beafnofp,q,r,sorφz=p⁴q³r²s.Thendu/dp=4p³q³r²sandsymmetricallyforq,r,s.

∴du=du/dp⋅dp+du/dq⋅dq+du/dr⋅dr+du/ds⋅ds

=4p³q³r²sdp+3p⁴q²r²sdq+2p⁴q³rsdr+p⁴q³r²ds

Don'tmakepartialdifferentiationanyharderthanitsimplyis.
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DerivativesandDifferences

Let'slookatpatternsofdifferentiation.

1)y=xm m∈Q dy=mxm-1dx

∴derivativeofx2/3=2/3⋅x-1/3

Ifexponentisnegativeory=1/xmthendy/dx=-m/xm-1

orify=x-mthendy=-mx-(m+1)dxwhichisequivalenttothepreviousline.

2)y=ax dy/dx=ax⋅lnxdx
AgainlnxisthenaturallogorNaperianlogofx.
Sometextsuselogεorevenlog,incontext.

3)y=logx dy=1/xdxordy/dx=1/x
ButthisislogεxorlnxjustlikeIwarnedyou.
Ify=log10xwhichisusuallywrittenlogxthedy/dx=0.4342944⋅1/x
Whendealingwithlogarithms,makesureyouknowtheircontext.
Ifyouwriteamathtext,makeyourcontextclear.

4)y=sinx dy/dx=cosx
y=cosx dy/dx=-sinx
y=tanx dy/dx=1/cos²x

Ifourφxisf(x)thenitsderivativef'(x)isthevalueof(f(x+h)-f(x))/hash→0.Youshould
satisfyyourselfthatthisistrue.Thenyoucansupplythemissingstepsofthesenextbits
inordertoverifythem:

sin'(x)=sin(x+h)-sinx=sinx⋅cosh-1+cosx⋅sinh
h h h

=sinx⋅0+cosx⋅1=cosx

cos'(x)=cos(x+h)-cosx=cosx⋅cosh-1-sinx⋅sinh
h h h

=cosx⋅0-sinx⋅1=-sinx

AndI'llleavetan'(x)foranexerciseforwhichyouwillneedderivativesofquotients.
Whataboutthederivativesofproducts(φx⋅ψx)andquotients(φx/ψx)?Let'sprepsome
functions.

φx=2x³φ'x=6x²ψx=4x²ψ'x=8x

Todothis,wecanusejustthefirsttwotermsoftheexpansionsofφandψbecausewe
knowthetailgoestozero.Thenanysubordinateproductsbeyondsimplefirstderivatives
willalsogotozerointhetail.Andwewillbeleftwiththefirstderivativeoftheproduct
whichcanberedonewiththefirstderivativesforsecondderivatesandsoon.
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y=φx⋅ψx
∴y+dy=(φx+φ'x)(ψx+ψ'x)
=φx⋅ψx+φx⋅ψ'x+φ'x⋅ψx+φ'x⋅ψ'x

Losetheyandthetail:
∴dy=φx⋅ψ'x+φ'x⋅ψx

Orfromabove:
dy=2x³⋅8x+6x²⋅4x²=16x⁴+24x⁴=40x⁴
andy=φx⋅ψx=2x³⋅4x²=8x⁵∴y'=40x⁴

Nowforquotients:

y=φx/ψx
∴y+dy=(φx+φ'x)/(ψx+ψ'x)
CalculatetheRHSbylongdivisionandyouget:
y+dy=φx/ψx+φ'x/ψx-(φx⋅ψ'x)/(ψx)²+R
whereRisaremainderandpartofthetailthatgoesaway
∴y+dy=φx/ψx+φ'x/ψx-(φx⋅ψ'x)/(ψx)²+R

=φx/ψx+(ψx⋅φ'x-φx⋅ψ'x)/(ψx)²+R
Loseyandthetail:
∴ dy=(ψx⋅φ'x-φx⋅ψ'x)/(ψx)²

Ory=2x³/4x²
∴y'=(4x²⋅6x²-2x³⋅8x)/(4x²)²

=(24x⁴-16x⁴)/16x⁴=8x⁴/16x⁴=1/2
andy=2x³/4x²=1/2⋅x∴y'=1/2

Sowhenitisquickertomultiplyordivide,dothatfirst.Assoonasitgetshairy,usethese
algorithmsforderivativesofproductsandquotients.

WhenweexpandφxinaTaylorseries,thecoeffsofthetermsareφ,φ',φ",...and
beginningwiththesecondterm,φ'isthefirstderivative,φ"thesecondderivativeandso
on.Wealsodenotethesedy/dx,d²y/dx²,d³y/dx³,andsoon.Importantly,thesecanbe
derivednotonlybyexpansionofaTaylorseriesbutbyrepeatedapplicationofour
derivativealgorithms.φ=x³,φ'=3x²,φ"=6x,φ"'=6,thentheyzerooutfromthereand

allofthesearerepeatedapplicationof(xm)'=mxm-1.

Ratherthanconsideringadx→0,wecanhavea∆xordifferenceofxwhichisfinitesothat
wehaveaseriesofx,x+∆x,x+2∆x,x+3∆x,andsoon.Thenwecanhavetheseriesofφx,
φ(x+∆x),φ(x+2∆x),φ(x+3∆x),....Letthisseriesbedenotedy,y1,y2,y3,....Wecanthen
haveaseriesofthedifferencesinthevalueofφateachstepofy1-y,y2-y1,y3-y2,andsoon
denoted∆y,∆y1,∆y2,....Justaswehavedy/dx,d²y/dx²,...wecanhavethesameideahere
inthisCalculusofFiniteDifferences.

φx y
φ(x+∆x) y1 ∆y
φ(x+2∆x) y2 ∆y1 ∆²y
φ(x+3∆x) y3 ∆y2 ∆²y1 ∆³y

andsoon,wherey1-y=∆y,∆y1-∆y=∆²yandsoon.Thesearethefirst,secondandthird
differences,analogoustoderivatives.Youwillencounterabitofthisinanybasiccollege
Calculustext.Byreplacingthe"∆"with"d"wereturntothenotationofdxdiminishing
withoutlimit.



169

DigitalPDFcopiesreleasedunderCreativeCommons4.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2019

Considerd²yanddy.Thelatterisφ(x+dx)-φxwhichhastheformqdx+qdx²+⋅⋅⋅where
p,q,...areallfunctionsofx.Toobtaind²ywesubx+dxintothisseriesandsubtractthe
firstseriesfromthissecondoneor:

(p+p'dx+⋅⋅⋅)dx+(q+q'dx+⋅⋅⋅)dx²+⋅⋅⋅-(pdx+qdx²+⋅⋅⋅)

Youcanseethatthefirstpowerofdxisdestroyed.Sotheratioofd²y/dx→0while

d²y/dx²hasafinitelimit.Sym,dny/dxn-1→0whiledny/dxnwillhaveafinitelimit.Soin
ourseriesdy/dx,d²y/dx²,d³y/dx³,...eachtermhasafinitelimitasdx→0.Fromour∆
tableabove:

y1=y+∆y ∆y1=∆y+∆²y
y2=y1+∆y1 ∆y2=∆y1+∆²y1
∆²y1=∆²y+∆³y ∆²y2=∆²y1+∆³y1

∴y1=y+∆y
y2=y+2∆y+∆²y
y3=y+3∆y+3∆²y+∆³y
y4=y+4∆y+6∆²y+4∆³y+∆⁴y

AndherecomesPascal'sTriangleagain.Itfollowsthat

yn=y+n∆y+n⋅(n-1)/2⋅∆²y+n⋅(n-1)/2⋅(n-2)/3⋅∆³y+⋅⋅⋅ [1]

Nowletxbecomex+hinnsteps:x,x+h/n,x+2h/n,...,x+nh/n=x+hsothatn∆x=h.By
multiplyingeveryfactorof[1]whichcontainsnby∆xanddividingtheaccompanying
differenceofyby∆xasmanytimesastherearefactorswithn:

φ(x+n∆x)=y+n∆x⋅∆y/∆x+n∆x⋅(n∆x-∆x)/2⋅∆²y/dx²+⋅⋅⋅

Andsubbinghforn∆x,[1]becomes:

φ(x+h)=y+h⋅∆y/∆x+h⋅(h-∆x)/2⋅∆²y/dx²+h⋅(h-∆x)/2⋅(h-2∆x)/3⋅∆³y/dx³+⋅⋅⋅

Ifwediminish∆xwithoutlimitbyincreasingthenstepswithoutlimit,wehave:

φ(x+h)=y+dy/dx⋅h+d²y/dx²⋅h²/2!+d³y/dx³⋅h³/3!+⋅⋅⋅

wheredy/dx,d²y/dx²,...arethelimitsoftheratioofournincrementsandaretherefore
thefinitelimitsofφ'x,φ"x,φ'"x,andsoon.
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ImplicitDerivativesandFunctions

Letzbeafunctionofxandywhereyisafunctionofxorz=x⋅lnyandy=sinxsozis
x⋅ln(sinx).Butlet'sconsiderzasf(x,y).Ifwetakethetotalpartialderivativehere:

dz=dz/dx⋅dx+dz/dy⋅dy [1]

Butdyisnotindependentofdx.Itisitselfaseries:pdx+qdx²+⋅⋅⋅wherep=dy/dx=φ'x
andsoon.Inotherwords:

dz=dz/dx⋅dx+dz/dy⋅p⋅dx∴dz/dx=dz/dx+dz/dy⋅p [2]

Heredz/dxisthetotalvariationofzandyisafunctionofx.Soifxbecomesx+dx,zgetsa
differentincrementthanitwouldifywasindependentofx.Ifin[1]x→x+dxthenz
becomesx⋅logy+logydxordz/dx=logy(whichIsuspectislnx).Ifin[1]onlyyvaries
thenzbecomesx⋅logy+xdy/y-(seriescontinuesforsinx)anddz/dy=x/y.But

dz/dx+dz/dy⋅p=dz/dx+dz/dy⋅dy/dx=logy+x/y⋅cosx

or

logsiny+x/(sinx)⋅cosx [3]

Ifwebeganwithx⋅log(sinx),wecouldarrivebyamorecomplicatedprocessat[3].But[3]
from[2]isthetotalorcompletederivativewrtxwhere[1]isthepartialderivative.
Denotethetotalderivativebyd.z/dxandconsider:

d.z/dx=dz/dx+dz/dy⋅dy/dx+dz/da⋅da/dy⋅dy/dx+dz/da⋅da/dx [4]

Whenxiscontaineddirectlyinz,zisadirectfunctionofx.Whenzcontainsyandyisafn
ofx,zisanindirectfnofx.In[4]

1. dz/dxshowszisadirectfnofxandwegetthiscoeffbychangingxtox+dx
2. dz/dy⋅dy/dxshowsthatzisanindirectfnofxthroughy.Heredyistheseries

pdx+qdx²+⋅⋅⋅.Sodz/dy⋅dy=dz/dy⋅pordz/dy⋅dy/dx.
3. dz/da⋅da/dy⋅dy/dxshowszcontainsafnawhichcontainsafnywhichisafnof

onlyx.
4. dz/da⋅da/dxshowsthataisafnofxandagainzcontainsxindirectlythrougha.

Examplez=x²ya³y=x²a=x³y
Takingzalone:dz/dx=2xya³dz/dy=x²a³dz/da=3x²ya²
Takingyalone:dy/dx=2x
Takingaalone:da/dx=3x²yda/dy=x³
Substitutingthesein[4]
=2xya³+x²a³⋅2x+3x²ya²⋅2x+3x²ya²⋅3x²y
=2xya³+2x³a³+6x⁶ya²+9a⁴y²a² [5]
Ifforyandaintheoriginal,yousubstitutetheirvaluesx²andx³y=a⁵,wehavez=x¹⁹
Subbingtheminto[5]givesus2x¹⁸+2x¹⁸+6x¹⁸+9x¹⁸=18x¹⁸
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Ingeneralif
zcontainsx dz/dx
zcontainsycontainsx dz/dy⋅dy/dx
zcontainsycontainsacontainsx dz/dy⋅dy/da⋅da/dx
andsoon.Thisideacanbeimposedonafunctionasatoolforderivativesandisnow
calledtheChainRule:

Letz=ln(x²+a²)andy=x²+a²
∴z=lnydz/dy=1/yanddy/dx=2x
∴dz/dx=dz/dy⋅dy/dx=1/y⋅2x=2x/y=2x/(x²+a²)

Again,letz=lnlnsinx.
Theny=sinxanda=lny∴z=lna
∴dz/dx=dz/da⋅da/dy⋅dy/dx
z=lna∴dz/da=1/a
a=lny∴da/dy=1/y
y=sinx∴dy/dx=cosx
∴dz/dx=1/a⋅1/y⋅cosx

=(cosx)/(ln(sinx)⋅sinx)

Let'sdoproductsandquotientsagainfromthispointofview.
Letz=abwherea,barefnsofx.

dz/dx=dz/da⋅da/dx+dz/db⋅db/dx

Ifa→a+dathenz=ab+bda∴dz/da=b.Sym.dz/db=a.

∴dz/dx=b⋅da/dx+a⋅db/dx

Letz=a/b.
a→a+da,z=(a+da)/b=a/b+da/b∴dz/da=1/b.
b→b+db,z=a/(b+db)=a/b-adb/b²+⋅⋅⋅∴dz/db=-a/b²

∴dz/dx=1/b⋅da/dx-a/b²⋅db/dx=(b⋅da/dx-a⋅db/dx)/b²

Letz=ab

(a+da)b=ab+bab-1da+⋅⋅⋅∴dz/da=bab-1

ab+db=ab⋅adb=ab(1+lna⋅db+⋅⋅⋅)∴dz/db=ablna

∴dz/dx=bab-1⋅da/dx+ablna⋅db/dx

Letybeafnofx:y=φx.Thenwecanoftendeterminexintermsofyorx=ψy:

y=2x x=y/2

Thesefnsarethesamerelationindifferentforms:x=ψφx.Thesearetheinversefns
we'veseenbefore.Wethenhavedy/dx=φ'xanddx/dy=ψ'x.Itfollowsthe

dy/dx⋅dx/dy=1 or φ'x⋅ψ'x=1
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Sotheseφ',ψ'arereciprocalsforallxandyintheirdomains.Lety=εxandx=lnythen

y'=εxandx'=1/y∴whenevery=εxthenεx⋅1/y=1.Lety=φx,x=ψythen

dy/dx=φ'x=1/ψ'y=1/p

Let1/p=u.Thendu/dp⋅dp/dy⋅dy/dx=du/dx.
u=1/p∴du/dp=-1/p²∴dp/dy=ψ"y
Also1/p²=1/(ψ'y)²=(φ'x)²=(dy/dx)²
∴thecoeffofuordy/dxwrtxwhichisd²y/dx²isalso:

-(dy/dx)²⋅d²x/dy²⋅dy/dx=-(dy/dx)³⋅d²x/dy²

Ify=εxandx=lnythendy/dx=εxandd²y/dx²=εx.
Butdx/dy=1/yandd²x/dy²=-1/y²

∴-(dy/dx)³⋅d²x/dy²=-ε3x⋅(-1/y²)=ε3x/y²=ε3x/ε2x=εx

Sym.d³y/dx³canbeexpressedintermsofdx/dy,d²x/dy²,d³x/dy³,andsoon.

Ifwehavetwoeqnsintwovars,wehavenoindependentvarsas,fromouralgebra
section,wecanonlysatisfytheseeqnswithafinitenumberofvalues.Withmeqns,nvars
(n>m)wehave(n-m)ind.vars.Ifwehave

φ(a,b,x,y,z)=0
ψ(a,b,x,y,z)=0
χ(a,b,x,y,z)=0

wecandeterminethreevars,saya,b,z,leavingtwoind.varsandthenwecandetermine
da/dx,da/dy,db/dx,andsoon.Whenyisafnofxory=φx,yisanexplicitfnofx.Given
anyx,wecandeterminey=φx.Butinx²-xy+y²=a,whenxisknown,ymustbe
determinedbyaquadraticsoln.Hereyisanimplicitfnifx.

Wecanbringsuchafnφ(x,y)totheformφ(x,y)=0orx²-xy+y²=0.Wewantto
determinedy/dxfromthisφ(x,y)=0.Letu=φ(x,y)andletx,ybecomex+dx,y+dy.Then

du=du/dx⋅dx+du/dy⋅dy

Butdu=0∴du/dx⋅dx+du/dy⋅dy=0or

dy/dx=-(du/dx)/(du/dy)

andx,y,dx,dyarenolongerindependent.

Letxy-x=1∴xy-x-1=0=u
∴du/dx=y-1du/dy=x∴dy/dx=-(y-1)/x [1]
Solvingxy-x=1forywehavey=1+1/x

∴dy=(1+1/(x+dx))-(1+1/x)=-dx/x²+⋅⋅⋅

Thereforethelimitofdy/dxis-1/x²whichisalsotheresultofsubbing1+1/xforyinto
[1].
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IntegralCalculus

Wehaveseenthatwhentwofnsincreaseordecreasewithoutlimittheirratiomayhavea
finitelimit.Butitisalsotruethatifx→somevalueandf(x)→0andg(x)→∞thenf(x)⋅g(x)
maygotosomefinitelimit.Letf=cosxandy=tanxthenasx→π/2thenf→0,g→∞but
ƒ⋅g(whichisnotf•g)orcosx⋅tanx=sinx→1.

Generally,ifA→0andB→∞theirproductmay,andoftenwill,approachafinitelimit.If
B→∞then1/B→0thenA:1/B=A/(1/B)=ABmayhaveafinitelimit.Ornot.Consider
cos²θtanθasθ→π/2.cos²θ→0andtanθ→∞butcos²θtanθ=cosθsinθ→0.Orcosθtan²θ=
sinθtanθ→∞asθ→π/2.

Takeanytwonumbers(1,2)andplaceanynumberoffractions(9)betweenthem
accordingtoanylaw.Wecouldhave11/10,12/10,...19/10,2.AndifmfractionsinA.P.
areinsertedbetweenaanda+hwehave

a,a+h/(m+1),a+2h/(m+1),...,a+mh/(m+1),a+h [1]

Thesumoftheseisunbounded,asallaregreaterthanaandmcanbeanynumber.The
sameappliestoanyφx:

φa,φ(a+h/(m+1)),φ(a+2h/(m+1)),...,φ(a+mh/(m+1)),φ(a+h) [2]

Thissumalsoisunbounded.Thoughbothsumscanincreasewithoutlimit,wecanshow
theirratiomustapproachafinitelimitwhenallthetermsof[2]arefinite.LetAbe
greaterthananytermin[2]then(m+2)A>∑[2].Andin[1],abeingtheleastterma(m+2)
islessthan∑[1].

∴((m+2)A)/((m+2)a)>∑[2]/∑[1]

ButtheLHSisindependentofmandequalsA/awhichisfinite.Ifm→∞thentheinterval
betweenthetermsh/(m+1)→0andifwemultiply[2]byh/(m+1)wehaveaproduct
whereonetermincreaseswithoutlimitandtheotherdecreaseswithoutlimitasm→∞.
Yetthisproducthasafinitelimit.

Considerf(x)=x²betweenaanda+h.Letv=h/(m+1).Thentheproducthereis:

v(a²+(a+v)²+(a+2v)²+⋅⋅⋅+(a+(m+1)v)²)
=(m+2)va²+2av²(1+2+⋅⋅⋅+(m+1))+v³(1²+2²+⋅⋅⋅+(m+1)²)

where(1+2+⋅⋅⋅+(m+1))=½(m+1)(m+2)and(1²+2²+⋅⋅⋅+(m+1)²)=⅓(m+1)³as
m→∞.Soourproductbecomes,subbingh/(m+1)forv:

(m+2)/(m+1)⋅ha²+(m+2)/(m+1)⋅h²a+(1+α)⋅h³/3

Hereαistherestofthetermsinthecoeffofh³/3.Asm→∞both1+αand(m+2)/(m+1)
goto1.Thenthelimitoftheproductasm→∞is

ha²+h²a+h³/3=((a+h)³-a³)/3
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Orasa,a+dx,a+2dx,…,a+histakenwithsmallerandsmallerdx,thesumapproaches

((a+h)³-a³)/3

Thislimitistheintegralofx²dxbetweenaanda+hor:

a∫
a+hx²dx

Iwanttopointoutsomeimportantthingshere.

1. Ourintegralaboveisadefiniteintegralon[a,a+h]
2. Theindefiniteintegralis

∫x²dx=x³/3+C
Sotheintegralisthethingwhosederivativeisthefnintheintegral.Orthe
integralistheanti-derivative.Thinkofitthisway:TheLHSasks,"Whatisthe
integral?"andtheRHSanswersthequestion.TheCisanyconstantandwe
can't,inanindefiniteintegral,knowwhichconstantitisbecausethederivative
ofanyconstantis0.

3. Conceptually,whenourh/(m+1)→0wearegettingeveryyforeveryxand
summingalltheyvalues.Thedefiniteintegralsumistheareabetweenaand
a+handbetweenf(x)andthex-axis.

4. Itfollowsthatthedefiniteintegralistheareaunderfon[0,a+h]minusthearea
underfon[0,a]or(a+h)³/3-a³/3fromx³/3+CwhereChasnoparttoplay
here.

Let'sprovethattheintegralistheanti-derivative.Wedividetheintegralwitha,a+dx,
a+2dx,...,a+mdxwheredxish/msoa+mdx=a+h.Nowexpandtheseaswehavebeen
doing:

φa =φa
φ(a+dx) =φa+φ'a⋅dx+φ"a⋅dx²/2!+⋅⋅⋅
φ(a+2x) =φa+φ'a⋅2dx+φ"a⋅2dx²/2!+⋅⋅⋅
⋅⋅⋅
φ(a+mdx)=φa+φ'a⋅mdx+φ"a⋅mdx²/2!+⋅⋅⋅

Multiplyeachbydxandsum(vertically)foreachcoeff:

φa⋅mdx
φ'a⋅(1+2+⋅⋅⋅+m)⋅(dx)²
φ"a⋅(1²+2²+⋅⋅⋅+m²)⋅(dx)³/2!
φ'"a⋅(1³+2³+⋅⋅⋅+m³)⋅(dx)⁴/3!
⋅⋅⋅

Asabove,werepresentthesumsinparensas

½m²(1+α)
⅓m³(1+β)
¼m⁴(1+γ)
⋅⋅⋅

whereα,β,γ→0asm→∞.Subbingtheseandusingh/mfordx,weget:

φah+φa⋅h²/2!⋅(1+α)+φ"a⋅h³/3!⋅(1+β)+φ'"a⋅h⁴/4!⋅(1+γ)+⋅⋅⋅
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Letm→∞andwehavethelimit:

φah+φa⋅h²/2!+φ"a⋅h³/3!+φ'"a⋅h⁴/4!+⋅⋅⋅

Andthisisourintegralon[a,a+h].Comparethiswithourexpansionofφ(x+h)inthe
TaylorTheoremsection.Letψ'a=φa.Thesefnsbeingthesame,theirdifferentialcoeffs
willbethesameorψ"a=φ'aandthenψ'"a=φ"aandsoon.Subtheseintoourlastseries
andwehave:

ψ'ah+ψ"a⋅h²/2!+ψ'"a⋅h³/3!+⋅⋅⋅

whichisψ(a+h)-ψa.Thismeanstheintegralofφxon[a,a+h]isψ(a+h)-ψawhereψxis
thefnwhichwhendifferentiatedgivesφ.Leta+h=b.Thedefiniteintegralis

a∫
bφxdx= ψb-ψa

Nowifyouthinkaboutit(andyouwillthinkaboutit)thismeansthatforx³/3+C,b=x
andC=-ψa.SoIlied.TheCdoesplayapartherebutthedefiniteintervaltakescareofit
foryouwhenyoucalculatethedefiniteintegral.

Ourfinalinvestigationistopursuetheidea
oftheintegralastheareaboundedbythex-
axisandacurvef(x)betweentheendpoints
oftheinterval[a,b]. Considerthecurve
boundedbyMPP'M'.WedivideMM'inton
equalparts.Oistheorigin.OMisx=a.OM'
isx=b.WehavedividedMM'into4parts
butthereasoningwouldbethesameifthere

were4⋅10n partswherenisanyfinite
number.The4,ofcourse,isarbitrarytoo.

ThesumoftheparallelogramsMr+mr'+m'r"+m"R<MPP'M'bythesumofthe
curvilineartrianglesPrp,etc.Andthesumofthesetrianglesislessthanthesumof‖gms
Qr+qr'+....Butthese‖gms=‖gmq"w.SothesumMr+mr'+m'r"+m"Rdiffersfrom
MPP'M'bylessthan‖gmq"w.Butq"w→0asn→∞(heren=4).Thereforethecurvilinear
areaMPP'MisthelimitweapproachaswedivideMM'intomoreandmorepartswhichis
asn→∞.Andthesepartsarea,a+dx,a+2dx,....Sothesumoftheirareais

φadx+φ(a+dx)dx+φ(a+2dx)dx+⋅⋅⋅

Andthislimitingsumwedefinedasthedefiniteintegralofφxon[a,b].Soifψ'x=φx,then
thissumisψb-ψa.Asyistheordinate,wehave∫ydxon[a,b]asthesum.

Considertheparabolay²=pxwherepisthedoubleordinateonthefocus.

Herey=p1/2x1/2andweneedtheintegralofp1/2x1/2dx.

Ifwetakecxnwherecisindependentofxandsubx+hforxweget:

cxn+cnxn-1h+cn(n-1)⋅h²/2!+⋅⋅⋅
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Sothedifferentialcoeffofcxnisncxn-1

∴cn=p1/2 n-1=1/2∴n=3/2c=2/3⋅p1/2

∴∫p1/2x1/2dx=2/3⋅p1/2x3/2+C

∴Theareaundertheparabolais2/3⋅p1/2b3/2-2/3⋅p1/2a3/2andherea=0.

∴Area2/3⋅p1/2b1/2bwhereb=OM'andp1/2b1/2isM'P'
∴Area=2/3⋅M'P'⋅OM'ortwo-thirdstherectangleOM'•M'P'
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Afterword

Ifyouareseriousaboutmasteringwhatyouhavefinishedbyarrivingatthispage,hereis
asuggestion.Putthebookasideforamonthortwo.Then,atyourleisure,readitallthe
waythrough.Dotwothingsasyouread:

1. Makesureyoufollowthereasoningbehindeveryidea;and
2. Makeyouyoucanactuallydoeachcomputationthatarises.

Thekeyhere,andwhatyouarereallylearning,isself-honesty.Yourgoal,withanytextof
mathematicsyoucareabout(andyoucan'tcareaboutallofthemoryouwilldrown)isto
honestlyknowthatyoucandemonstrate,inapracticalway,yourunderstandingofallthe
ideasinthetextwhicharea)importanttoyouandb)areimportanttotheunderstanding
ofthoseideaswhichareimportanttoyou.

Itisnevertoolatetoachieveademonstrableunderstanding.


