


A

KEY TO THE EXERCISES

IN THY

FIRST SIX BOOKS

OF

CASEY'S ELEMENTS OF EUCLID.

THIRD EDITION

o ————



WORKS BY
JOHN CASEY, E8Q., LL.D, F.R.S,,

FELLOW OF THE ROYAL UNIVERSITY OF IRELAND

Third ¥dition, Revised and Enlarged, Price Ss
A TREATISE ON ELEMENTARY TRIGONOMEIRY,

With numerous Exercises
AND

Quesiions for Examnation

Second Edition, Price 3=

KEY T0 THE EXERCISES IN THE TREATISE ON
ELEMERTARY TRIGONOMETRY

Sixth Edition Revised and Enlarged, Price Ss 64 Cloth
A SEQUEL T0 THE FIRST SIX BOOKS OF THE
ELEMENTS OF EUCLID,

Contasning an Easy Iniroduction to Modern Geomelrs,
Hith numerous Excrorses

Twelfth Edition, Price 48 6d.

THE ELEMENTS OF EUOLID, BOOKS I-VI, AND
PROPOSITIONS I-XXI OF BOOK XI,
Zogether with an Appendsx on the Cy hnder, Sphere, Cone, &Evc ,
Bomous gEnnotations 8 nomerous Exerorses

Third Edition Price @s

A _KEY T0 THE EXERQISES IN THE FIRST SIX
BOOKS OF CASEY’S “ELEMENTS OF EUCLID,”

Becond Edition now ready Price 128
A TREATIRE ON THE ANALYTICAL GEOMETRY OF
THE POINT, LINE, OIRCLE, & CONIC SECTIONS,
Cont. e an A t of tls most recent Extensions,
X1tk numorous Exeroises

Second Edition in the Press

A TREATISE OR PLANE TRIGONOMETRY, includin
THE THEORY OF HYPERBOLIC FUNOTIONSE 8

With numerous Exerpises

Becond Edition in the Press

A TREATISE ON SPHERICAT TRIGONOMETRY, and i
APPLICATIONS to GEODESY and Asmonoh? w

¥:tlr numerous Exerotses

LONDON LONGMANS & CO DUBLIN HODGES FIGGIS & Co (LTD})



KEY TO THE EXERCISES

IN THF

FIRST SIX BOOKS

oY

CASEY'S ELEMENTS OF EUCLID.

BY
JOSEPH B CASEY,
TUTOR, UNIVERSBITY COLLEGP, DUBLIW,
EDITED BY
PATRICK A E DOWLING, BA, RUI,

EXAMINPR TO THF NOARD OF INTERMEDIATE EDUCATION, IRFLAND,
AND
TROFLESOR OF MATHEMATICR, UNIVFRSITY COLLEGE, DLIILIN

THIRD EDITION, REVIBED

DUBLIN HODGES, FIGGIS, & CO (L ), GRAFTON-ST
LONDON LONGMANS, GRLEN, & CO

18903



DUBLIN
PRINTED AT THE UNIVERSITY PRESS,
BY PONSUNBY AND WELDRICK.



EDITOR’S PREFACE

Ix this edibon a few exercises, omitted in
former editions, have been 1nserted ; and in
No xxx1v, Miscellaneous Exercises, Book VI,
an alternative demonstration of the converse
of Ptolemy’s Theorem has been added

Though the proof-sheets have been very
carefully read throughout, some musprints have
probably escaped notice, and the Editor will be
grateful for a list of any that may be found
in the present edition

PAED

4, UXBRIDGE-TERRACE,
Leesov Parx, Dusrr,
Jan 20th, 1893
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EXERCISES ON EUGLID.

[

BOOX I

PROPOSITION I

1 Dem.—The four hnes AC, AF, BC, BF arc each=AB, and

=10 each other Hence ACBF 1s a lozenge

2 Dem ——Because AQ=BC, and CF common, and the base
AF=BF, (vmor)the Z ACF=BCF, .ACFis 3 an Zof
an equilateral A  Agam, the Z CAB=ACD + ADC (xxxn1),
but ACD=ADC, CAB=2ACD, ACDixx%an L ofan
equilateral A, and ACF1s 4 an Z of an equilateral A, DCF
182n £ of an equilateral A Spmlarly DFCis an £ ofan equi-
Iateral A Hence the A CDF 1s equilateral

3 Dem.~—Jomn AF Because AG=AF, the £ AGF=AFG,
and because AF=AC,the £ ACF=AFC, the L GFC=FGC
+FCG, and1s (xxxn Cor 7) anght £ In like manner
HFCisenght £ Hence (v ) G, F, H are collmear

4 Dem —GC" = GF2? 4 FC? (xuvir), and GC? = 4AG?,

GF? + FC?* =4AG*, but GF = AG Therefore FC* = 3AG?
= 3ADB?

6 Sol —Join CF Divide AD intofourequalpartsin E, G, H

C

EGH|D

From DC cut of DT =ED  J 15 tho centre of the required O
Dem —Jomm AJ, BJ, and produce them to meet the Osmn XK, L

7Y >
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Because the £ ADJ 15 nght, AJ2=JD?4 DA?=324.42=53,

AJ 158 = b of the parts mnto which AD 1s divaded, but AKX
=AB, JK=8oftheparts, JK=JD Agam,AD =DB,
and DJ common, and the £ ADJ equal BDJ, (xrv) AT=3BJ,
but AK =BL, JK=JL Hence the hnes JD, JK, JL are
equal, and the O, with J as centre and JD as radius, will pass
through the pomts X, L

PROPOSITION II

1 8ol —On AB desoribe the equilateral A ABD With B as
centre and BC as radius, describe the O CEG, and produce DB

to meetitm E With D as centre and DE as radius, desenibe
the O EFH, and produce DA to meet 1t m F AT 15 the re-
quired line

Dem —Because D 15 the centre of the O EFH, DE=DF ,
but DB=DA, BE=AF,and BE=BO, AF=BC

2 Sol —Let A be the given pomt, and BC the given line

E

c N~ — B

It 18 required from the point A to mflect to BC a lne equal toa
given hne DE  From A draw AF=DE [1r1] WithA gs centre,
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and AT ns radius, deseribo o O cutting BOmn G, I  Jom AG,
AH AG, AH aro tho required hines

Dem.—DBecauso AF = AG, snd AF=DE, AG=DE In
liko manner AH=DE Honcc there aro two solufions

PROPOSITION IV

1 Lot AD biscot the vertical £ of the asoseeles A ABC It
1s requared to prove that at bisects the base BC perpendienlarly

Dom —AB=AC, and AD common, and the Z BAD=0AD,

{tv ) tho £ ADB=ADOC, and the mmde BD=C0D Ienco BO

1s lisected, and {(Def x1v) AD 13 L to BO

2 Dem —Let ABCD be the quadniateral, and BD its diago-
nal Beeause AB =B, and BD common, and the ZABD=CBD,

{rv ) the baso AD=CD

3 Lot the hines AB, OD, biscet each othern E

Dem —Take any pont F in ZD  Jomn AT, BF  Because
AE = BE, and EF common, and the £ AEF =BEF, . the
base AF = BF

4 Let ABChotho A Onthe mdes AB, AC, doseribo equi-
Iateral A* ABD, ACE  Jomr CD, BE It 15 requred to prove
that CD = BE

Dem —DBecause the £ DAB=CAE, to eack add the £ BAC,
then the Z DAC~= BAE, and smce DA=BA, and CA=EA, the
sides DA, AC=DA, AL, and we have shown that the 2 DAC
=BAE, (tv) the bases CD, BE, are equal,

PROPOSITION V

1 (1) Dem —Tal e anvy point D 1n AB, and from AQ cut off
AE=AD (m) Jon BE,CD, DE Because AB = AC, and
AL=AD, BAand AL =0A and AD, and the £ A 1s com-
nmon, DBE=CD, and the £ ABE=ACD Agun, because
BE = CD, and BD = CL, BD and BE = CT and CD, and
tho 2 DBE=ECD, (iv)tho £ BDE=CLD, and the £ BED
= CDE, henco the remamnders, the £* BDC, BEC, are cqual
Agun, BD = CE, mmd DO=EB, BD and DC= CL nnd EB.
and the contained £ BDC, CEB, havo beon shown to bo equal ,

(xv ) the £*»DBC, LCB, are equal

n2
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(2) Dem —Produce BA, OA, toJ, H, m AJ teke any pomts
E, G, and from AH cut off AD = AE, ond AF=AG Jom DG,

B Cc

DB, EC, EF Because AF = AG, and AE=AD, ¢ AF and
AE=AG and AD, and the L FAG common, thebase FE=DG,
and the 2 AFE=AGD, and the Z FEA=GDA

Agun, because BG = CF, and GD = FE, BG and GD
= CF and FE, and the £ DGB =EF(C, the base DB = E(,
and the £ GDB =FEC, but the £ GDA=FEA , the re-
mainders, the Z* BDC, BEC, are equal

Now, smce BD = CE, and DO=EB, BD and DO=O0E
and EB, and the £ BDC = CEB, the £ DCB = EBC

2 Dem —If AH be not an ax1s of symmetry, let AJ be one
Join JG Because AF = AG, and AJ common, and the £ FAJ

b E

GAJ (bvp), the Z AFT=AGJ, but the L AFC = AGB,
the £ AGJ = AGB, a part = to the whole, which 1s absurd,
AH must bo an axis of symmetry






6 EXERCISES ON EUCLID [BooE 1
O FCD, B0 =BD, but this 15 contrary to Prop vir  Hence

the O cannot mtersect m more than one point on the same mde
ofthe ine AB  Hence two O* cannot intersect 1n more than two
pomts, which must be mtuated on opposite mdes of the ine joining
the centres of the O*

PROPOSITION IX

1 Dem —Because AD = AE, the Z ADE = AED, and be-
cause FD = FE, the Z FDE=FED Now we haie two A®
ADF, AEF, having twosides AD, DF, and the contamned 2 ADF
respectively = to the two sides AE, EF, and the contained £ AEF,

{iv ) the £ DAF = EAF

2 Dem —Lot G be the point where AF meots DE  Because
AD = AE, and AG common, and the Z DAG = EAG, the
L AGD =AGE [Hence (Def x1v) AF1s I to DE

8 See Ex 3, Prop iv

4 Dem —Take any pomt P m AF, and from P let fall the L
PHon AB From AC cut off AT = AH, and join PJ  Beeause
AH=AJ, and AP common, and the £ HAP=JAP, (rv) the

L AJP = AHP [Hencs the £ AJP 18 nght, and the base
PH=PJ

PROPOSITION X.

1 Sol ~Let AD be the given lme Take a part AE greater
than half AB  With A o8 centre and AE as radus, descnibe the
O CED Take BF =AE With B as centre and BF as radius,
deseribe the O OFD, cutting the O CED m 0, D Jon CD,

. cuting ABm G AB 1 bisected ;n G
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Dem —Jomn ACG, BO, AD, BD Becauso AC = BC, and CD
common, oud the base AD=BD, (vix)the £ ACD = BCD

i

Agam, since AC =BG, and CG common, and the £ ACG =BCG,
(rv ) AG=BG

2 Dem —Take any pomnt H equally distant from A, B Jom

AH, BH, CH Because AC = BC, and CH common, 1nd the

base AH = BH, (vmx)the Z ACH = BCH IHence any

point equally distant from A, B, 151n tho bisector of the £ ACB

PROPOSITION XTI

1 Dem —Let the disgonals AD, BC, of the lozenge ABDC,
mterscet m E Becauso AB = AQ, and AD common, and the
basa BD=CD, (vmx)the 2 BAE=CAE Agun, AB=AGC,
AE common, and tho £ BAE = CAE, (rr)BE=CE, and
the £ AEB=AEC Henco AD bisects BO perpendicularly

2 Dom —Beeauss DF = EF, the £ FED = FDE (v ), and
CD=CE, (v)tho A DCF=ECF, tho Z DCF=ECF,
and (Def <1v ) each of them 1s 2 nght £

3 Sol.—ILct AB bo tho grven line At the pomnt A draw AC,
maling an £ with AR In AC tale AD=AB At D erect
DE L to AC Bisect tho £ BAC by AE, mecting DE m F
Jom BE BEis 1 to AB

Dem —AD = AB, AE common, and the Z DAE = BAE,

(xv) the £ ADE = ABE, but ADE 1s o nght £ (const ),
hence ABE 13 2 nght £

4 8ol —XLet ABbe the givenline, and G, D, tho points  Jomn
CD, bisect CDinE Draw EF L toCD, meetatng ABin F F
1s the requred pomt
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Dem —Jom CF, DF Because (1iv) the A CEF = DEF,
FC = FD [Hence the pont F 18 equally distant from O

and D

6 Sol —Let AB be the given hine, and C, D, the pomnts
From O let falln L CG on AB, and produce 1t to E, so that GE
will be equal to C&  Jomn ED, and produce 1t to meet AB m F
F 18 the required point

Dem —Jomn CF Because CG = EG, and GF common, and
the £ CGF =EQF, (iv) the £ CFG=EFG Hence the
L CFD 15 bisected by the line AB

6 Sol —Let A, B, C, be the three given pomts Jom AB,
BC Bisect AB at D, and erect DI L to AB  Bisgect BC at E,
and erect EF L to BC ¥ 1s the requred pomt

Dem —Jom AF, BF, CF  Because AD = BD, and DF com-
won, and the £ ADF = BDF, (iv) AF =DBF In lile
manner BF = CF Hence the three lmes AF, BF, CF, are
equal

PROPOSITION XII

1 Dem —If possible let FGIK bo a O meeting AB 1n the
pomts F, G, J,K Bisect FGin H Join CH, and produce it to

A F G N K3

M Jom CF, CG Biseet GIm N Jon CN, CJ, CK Be-
cause FH = GH, and HO common, and the base FC = CG,

fihe £ FHO = GHC, und (Def xrv) each of them 18 a might
angle

Agamn, smee GN = JN, and CN common, and the base CG
=CJ, the L ONG =UNJ, and ench1s o nght angle Hence
the Z CNH=CHN, CH=0N, butCN1s greater than OK,
because the pomnt N 15 cutmdethe O, CHais greater than CK,
and OM = CK,  CH 1s greater than CM, which 18 absurd.
Hence the O cannot meet AB m more than two points
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9 Dem —Leot ABC be the A, having the £ BAGequalto the
gum of the ZsABC, AOB  Bisect AB in D, and erect DE L to
AB, mecting BCun E  Jom AE

Because AD = BD, DE common, and the 2 ADE =3BDE,

(v ) the £ DAE =DBE, but the £ BAQ = ABC + ACB,
hencothe £ EAC = ECA,  each of the A® ABE, ACE, 18
1sosceles, and mnce AE=BE=CE, BO=2AE

PROPOSITION XVII

Dem —Let ABC bethe A Take any pomt Din BC  Jom
AD The £ ADC s greater than ABC (xvr ), and tho £ ADB1s
greater than ACB, but ADC and ADB equal two mght Le,

ABO and ACB are less than two nght £°

PROPOSITION XVIII

1 Dem—Lot ABC bo the A, of which AC 18 greater than
AB From ACcutoff AD=AB With A ag centro, and AB as
radwus, descnbe the circle DBE, cutting CB produced in E
Jom AE Now the £ ABO 1s greater than AEB, but AED
= ABE, ABO 1s greater than ABE, and ABE 1s greater than
ACB (xvi) Henoe ABC 1s greater than ACB

2 Dem —Produce AB fo D, so that AD=AC Jom CD
Now the £ ABC 1s greater thin ADC (xvr), but ADC= ACD,

ABOC 18 grenter than ACD  Much more 18 ABO greater than
ACB
3 Dem —Let ABCD bo a quadnlateral, whose sides AB, OD,
are the greatest and least It 18 required to prove that the
£ ADC 18 greater than ABO  Jomn BD  Because BC 15 greater
than DO, the 2 BDC 15 greater than DBO (xvix) Bimlarly the
ﬁB %DB s greaterthan ABD  Hence the 2 ADQ1s greater than

4 Dem —Let ABObe a A, whoso mde BO 15 not less than
AB or AC TFrom A letfall a 1 AD on BC Because BC 13
not less than AB, the £ BAQ 1s not less than BCA, BCA
must be acute In hhe mannmer CBA must be acute Hence
AD must fall wathin the A ABO
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PROPOSITION XIX

1 Dem —Bisect BOm D Jom AD, produce it to E, so
that DE=AD Join BE Now the A* BDE, ADC, have the
mdes BD, DE, of one respectively equal to CD, DA, of the other,
and the contmned £¢%equal (xv), {(iv ) BE = AQ, and the

£ DBE =DO0A, but the £ ABD 1s greater than DCA (hyp),
- ABD 1s groater than EBD, henco the hine BF which bisects
the 2 ABE falls sbove BO Produce BF to G, and make GF
=BF Now, mnce ED = AD, EF 1s greater than AF  Cut off
FH =AF Jon GH, and produceit tomeet BEm I Now weo
have 1 the As AFB, GFH, two sdes AF, FB, m one equal HF,
F@, m the other, and the contamed £ equal, hence AB =GH,
and the £ ABF = HGF, but ABF = FBI (const), BGI
=GBI, and (w)IB =1IG, but EB 1s greater thet IB, and IG
groaterthon HG,  EB1s greaterthan GH, and woe have proved
BE=AC, and GH=AB Hence AC 18 greater than AB

2 Dem —Take any pomnt D 1n the base BC of an 1so0sceles
A ABC Jom AD Now the £ ADC is greater than ABD
(xvi), and groster than ACD Hence (x1x ) AC 1s greater
than AD

If we take the pont D 1n the base produced, we have the
L ACB, that 15, ABC greater than ADQ, AD 18 greater
than AB

8 Dem —This follows from the last exercise For when we
took the point 1n the base, and yoined at to the vertex, the joimng
Line was less than either mde ofthe triangle, and when the pomt
was m the base produced, the joming hine was greater
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m —Let A be the given point, and EF the g;aven hine

Frzm(fl) I:I:tefnll a L AB, and draw any other line AC to EF
The £ ACB1sless than ABC (xvir), (smx) AC 1s greater
than AB :

(2) Dem —Take another pomnt D m EF Jom AD Now
the £ ACD 1s greater than ABOC, and therefors obtuse, hence
ADO must be acate,  AD 1s greater than AC

§ Dem —Becauss AB 15 greater than AC, the £ ACB 18
greater than ABC (xvirr) Much more 1s the £ BCF greater
than CBF  Hence (x1x ) BF 1s greater than CF Agam (hyp ),
AB 18 greater than BO, but AB=CF (iv), CF 1s greater
then B,  (xvmn ) the £ OBF 1s greater than CFB, that 1s,
than ABE Hence ABE or OFB 15 less than half ABQ

PROTOSITION XX,

1 Dem.—Let ABCboa A It 1s required to prove that the
difference betweon two mdes AB, AC, 15 lessthan BC  From AQ
ocut off AD = AB, and jom BD Now AB and BC are greater
then AD and DO, butAB=AD, BC1s greater than DO, that
15, greater than the difference between AB and AC

2 Dem —Let D bo any pomnt withinn A ABC  Jom AD,
BD, D Now (sx) DA + DB> AB, DB + DC > BO, DO
+DA> A0 Adding, we get 2 (DA + DB + DO) > (AB + BC
+C4A), (DA+DB+DC)>1(AB+BC+ CA)

3 Dem —Let AD be the biscetor of the £ BAC Tale any
pomt Em AD  Jom BE, CE  From AB cut of AF =AC, and
jor EF  Becruge AF = AC, and AE common, and the £ EAR
=EAC, (rv) the base EF = EC Agamn, since TF = LG,
the difference between BE and EC 1s equal to the dufferenco bo-
tween BE and BF, but BE ~ EF 15 less than BF (Bx 1),

BL - EC 18 less than BF » but BF 13 the differenco between
BA and AC Hence the differenco botween BE and EC 15 Jess
than the difference between BA and AC

4 Dem —Produce BA to F, so that AF = AQ Tale any pownt
E 1 the external biscotor AD Jom EB, EE, EF Now (xv)
EF=X0 To ench add EB, and we have EF and EB = EC and
EB, but EF and EB are greater than B, that 1s, greator than
4Band AG Hencs EB and EC aro greater than AD and AQ
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5 Dem —Let ABCD be the polygon Jomn BD Now (xx)
\B + AD > BD, and BC + BD > CD, hence AB + AD +
BC>CD

6 Dem —Let the A DEF bo mnseribed :n ABC  Now (xx)
AD +AE>DE, EC+CF>EF, FB+BD>FD Addmg,
we get (AB -+ BC + CA) > (DE + ET' + FD)

7 Dem —Let the polygon FGHJIK be inscribed 1n the poly-
gon ABCDE Now (xx ) AF + AG > FG, BG + BH > GH,
CH+CJ>HJ, DJ + DE>JK, EK+ EF>KF Addmg,
wo get the pernmeter of ABCDE greater than that of FGHJK

8 Dem —Let ABCD bo a quadnlateral, AC, BD, its diago-
nals Now, if AC, BD, are not equal, one of them must be the
greater Let BD be the greater, then we have the sum of the
sides AB, BC, CD, DA, greater than 2BD, and  greater than
AC and BD

9 Dem —Let ABC be the A, AD one of 1ts medians  Pro-
doce ADtoE, g0 that ED=AD JomEC Now (rv ) EC=AB,
and (xx ) AC and CE, that 13, AC and AB, are greater then AR,
that 1s, greater than 2AD Smmlarly BO and OA are greater
than 2CG, and AB and BC are greater than 2BF, (AB + BC
+ CA) > (AD + BF + CG)

10 Dem —Let the diagonals AC, BD, of the quadriluteral
ABCD mtersect m E Take any other powmt F in the quadrila-
teral Jom AF, BF, CF, DF Now (xx) BF + FD > BD,
and AF + FC> AC Adding, we get (AF + BF + CF + DF)
> (A0 + BD)

PROPOSITION XXI

1 Dem —Let ABC be the A, and O any pomnt within 1t
Jom 04, 0B,0C Now, AB+A0>0B+0C(xxx), AC + BC
> 0A + OB, and AB + BO > OA + O0  Addmg, we get
2(AB+ BC + CA)>2(0A + OB + 00), (0A + OB + 0Q)
< (AB + BC + CA)

2 Dem -—Produce BC both ways to meet AM, DN, m E, F
Now (xx ) AE+ EB > AB, and DF + FO> DO To each add
BC, and we have AE+ EF + FD> AB+ BO+CD  Agam, EM
+AMN+NF>EF (Ex §,xx) Toeachadd AE and DF, and we
get AM + MN + ND > AE + EF + FD, but we have shown

that AE+EF+FD>AB+BC+CD, AM+MN4+ND>AB
+ BC+ 0D
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PROPOSITION XXIII.

1 Sol.—Let A, B, be the given sides, and O the £ between
them Draw any line D@, and from DG cut of DE=A At
the pomt D 1n DG draw DH, making the £ GDH = C (xxrm )
In DH take DF = B, and jom EF DEF 1s the A reqmred

2 8ol —Let AB be the ;miven mde, and D, E, the given Zs,
At the point A 1n AB make the Z BAC =D, and at the pomnt Bin
AB make the L ABC=E ABOisthe A required

3 Sol —Iet A, B, be the given sides, and C the given angle
Draw any line DG, and m 1t make DE=A, and EF =B At
the pomnt D m DG make the * GDH =0 With E as centre,

AB/C\

and EF as radius, deseribe & O, cuttmg DHn J, K Jom EK,
EJ  Then evidently exther of the As DEJ, DEX, will fulfil the
given conditions

4 (1) Sol.—Let AB be the base, O the given £ , and 8 the
sum of the mdes At the pomnt A 1n AB make the £ BAF = C,
and m AF talo AE=8 Jomn BE At the pomnt B 1n BE mnke
the £ EBG =BEG ABG 1s the A required

Dex —Becuuse the L EBG =BEG, (vi)EG=BG To
each add AG, and we have AG + GB=AE, but AE=8 (const ),

AG+GB=S8

(2) Sol —Let ABbe the base, C the given £, and D the diffe-
rence of the mdes At the pomnt A 1 AB make the Z BAG = c,
andlet AG=D ProducoAGtoE Jom B&, and at the pomnt
B 1n BG make the £ GBE=EGB AEBsthe A requred

Dem —Because the £ GBE = EGB, (vi) EG=EB, but
AE-GE=AG, AE-BE=AG=D Hencothe difference
between AE and BE s D
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§ (1) Let A, B, be two points, one of which, B, 181n the given
hine GF It is requred fo find another pomt Cin GF, such that
CB + CA may be equal to a given line D

80l —In GF taskeapart BE=D Jomm AE, and at the point
A m AE mnke the L OAE=CEA, then O 1s the requred point

Dem —DBecause the Z CAE=CEA, OA=CE (vi) To each
add OB, then CA +CB=BE, but BE=D, CA+CB=D.
Hence C 1s the required pomnt

(2) Let A, B, be the pomnts, GF the given line

Sol —In GF take a part BG=D Join AG, and at the pont
A mn AG make the Z GAE=AGE E 15 the requred pomt

Dem —Becauso the L GAE=AGE, GE=AE,  AE-EB
=GE — EB, but GE — EB = GB, that 15, equalto D Hence
AE~EB=D BSmce a part =D can be measured from B 1n
exther direction, there are evidently two solutions in each case

PROPOSITION XXIV
1 Dem —At the point A, in AB, meke the £ BAH = EDF,
and make AH=AC or DF Jommn BH Now (xv) BH=EF
And because the £ BAC 1s greater than EDF, the bisector of the
L HAC must fall to the rght of AB Let AG be tho biscctor
Jom HG Now smce AH = A0, and AG common, and the
L HAG=0AG, (v)GH=GC To each add BG, and we
have BO=HG+GB, (xx)BO 1s greater than BH, that 1s,
greater than EF
2 Dem (Diagram to Ex 1) —The LAHG=ACG, but AHG
18 greater than AHB,  ACG 1s greater than AHB, that 1s,
greater than EFD
PROPOSITION XXV

Dem.—From BC cut off BH = EF On BH desorzbe the
; D

A BGH=DEF, thatis,having BG =DE, and GH = DF Jom
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AG Beceuse BA=DE, and BG=DE, BA=BG, (v1)
the 2 BGA=BAG Produce GH {o meet ACINE Now mince
AC = DF, and GH = D¥, 4AC=GH, GK 15> AKX,

(xvrx ) the £ GAK1s> AGK, but BAG=BGA, BiACis
> BGH, that 15, > EDF

PROPOSITION XXVI

1 Let ABChe the A
Dem —Let fall the L ADon BC Now (xxvsr ) the As ADB,
,ADC, are equal, DB=DC Takeanypont Em AD Jom
BE, CE Now (1v )the A* BDE, CDE, are equal, BE=CE.
Hence the pont E 15 equally distant from the pomnts B, C
2 Xet AD bisect the vertical £ BAC, and also the base BC
Dem —Produce AD to E, g0 that DE=AD Jom EC Now
(zv) the As ADB, EDC, are equal, AB = CE, and the
L BAD = CED, but BAD=CAD (hyp), CAD = CED,
hence {v1) CE=CA, but CE=BA, OA=BA. Hence the
& BAG 18 150sceles
3 Let AB, AC, be two fixed hines, and D a poimnt equally dis-
tant from them
Dem.—Let fall L* DE, DF, on AB, AC Jom EF, AD.
Because DE =DF, the £ DFl =DEF, butthe £ DFA=DEA ;
the L AFE=AEF,and AE=AF NowAE=AF, AD
common, andthebase DE=DF, the L EAD=FAD, the
hisector of the £ BAC 15 the locus of the pomt D In like
manner, if we produce BA to @, the locus of a pomt equally dis-
tant from AC, AG, will be the bisector of the 2 CAG
1m4 Let AB be the given night e, and CD, EF, the other
es
Sol —Let CD, EF, mtersect m G, and meet ABmm H, J
Bisect the £ HGJ by GK, meeting ABin K K 15 the pomnt
regmired
Dem —Let fall 1* KM, KN, on CD, EF Because the
L NGK = MGEK, and GNK = GMK, and GK common,
(xxv1) KN =EM There are evadently two solutions
5 Let ABC, DEF, be two As, nght-angled at A and D
having the base BC = EF, and the acute £ ABC = DEF ’
Dem —The At ABC, DEF, have the £* BAC, ABC, equal
to the L+ EDF, DEF, and the erde BC = EF, (xxv1) they
are equal 1n every respect
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6 Lot the nght-angled A* ABO, DEF, have the sides AB, DE,
equal, and also their hypotenuses BC, EF equal. It 1s required to
provo that the A are equal in every respect

Dem —At the pomt B an B0 malke, on the side remote from 3,
the £ GBC = DEF (xxur ), and make BG = DE or AB Jomn
0G, AG

Now the A® GBC, DEF, have the sides GB, BC =DE, EF,
gnd the £ GBC = DEF, (iv) CG = DT, and the £ BGC
=EDF, butEDFisanght Z, BGCisnght,and =BAC
Now BG = AB, the £ BAG = BGA., but BAC = BGO,

CAG =CGA, henco G =CA, but0G=DF, AC=DF
Hence the A* ABC, DEF, are equal 1n every respect

7 Lot ABC be the A, and let the bisectors of the £ ABC,
AOB, meet n O Jom OA, It 1s requred to prove that OA
bisects the £ BAC

Dem —From O let fall L* OD, OE, OF, on AB, BC, CA
Jomn DF The A®* OBD, OBE, are equal (xxvi), OD=O0E
Similarly OE=0F, OF=0D, and (v ) the LODF=0FD,
but the £ ODA = OFA (const), the £ ADF = AFD,

(vi) AF = AD Now AF =AD, AO common, and the base
OF = 0D, hence (virr ) the £ OAF = 0AD Therefore AO 1s
the bisector of the £ BAC

8 Let ABO be the A, and let BO, 0O, bisecting the two ex-
ternal Z%meet m O Jom OA It 18 required to prove that
OA busects the £ BACO

Dem —From O let full 1* OD, OE, OF, on AB, BC, CA
Jomn DF Now, asinthelast exercise, 0D =OF, the £ OFD
=O0DF, but the 2 OFA=0DA, AFD=ADF, and AD
=AF Now AD = AF, AOQ common, and the base OD = OF,

the £ OAD =0OAF Therefore AO hisects the 2 BAQ

9 Let A, B, C, be the given pomnts It 1s required to draw a
hine through G, such that the L* on 1t from A, B, may be equal

Sol —Jomn AB, bisect 1t 10 O Join CO, and produce 1t to D
From A, B, let fall the Ls AR, BF, on CD

Dem —Because AO=BO0, and the £*AEO, AOE=BF0, BOF,
« (xxvi) AE = BF

10 Let AB, AC, be the given lines, and D the given pomnt

Sol —Bisect the L BAOby AE  FromD let falla | DE on
AE, and producé 1t both ways to meet AB, AC, 1 B, O

Dem —The A*ABE, ACE, have the 4* AEB, EAB, equal to
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the £s AEC, EAC, and the mde AE common, the £ ABE
= ACE Henco the A ABC 18 1soceles There are two solu-
tiops Forif we produce BA to F, tiseot tho 2 OAF by AG,

Al

Bl DC

and from D let fall the L. DH on AG, and produce at to meet AF
1a F, we will have another 1sosceles A

PROPOSITION XXIX

1 (1) Dem.—If AB, CD, are not f}, Iet them meet m K
Then we have the exterior L EGK of the A GKH equal to the
intertor £ GHE, but this s impossible (xv1) Thereforo AB,
CD, must be |

(2) If AB, CD, are not [}, let them meet m X Then we
bave the £*KGH, GHE, of the A GHK, equal to two nght
L%, which 18 impossible (xvir) Hence AB, CD, must be |

2 LetAB, CD, be the [] hines, and AC, BD, the L *intercopted
between them,

Dem.—Jom AD Now, the £ ACD 18 night (hyp ), and ABD,
CDB, together equal two night £* (xxrx ), but CDB1s nght,

ABD 18 nght, and hence = ACD, and the ¢ BAD = ADC
(xxrx } Therefore the A® ABD, AQD, have two £+ of one
equal to two L of the other, and the ado AD common  Hence
(xxv1) BD=AQO i

3 LetEF be[to AB

Dem —Bisect the 2* ACD, BCD, by CE,CF Now {xx1x )

4

A B

E D by
the £ ACE = DEC, but ACE = DCE + DEC = DCE, and

DC=DE In hke manner DO =DF Therefore DE = DF,
c
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4 Let EF be the lime whose middle point 18 O, and terminated
by the |j* AB, CD

Dem —Through O draw a line GH, meeting AB, CDm G, H

The £ GOE=HOF (xv), and the L GE0 = OFH (xxix ), and
OE=0F (hyp ), therefore (xxv1) 0G=0H

6 Let AB, OD, be the [*, and O the pomt equidistant from
them

Dem —Through O draw EF, meeting AB, CD, n E, F, and draw
GH, JK, meeting them 1n G, H, J, K Because EF 1s bisected
m 0, (4)GH, JK, arebisected in O, then the As GOJ, HOK,
have two sides GO, OJ, and the Z GOJ 1n ane equal to the mdes
HO, OK, and the £ HOK 1n the other Hence (v ) G = HK

6 Let AEFD be the I formed by drawimng (| lnes FD, FE
from a pomnt F 1 BO to the sdes AB, AC, of the equilateral
A ABC

Dem —The LZEFB=A0B (xx1x), EFBisan/ofanequi-
lateral A, and EBF 13 an Z of an equlateral A (hyp), EBF
15 on equlateral A, EF =BF, but EF=AD, EF+AD
=2BF In like manner, AE + DF =20F Hence AE 4+ AD
+FE+FD =2B0C

7 Let ABCDEF be the hexagon, and let 1ts diagonals AD, BE
mtersect n O  Jom CO, FO It 1srequired to prove that 0O,
TO are m one straxght line

Dem —The £ ABO = DEO (xx1x ), and the Z AOB=DOE
(xv), and the side AB = DE (hyp), (xxv1) BO = EO
Agam (xx1x ) the £ CBO = FEO, and CB = EF (hyp ), and we
have shown that BO = EO, (xv) the £ BOC = EOF, to
each add the £ FOB, and we have BOO+ FOB =EOF 4+ FOB,
but EOF + FOB = two nght £* (xrir), BOO + FOB =

two mpht 2% and (zxv) 00, OF are in one straight
Iine

PROPOSITION XXXI

1 Let A, B, be the given £+, and H the altitude

Sol —Draw any hine 0D, and meke the Z DCE=A, and the
LCDE=B, letfall a LEF on CD If EF=H, the A 15
constructed  If not, produce it, and cut off EG =« H Through

?]c;mw JK || to CD, and produce EC, ED, to meet 1t 1n
3
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Pem —The £ EJK = ECD (xx1s) = A In like manner
EKJ=B, md EG=H Therefore EJK 15 the A required.
2 Tet AB be the given Ime, C the given pomt, and M the
ven 4
glSo?l.—Through C draw CE [[ to AB (xxx) At the pomnt C1n
CE make the £ ECD = M The £ ECD = CDA (xx1x)
CDA =M
3 Dem —The £ CAD = ADE (xxix), but CAD =EAD
(const), ADE = EAD, and EA=ED In hke manner
FB=FD Agun, the Z CAB=DEF (xxrx ), but CAB1san
L of an equlateral A, DEF 15 an £ of an equilateral A
Similarly DFE 15 an £ of an equilateral A, hence DEF 1s an
equilateral A, DE=EF, but DE=AE, AE=EF In
Iike manner BF = EF  Hence AB 18 tnsected.
4 Let ABC be the equilateral A
Sol —Let falla 1 AD on BC Bisect the £ BAD by AE,
meeting BC m E  Thronugh E draw EF [| fo AD, meeting AB
m F Through F draw FG [| to BC, and complete thet 1 EFGH
EFGH 1s a square
Dem —The £ FEA=FAD (xxix },= FAE, FA=7FE,
but FAG 15 an equilateral A, because FGisjj to BC, AF
=FG, but AF=EF, FEF = GF, and EF = GH, and GF
=EH, the four mdes are equal, and (xxrx) the £ GFL
=BEF, but BEFisanght £, GFEi1snght. HenceEFGH
15 & square
§ (1) Let ABC be the A
Sol —Produce AB to G Bisect the £ GBC by BF, meetng AC
prodnced m ¥ Through F draw FG || to BO
Dem.—The £ CBF =BFG (xx1x ), but CBF=GBF (const ),
GBF = BFG, and FG =BG If we bisect the £ BCF,
ABC, or ACB we get 1n each case another solution
(2) Sol —Produce AB, AC to E, F  Busect the L+ COBE,
BCF, and through D, where the bisectors meet, draw EF Iito
BC, meeting AE, AF, m E, F
S L OBE =R (cxzx ) b 05D — EBD (st
= an vI =ED 8§ =
Hoaco EB+FOLEF nllacly, FO=FD
If we bisect the £+ ABO, ACB, we have another solution.
N é2 ioL—Produce the base BO to G Bisect the /s ABC,
e- u,1 Fy’ 1]3;1), CD Through D draw DF [ to BC, meeting AB,
o2
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Dem —~The £ FDB = CBD (xxrx), but OBD = FBD
(const), FBD =FDB, and therefore FB = FD In Lke
manner CE=DE Henco BF-CE=FD-DE=FE If we
produce CB to H, and bisect tho £* ACB, ABH, we will have
another solution

8 Let AB, DC bo the {| lines, and B, D the givon points

SoL—Join BD, bisect 1t m E At E erect LA L to BD
produco 1t to meet CDn C  Jon AD, BO

Dem —Because EB = ED, LA common, and the £ AEB
=AED, (iv)AB=AD In liho manner BC=DC, and the
four mdos are equal to cach other Hence (Def xxix ) ABCD1s
a lozenge

7 Let AB, AQ be the hines given m position, M the line of
given length, and FG the Line to which the required line 15 to
be

Sol —(1) In FG take a part ED =M, through D draw DB ||
to AC, and through B draw BO[[to DE  BC fulfils the required
cond:tions 3

Dem —Because DBCE 15 2 II, BO = DE, but DE = M,

BO=1M.

Sol —(2) In FG tahe FH=M Through F draw FJ || to
AB, meeting CA produced m J, and through J draw JK
I to FH JK fulfils the requred conditions

I;;Im E’Becnuae ¥JEH 1 o O, FH = JK, but FH = M,
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PROPOSITION XXXI1

1 Let ABC be the nght £

Sol.—Make tho £ ABD equal an £ of an eqmiateral A (xx1rt ),
and draw BE bisecting at.

Dem —Beeause tho £ ABD 15 an £ of an equilateral A, 113
two-thirds of o nght2,  CDB 15 one-third, and half ABD 1s
one-third  Henco ABC 18 trusected

2 (1) Let ABC bo the A

Dem —Draw tho medion AD  Now if BD be greater than
AD, the £ BAD will bo groater than ABD (xviir)  Similarly the
LCAD will bo greater than ACD  Hence the Z BAC will bo
greater than ABC + BCA, and  will be obtuse, when thoe aido
BC 15 greater than 24D

(2) Dem —I£BD = AD, the LBAD=ABD, and :f CB=.AD,
the £ CAD = ACD Tonce tho Z BAC 1s=ABC+ BCA4, and 15

nght when BC =2AD

(3) In Liko manner it can be ehown that the £ BAC 1s acute,
when BC 15 less than 2AD

3 Let ABCDE be tho polygon.

Dem —Produco AB, DC to meet 1n A’, BC, ED to meet
m3B, &

Now the sum of the 47 of the A BA’Q 1s {wo nght £,
sumilarly tho sum of the £* of each of the external A*1s two night
£» Hence if there be n external A*, the sum of thair £ will
be 2» nght £+, but the sum of the extenor £ BOA’, CDB,
&e, 18 four mght £, and tho sum of the exteror £* CBA,
DCR', &¢, 15 four raight £¢ Henco the sum of the remaimng

£s must bo (25 - 8) nght 43, thatis, 2(n—4) nght £*

4 Let BAChathe A

Dem —Produce BA to D, and biseet the £ CAD by the line
AE] to BC

The £ EAC = ACE (xxrx.), but LAC = EAD, and EAD
=ABC, ACB=ABC .Andhence AB=AQ

& Let E be the point where CD euts AB

Dem.—Bisect ABmn F Jomn CF, DF  Now the hines AT,
BF, CF, DF are equal (x1r, Ex. 2) And beeause FD = I'B, the

£ FBD = ¥DB = FDE 4+ EDD, to each ndd tho Z EDB,
then the Z* EBED + LDB = I'DE 4+ 2EDB, but the £ CEB
=EBD + EDB (xxxrr), CEB = FDE 4 2EDB, but CEB
= FCE + OFE, and FCD = FDE, OFE=2LDB Agun,
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CFE = ACF + OAF, but ACF =CAF (v) OFE = 2CAFT,
20AF = 2EDB  And hence OAF = EDB

6 Let ABC be the A

From B, C draw 1s BD, CE tothe mdes AQ, AB, and let them
meet m G, jomn AG, and produce 1t to meet BCmm F It 15
required to prove that AF 1s L to BO

Dem —Join DE. Now we have two nght-angled As BEC,
BDO, and we have jomned thewr vertices E, D, hence (5) the £
EDB =ECB Sumlarly from the A* AEG, ADG, the Z EAG
= EDG (5), EAG = F(G, snd AGE = CGF (xv ), hence
(Cor 2) the £ AEG =GFC, but AEG1s a nght £, COFGus
night, and hence A¥ 15 L to BO

7 Let ABCD be the I3, and BE, CE the bisectors of the
adjacent L* B, 0 It 18 requred to prove that the £ BEC 1s
nght

Dem —The £* ABQ, DCB equsal two nght £* (xx1x ),
EBOC + ECB equal & nght £, and hence the £ BEC 15 nght

8 Let ABCD be the quad Bisect the external £s A, B, O,
D, lef the hiseotors meet n E, F,G, H It 1s required to prove
that the £* EHG, EFG, of the quad EFGH, are together equal
to two night £+

Dem —Produce BA, CD to J, K Now the £*ADG, ADK,
DAB, DAJ equal four nght £+, and the £» DHA, HAD, ADH
equal two rght 4%,  the L+ of the A HAD equal haif sum of
the £s ADC, ADK, DAB, DAT, btut the 2+ HAD, ADH are
the halves of JAD, ADK, hence the 2 DHA 1s half sum of
BAD, ADO, 1 like manner BFC 15 half sum of ABQ, BCD
Hence the sum of the 2% DHA, BFC 1s half sum of the four s
of the quad ABCD, and  cqual to two right £s

9 Let the mdes of the A DEF be L. to the mdes of ABO Tt

E
B G C

required to prove that the As DEF, ABO are equangular
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Dem —Since tho £+ CHE, EGC aro nght, the sum of the £+
HCG + HEG = two nght £¢(Cor 3), and HED + HEG = two
nght £*  Rejeot the common £ HEG, and wo havothe £ HOG
= DEF, that 15, the £ ACB = DEF In lhhke manner the £
BAC=EFD, and ABO=EDF

10 (1) Lot M equal sum of mdes, and N the hvpolenuse

Sol —Draw any line AC, and mako it equal to M In AC take
apat AD =N At the pomnt Cin AC make the £ ACB equal
half anght £ With A as centre, and AD as radwr, describe
the O DBF, cuttng CB 1n B Jomn AB, and at the point B 1n
BC make the £ EBO=ACB AED 1s the required A

Dem ~—DBeeause the Z EBC= ACB, EC=EB(vr) To each
add AE, and we have AC = AE + EB, but AC =X (const),

NiM
C

r

AE+EB=M Agun,the £ AEB = LBC+ ECB (xxxn ),
but EBC=ECB, ALB=2ECB,nnd1s anght 2

(2) Let M equal duffercnco of sides, and N tho hypoteouse

Bol —Drawany hne AC=N In ACtako AD=M At the
pont D i AC make tho Z ODB =bhalf o nght £  With A as
centro, and AC as radius, desennbo the O CBF, cutting DB in
B From Blot fall tho L BE on AC Jomm AB AED 15 the
required A.

C N
E ml

A, B
k

Dem —Because thoe £ AEB 15 right, and EDB half night,
- EBD 15 half nght, and (vt) ED =EB Hence AD 15 tho
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Dem —Though A, C draw AJ, CK || to EF

2

B
= J_.D
N
C K
EF G H

Now, because AJ, OK are each || to EF, they are || to one
another, and AB 1s || to CD, hence (xx1x, Ex 8) the £ BAJ
= DCK, also the 2 AJB = CKD, because each 18 nght, and
the mde AB = 0D, (xxv1) AJ = OK, but AJ = EG,
and CK = FH MHence EG=FH

(2) As 1 (1) the £*BAJ, AJB are respectively equsl to the
£3 DCK, CKD, and the sde AT=CK Henco AB =CD

8 Dem —Bmce AB=CD, and AJ=CK, and the Z AJB=CKD,
each being might,  (xxv1, Ex 6)the A* ABJ, CDEK, are equal
m every respect, hence the £ ABJ = CDK, but ODK = CMG
(xxix), ABJ=CMG Hence AB1s | toCD

4 Let AB, CD be the equal and || imes Jomm AD, BC,
mntersecting 1n E It 18 required to prove that AD, BC bisect.
each otherin E

Dem —The L* ABE, BAE are respectively equal to the
{* DCE, EDC, and the mde AB=0D (byp) Hence (xxvr)
BE = CE, and AE=DE

PROPOSITION XXXIV

1 Seo last cxareise fo Prop xxxmmr

2 Let ABCD be the [0, AC, BD its dingonals, which are
equal It 1s required to prove that the Zs of ABOD are
nght Zs

Dem —Because AD = BC, and AB common, and the bases
BD, AC equal, (vur ) the £ BAD =ABC, but (xx1x ) BAD
+ ABO equal two mght Z#, hence each 1s nght, and (xxx1v)
the £ BAD =BCD, and ABC = ADQ  Therefore all the /s
are night £+

3 Ree ** Sequel to Euchd,” Prop xv,p 11, 6th Edition
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4 Let AB, CD be two || ines, of which AB 18 the greater
Jomn AC, BD It 15 required to prove that AC, BD produced
will meet

Dem —From BA cut off EB=C0D Join EC Because EB
is equal and {| to CD, (xxxrmt ) EC 18 equal and || to BD,
and (xxmx)the £ AEC=ABD To each add the £ CAE,
then CAE + AECQ = CAE + ABD, but CAE and AEC are less
than two mght £° (xvir), hence OAE and ABD are less than
twornght Z* And AQ, BD, if produced, will meet

6 Let ABOD be n quad, having AB, CD §, but not equal,
and AC, BD equal, butnot | It 18 required to prove that the
L* CAB, CBD are supplemental

Dem —In CD take CE = AB Jomm BE Now (xxxm)
AC 15 = and || to BE, but AC =BD (hyp), BE = BD,
and (v) the £ BDE = EED, and (xxxiv) the L CAB
= CEB, hence the 2* CAB + BDE=CEB + BED But CEB
and BED are supplemental, hence CAB and BDE are sup-
plemental

6 Let A, B, C be the mddle pomts of the sides

Sol —Jam AB, BC, CA, and through the pomnts A, B, O draw
DE, EF, FD || to BC, AG, AB DEF 18 the required A

Dem —AB=CD (xxx1v ), and AB=CF, hence 0D =CF
In hle manner AD =AT, and BF =BE

7 Let ABCD be a quad, whose diagonals are AC, BD
Through B, D, draw FG, EH || to AC, and through 0, A, draw
GH, EF [to BD Jom FH It 1s requred to prove that the
ares of the A EFH 13 equal to the area of ABCD

Dem —Thearea of the A EFH 1s halfthe area of the O EFGH
(xxx1iv ), and the area of ABCD 1s half the area of EFGH,

EFI = ABCD, and the mides EF, EH are equal to BD, AC,
and the Z FEH = AJD, which 1s the £ between AC, BD

PROPOSITION XXXVI

Dom —Produce AB, EF to meet in J Through J draw
JK || to AH or BG, and produce DC to meetitin X Jomn KG
Now JK=DBC (xxx1v), but BC = FG (hyp), JK=FG,
and 1t 5 || to 1t, hence JFGK1sam™, JFis] to XG, but
JEs [|to GH Hence KG, GH aremone strmaght hne, JEHK

13a T and 1t 18 equal to JADK (xxxv), but JBCK = JFGK
Hence ABCD = EFGH
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PROPOSITION XXXVII

1 See “*Sequel to Tuchd,”’ Prop vr,p 4, 6th Ldition

2 Lot ABOD be a given quad It 18 requured to construct a
A equal 1n area to ABCD

Sol —Jomm AC  Produce DC {0 E, and through B draw BE
Ito AC JomAE ADEisthe A required

Dem —The A* ABC, AEC are equal (xxxvr) To each add
the A ACD, and we have the A ADT equal to the qued ABCD

3 Letthe pentagon ABCDEbe tho gaven rectilineal figure It
15 required to construct a A equal mn aren to ABCDE

Sol —Join AQ, AD Through B, E draw BF, IG || to AC,
AD, and meeting DC produced both ways in ¥, G Jom AF,
AG AGF 1s the A requred

Dem —The A* ABC, AFD are equal {xexvir), to cach add
ACDE, and wo have the pentagon ABCDI equnl to the quad
AFDE Agan (xxxvir), the A AGD = AED  To each add
the A ADF, and we have the A AGF equnl tothe quad. AFDE,
but AFDE = ABCDE Hence AGF = ABCDE

4 Let ABCD be a given 2 It 15 required to construct a
lozenge equal to ABCD, and baving CD as base.

Sol —If AD=DC, the thung requred 35 done  If not, let DC
be the greater 'With D as centre, and DC as madwus, describe
a2 O ECG, cutting ABm L Jom DE  Through O draw CF ||
to DE, mecting AB produced m F DIFC 1s the required
lozenge

Dem —DE = DC, but DC = ILF (xxxiv), DL =EF
Heonce tho four sides are equal, DEFC 13 a lozenge, and
{xxxv ) 15 equnl to ABCD

5 Let ABC bo a A, whose base BO 18 gaven, and whose area
1s givon. It 1s requured to find the locus of ifs vortex A

Sol —Through A draw DE[[to BO DE 1s the required locus

Dem —Take any other porat Fin DE  Join BF, CF  Now
{xxxv1r ) the A* ABCQ, FBC are equal. Henco DI 15 the locus
of the vertex of all A* having BC as baso, and whoso area 18
equal to the area of the A ABC

6 Dem —Through E draw LG [} to FD, and meeting AD
mG Jom GF, GC Now (xxxvir) the A EFD =GFD, but
GI'D=GCD, and GOD 15less"than AOD, EFD 1sless than
ACD, that 1s, 18 less than half ABOD



28 EXERCISES ON EUCLID [Boox 1

PROPOSITION XXXVIII,

1 et ABC be the A, and AD one of its mediens It 18
requured to prove that AD isects the A

Dem —BD=CD (Def Prop xx.), (xxxvimm)the A ABD
=ACD

2 Let ABC, DEF be two A*, having the mdes AB, BC equal
to the sides DE, EF, and the contuned £s supplemental It is
required to prove that the A® are equal

Dem —Produce CB to G, and male BG=B(C or EF Jom
AG Now the £* ABC, DEF are supplements (hyp ), and ABC,
AB@ are supplements (xir.) Reject ABC, and we have ABG
= DEF, hence (iv) the A ABG = DEF, but ABG = ABC
(xxxvirt) Hence DEF=ARBC

3 Dem —Divide the base BC of the A ABC 1nto any number,
such as four equal parts, in the pomnts D, B, F Jomn AD, AE,
AF  It1s required to prove that the four A into which ABC 1s
divaded are equal

The A BAD =EAD (xxxvr) Smmlarly EAD = EAF, and
EAF=CAF Hence the four A* are equal

4 Let ABCD be a O3 whose dingonals AQ, BD intersect in F
In BD take apomt E Jom EA, EC Tt s requred {o prove
that the A ABE=CBE, and that ADE =CDE

Dem —AF=CF (xxx1v, Ex 1), henco (xxxvu1 )theA AFB
= CFB, and AFE=CFE, hence AEB=CEB, but ABD=CBD,

AED=CED

6 Let ABOD be a quad., and let AC, one of 1fs dingonals,
bisect the other, BD mn E It 1s required to prove that AC
bisects ABCD

Dem —The A AEB=AED (xxxvin ), and the ACEB=CED
Hence ABC=ADC

6 See ‘“Sequel to Euchd,” Prop <mr, p 10, 6th Edion

7 See *“8Sequel to Euchd,” Prop xmr,p 10, Cor 1

8 See  Sequel to Euchd,” Prop 1, Cor 1, P2

9 Let ABC be a A, D, E the muddle pomts of AB, AC,
Fany pomtin BC Jom DE, EF, ¥D It1s requred to prove
that DEF =2 ABC

Dem —Bisect BCm G  Jom DG, EG Now (xxxv11 ) the
ADEF=DEG, but DEG=} ABC(8) Hence DEF=}ABC

10 Let ABC be a given A, and D a given pomt :n BC Itis
required to draw 4 line through D, hiseotmg the A ABC
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Sol—Jom AD Bisect BCmn E Through E draw EF || to
AD, and meeting ABmn ¥ Jomn DF DF 15 the required Line

Dem —Jom AE Now (xxxvrr ) the A*EI'D, EFA are equal,
Toeach add the A BEF, and wehavethe A BFD=BAE, but BAE
=}BAC Henco BFD=4BAC

11 Let ABC bea given A, and D a given pomnt wathm it It
13 requred to tnisect ABC by threo lines drawn from D

Sol.—Trnsect BOmME, F (xxx1v, Ex 3) Jom AD, DE, DF
Through A draw AG, AH [jto DE, DF Jom DG, DH AD,
DG, DH tnseet ABC

Dem.—Jom AE, AF Now (xxxvn ) the As ADG, AEG are
equal  To each add the A AGB, nnd we have the quad
ADGB equal to the A ALB, but AEB =1 ABC (3), hence
ADGB = 1ABC In like manner ADHC = 1 ABC, the
ADGH=1ABC Mencethe A ABC 18 tnsected by the Lines
AD, GD, HD

12 Let ABCD bo a I3 whose diagonals AC, BD intersect
mE Through E draw any line T'G, meeting AB, CDm F, G
It 35 required to prove that ¥FG hisects ABCD

Dem —The £ BLF = GED (xv ), and the £ FBE = GDE
{xxrx ), and the mdo EB = ED (xxxrv, Ix 1), hence(xxvr ,
the A+ BEF, DEG are equal Similarly, ALF = CLG, and
AED =CEB Henco FG biscets ABCD

13 Let ABCD be atrapezium  Biscet AD m E  Jomm EB,
EQ Itis requred fo prove that the A BEC=4 ABCD

Dem ~—Produco \BE, CD to meet n F  Now (xxvr) the
A AEDB = DEF, and EB = EF And since AEB = DEF,
AEB + CED = CEF;\ but (xxxvnr) CLF = BEC Hence
BEC=AEB + CED -

4

PROPOSITION XL

1 Let ABO, DEF be two A® whoze bases and altitudes aro
equal It 15 required to prove that the A* aro ogual

Dem —Produce BO, and 1o BO produced cut off GH = EF
or BC, and construct tho A JGH, hatung 1ts mdes JG, GH, HJ
respectively equal to the mdes DE, EF, FD of the A DEF
Jown AT, and from A, J let fall 1+ AT, JK on BH Because
the A DEF =JGI, ther alitudes are equnl, but the altitudes
of DEF and ABO are cqual (hyp ), hence the altitudes of JGH
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and ABC are equal, that 15, JK = AL, and they are parallel,
hence (s3\ximx ) AJ, BH are parallel, (axxvmr)the A ABC
=JGH, but JGH=DEF Hence ABC = DEF

3 Bee “ Sequel to Euchd,” Prop 11, p 2, 6th Edition
4 See ¢ Sequel to Euchd,’”” Prop mx, Cor 1,p 2

6 BSee ¢ Sequel to Euchid,”” Prop 1r, Cor,p 2

6 See  Sequel to Euchd,’ Prop v,p 3

7 Let ABCD be a trapezium, whose opposite mdes AD, BC
are |, E, F the mddle pomnts of AB, DO Jom EF It s
required to prove that AD 4 BC = 2EF

Dem —Through A draw AH || to DC, meetmg EF, BC
m G, H

Now (xxx1v ) AD = GF, and HC=GF, AD{+HO=2GF,
and (5) BH=2EG Hence AD + BC=2EF

8 See ““Bequel to Euchd,” Prop 1r, Cor 2,p 3

9 Let ABCD be a quad , AC, BD its dingonals  Biseot AC,
BDmE, ¥ JomEF BisectAB,CD,BC, ADmnG, H, J, K.
Jom GH,JK Tt 1srequired to prove that the hines EF, GH, JK
aro concurrent

Dem —Jom EG, EH, F&, FH, @J, GK, IIJ, HE

Now ((2) and (5)) GF 15[ to AD, and = 3AD Similarly, EH1s
fl to AD, and =4 AD, hence GF1s=and | to EH, (xxxm)
GFHE 1s a (3, hence (xxarv, 1) the diagonal EF biseots GH
m L In hke manner GJHK 15 a I, and the diagonal JK
bisects GH  Hence the lines EF, GH, JX are cruourrent
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PROPOSITION XLV

1 Lot A and B be two rectilineal figures It 15 required to
construet o rectangle equal to the sum of A and B

Sol —Construct a rectangular 1 EFGH oqual to A (xrv),
and to the strmght hne GH apply o 3 GHIK cqual to B, and
having the £ GHIanght £  FI s the required rectangle

Dem —The figare FI 15 equal to the sum of A and B, and 1t
18 evidently a rectangle

2 If wo apply the rectangulnr (3 GHIK to the left of GH, 1t
18 evadent that EFKI will be the requred rectangle

PROPOSITION XLVI

1 (1) Let AB, CD be cqual Iines  Upon AB, CD describe
squares ABEF, CDGH It is required to prove that ABEF
=CDGH

Dem —Join AE, CG XNow AB =BE, and OD = DG, but
AB =CD, hence AB and BE=CD and DG, and the £ ABE
= CDG, {(rv ) the A ABE = CDG, but ABLF = 2ABE,
snd CDGH=2CDG Hence ABEF = CDGH

{2) Let ABEF = CDGH It 13 reqmred to prove that
AB=CD

Dem —If not, from AB cut off AY = CD, and on AJ descrihe
the squire AJTEL  Now since AJ = CD, AJEL = CDGH, bat
CDGH = ABEF (byp), AJKL = ABEF, wlach 15 absurd
Hence AB=CD

2 Let ABCD bo a square, and BD ono of its diagonals In
BD take a pomnt E, and through E draw FG, HJ || to AB, AD
Tt 18 required to prove that HG, FJ are squares

Dem —Tho £ ADB=ABD (v), but ADB=HEB (xux);

ABD = HEB, henco the side HE = IIB, but HB=EG, and
HE =BG, B, HE, GB, EG, arc all equal Agam, the
L*EHB, GBH cqualiwo nght £* butGBHisnght, EHB
is nght, and (xxx1v ) the opposite £%are equal Heneo EGBH
18 squars  In like manner EJDT 18 o equaro

3 Let ABOD be a square, and E, F, G, I pomnts n the mdes
AB, BC, OD, DA respectively equdistant from A, B, C,D  Jomn
EF,FG,GH, HY Itisrequiredtoprove that EFGI1sa square-
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Dem —Tho A*AHL, BEF aro equnl 1 every respect (v ),
the mde EH <EF Sumlarly, EF = GF, and LI = GH

Huneo the four sdes are equal  Agmin, the £ ALE = BEF
To cach nddthe £ ALH, and we have the £+ ATIE, AEI equa.
tothe 2*BFF, AEIlI butAHE4+ALH=anght £, since tho £
at A 18 nght, BEF 4 AEIl = a nght £ Henco the £
FEH 13 nght In hio mtuner the other £* are nght,
LIGII s asquare  Sinmlar proof for other figures

4 Lct ABCDboa square It as required to divide at into five
cqual parts, namely, four right angled A® and n equare

Sol —Divide AC into five equal parts, and Iet AE =2AC
Through E draw IF || to AB Upon AB desenbe the semucirclo
AGIB, cutung EF in thoponts G, I Join AG, and produco

C D

A 3) B

it From Clot falls L CK on AK, and produrnit Jon BG
Trom D let full DM L to BG, meoting CK produced in L
ABCD is divided 1nto fivo equal parts

Dem ~—Join 0G  Beeause O 15 the centre of AGIIB, 0G =04,

(v )the LOAG=0GA BSmlarly,the £0BG=0GB Mcnce

(xxxrr, Cor 7)tho £ AGBisnght Agnmn, sincethe Z AKC is
nght, the £+ KCA, KAC nro togethor cqual to & nght £, and
therefore cqual to tho £ CAB, which s nght Reject the £
KAC, and wo havo the £ KCA = KAB, and the £ CKA = AGB,
beeauso cach 13 nght, and the side AC = AB, henco (xxvr ) the
A AKC=AGB, AK=BG,andCK=AG Inlikomannerit
can bo shown that tho A®* CLD, BMD are each equal to AGB
Hence the four A® are oqual, and tho lines AK, BG, CL, DV
nro cqual, and also the ines AG, B\{, CK, DI,, henco tho re-
muinders GK, GM, LK, LM, aro cqual  Agun, the rectanglo
ADREF 15 2 ABOD, and tho A AGB 18 § ADLF, AGB1s
ABCD, AKC, CLD,BMD are cach 1 ABCD Henee EGML
must bo 3 ABCD, and 1t 15 o square, for wo have proved the sides
cqual, and tho Z* aro nght £



00K 1] EXERCISES ON EUCLID - 33

PROPOSITION XLVII

1 Dem —ACHE=AOLG, but AOLG 15 the rectangle AG AO,
that 15, AB AO, and ACHK 15 AC* Hence AC?==AB AO
Similarly, BC*=AB BO

2 Dem —From GA cut off GM = GL, and draw MN [ {o GL
Now tho figure AL = AH (xxvir ), but AH=AC?*=4A0?+0C?,
and GN =3IN? = A0, henco OM = CO?, but OM =AO0 OB,
smee ON=0B Hence C0*=A0 OB

3 Dem —AC*=A0%+4 OC? and BC*=B0?*+0C* Sub-
tracting, we get AC*—BC*=A0%~B0?

4 Let AB, CD be the lines whose squares are given It 13
requred to find a line whose square shall be equal to the sum of
tho squares on AB and CD

8ol —Erect AE L to AB, and makeit equalto CD  Jomn BE
Now (xuvir ) BE?= AB* 4+ AE?=AB%+ CD?

6 Let ACBbo o & whose base AB 18 given, and the difference
of the squares of its s1des It 18 required to prove that the locus
of C1s anight hne L to AB

Dem —¥rom Clet falla 1 COon AB Now (3) AC*~ BC?
=AQ*-B0?, but AC*- BC*1sgiven, AO0?~—B0?1s given,
and 015 a given point,  the lme OC 1s given mn position
Hence 00 15 the locus of C

6 Dem —Let P, Q be the pomnts 1n which AC, GC intersect
BE Now (rv ) the A*CAG, BAK are cqual mn every respect,

tho £ ACG=AKB, and the £ CPQ=APK (xv), (xxxr,
Cor 7)the L CQP=KAP, CQPisa nght £,and CG1s L
to BK

7 8eo *“Sequel to Euchid,” Book I, Prop xxur (3)

8 Dem—Bmco EB=AH, AB= AE -+ AH, and AC 18 the
square on AB, ¢ ACas equnl to the square on the sum of AE
ond AH, but AC exceeds EG by four times the A AEH, and EG
18 the square on EII, hencethe square on the sum of AE and AR
exceeds the square on EH by four times the A AEH

9 Dem ~JonPH,QC Now (xxx¥vm ) the A PCQ=PBQ
To each add APQ, and we have the A ACQ = APB  Again, the
sum of the A* KAP, HCP cquals } KC, and the A KAB=} KC
(xu1), . EAB=KAPand HCP Reject the A KAP, and we
have the A APR=HCP, but APB=AQC, hence HOP = AQQC,
and their bases HO, AC aro equal Hences (xz ) therr altitudes
PQ, PC are cyual

D
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10 See ‘¢ Sequel to Euchd,” Book I, Prop xxmr (2)

11 Lot M, N be two lines It 15 required to find o line whose
square shall be equal to M3 - N3,

Sol —Draw a hne AB=M, and 1n 1t take AC=N Ereot
OE L to AB With A as centre, and AB as radus, desortbe
a Ocuttmg CEmn D  CD 1s the requred hine

Dem —Jomn AD Now AD3=AC*+0D?, , CD2=AD?
—AC*=AB?-AC*=M3-N?

12 Dem —From AQ cutof AD=B0, then, evidently, OD1s
the difference between AC and OB. On AB desorbe & square
ABFG, and on OD describe a square CDEH, and produce DE,
EH to meet ABFG m G, F (figure mmilar to that on p 89,
¢ Elements??)

Now CE 18 less than AF by the sum of the four As, that 1s,
by four times the A ABC Hence 0D?+4AB(C = AB?

13 Dem —Jom CF, C@, cutting AE, BEm P, @ Through
A draw AM ] to GO, cutting BK 1 R, and meeting I,G produced
m M Jomn BM, cuting AE m N Now, because AM 1s | to
GO, ond AG toML, AGCM1Ba3, AG=0CM, butAG=3F,

BF=CM, .FOMBiisar, , OFis || to BM, hence
(xx1x ) the £ ANM=APC, butAPCisanght £(6), ANM
15 nght, and AN 25 | to BM In like manner BR1s 1 to AM,
and OM bemg 1 to AB, AN, BR, OM are the .L* of the
A AMB, (xxxm,Ex 6) these hnes are concurrent, that s,
the lines AE, BK, CL are concurrent

14 Let ABC be an equilateral A Letfalla .L AD on BO

Dem —AB =AD?+BD" (xxvir), 4AB*=4AD?4 4BD?,
but AB?=4BD?, since AB=BC=2BD Subtracting, we get
8AB*=4AD?

15 Sol —InABtaleAH=BG JommDH,FH Theselnes

N

E F

l,

A H B &

divade the figure mnto tho parts required
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Dem —For 1f we take the A ATID and place 1t in the position
DCE, and place the A FHG 1n the ponition FKE, the figure
HFED wall be equal to the figure AGFECD, and at 15 evidently
& gquare

16 Let AB be the hypotenuze of the nght-angled A ACB.
Bisect BC, ACmn D, E Jom AD, BE It 1s requred to prove
that £AD*+ 4BE=§AB?

Dem —4 AD?=4 AC* 4+ 4CD?; but BC2=4CD3. - 4AD?
=4A0%4+DBC? Similarly, 4 BE?=4BC*+ AC2 Adding, we
get 4 (AD* 4+ BL) =56 (AC* -+ BC?) =5 AD

17 Let ABCbe 2 A, and O a punt within it. Through O
draw 1+0D, OF, OF to BC, CA, AB It 1s required to prove
that AF? + BD?* + CE?=BF?4+ DC?-+EA? Now (2) AF?-—-BF-
=A0Q® - B0, BD*~CD?*=B0%~ C0?, and CE* - AE? = CO?
—-04? Adding, we get AF?+ BD? + CE? ~ (BF2+ DC2+ EA?)
=0, aod hence AF? 4+ BD? 4+ CE:=BF? 4 DC? 4+ EA2. Bim-
12xly for a figure of any number of ades.

18 Let ABCD be a rectangle and O anypomt  Jow Q4A, OB,
0C, OD It 1s required to prove that OA®+0C?=08" 4 OD?

F Q G

7NN

N\

LN,

+

Dem —Produce DA, CB to F, G, nnd let fall 1+ OF, OG
on DF, CG

Now, OD? =DF* + OF?, and 0A*=AF? + OF2, OI?
—0A’=DF:-AF* Sumimly, OC? - OB? = CG? — GB?, but
DF?=CG?, and AF*=GB?, 0D?- 0A®=00*-0B?, and,
by transpoution, we have 0D+ OB?=0C? 4+ QA2,

19 1ot AB be the hypotenuze of » npht-angled A ABC It
18 requrred to dnvide it mto two parts, such that the duference of
their squares shall equal AG=

8ol —Bisect BC 11 D Jown AD, and let fall the 1 DE on
AB AE:*-BE*=AC.

Dem.—AD?*~BD*=AE?-BE? (3) thatis, AC*-+CD"~BD?
= AF2 - BE?, but CD*=DBD? (const), .. AC?=AE* - BE?,

D2
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20 Let ABC bo the A From B, O let fall 1¢BE, CD on
AC, AB It 1s required to prove that AB BD +AC CE= BC®

Dem —On BO deseribe a square BCT'G  Produce BE, CD to
H,J, ond through B, O draw BL, CK |j to DI, EI and make
BL = AB, and CK = AC  Complete the =* BLJD, CEKHE
Draw AM || to CF, meeting GF 1n M Now 1t can be shown, ns
an (xuvi ), that BM=D3J, and CM =CII, BF=13J+CH,
but BF = BC?, BY = AB BD, and CH=A0 CE Hence BC?
=AB BD+AC CE

Miscellaneous Exercises on Book |

1 Seo *“Sequol to Euchd,” Book I, Prop nir, Cor 1.

2 Yot DEF bo tho ongmnal A, ABC the A formed by driwing
through each vertex a [} to the opposito ade Let falla L FGon
DE Itis requiredto prove that GF isects BC perpendiculmly

Dem —The L CTG=DGF (xuix ), but DGF1snght, CFG
1nght Agun, BF = DL (xxxnn ), and CC=DL, BF=CT
Henco GF hisects BC perpendiculnrly  Simularly, the Le from
D, E on LF, DF bieect AB, AC perpendicularly

3 Let ABCboagiven Z, and D a given point It 18 required
to draw n hine through D, so that the parts DA, DC, ntercepted
by AB, BC, may be cqual

8ol — [hrough D draw DE || to AB, meeting BC in E, and
make EC=BL Jomn CD, and produce 1t to meet ABn A

Dom —AC 18 biseeted in D (xx , Ex 3)

4 Lot BD, CE, two of the medians of the A ABC, intersect
mH Join AH, and produce 1t to meet BCinF It 15 requured
to prove that AF 15 the third median

Dem —Produce AF to G, draw BG || to LH, and jomn GC
Now (xt, Ex 3) AG 15 lisceted1n H, andinthe A AGC, HD 1s
[te GC (xt , Ex 2), hence BICG a3, and  (vxxnv ,Ix 1)
BCishicected by HG,1nF  Hence AF 1sa median of the A ABC

6 Bce * Sequel to Tuchd,”’ Book I, Prop v, Cor

6 Yot @, & Do tho two sides, and ¢ tho median of the third mdo
It 18 required to construct a A having two sdes respectis oly oqual
to a and &, and the median of the third sido equal to o

8ol —Construct the A ABC, having AB=a, AC =, and BC
=2 DBiseot BCn D Jown AD, and produce 1t untd DU=AD
Jom EQ  ACE 1s the required A

Dem —The A* ADB, CDE are cqual (rv ) m every respect;
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AB=0E, butAB=a¢, CE=a, and AC=5, and BO=20,
* CD=¢

T (1) Scoxx,Ex 9
(2) Let a, b, ¢ bo tho sdes of the A, and «, 8, ¥ the medians

Dom —38+§y>a(Ex 8) Inhko manneriy+2a>?%, and
fa+5B>c Adding, wehave §(a+B+7)>(@+8+¢), and
therefore (a+B+v)> 2 (a+b4-¢)

8 Let a be the side, and 3, ¢, the mediang It 13 required to
construct a A, having o side oqual to ¢, and tho medians of the
remarmng sides equal to &, o

Sol.—Construet a A ABC (xx11 ), having BO (tho base) = a,
AB=355,and AC=%5c DBiscet BOmm D Jomm DA, and produce
to E, so that AE=2AD BIOC 1s tho required A

Dem —DProduco BA, CA to meet CE, BEmm F, G Now
ED 15 a medinn of the A EBC (const ), . (4) BF, CG are
medians, honee (5) BA = § BF, but BA=§4, BF =1
Sinnlarly, CG=¢

9 Leta, 5, ¢ bo the medinns of a A It 18 required to con.
struet 1t

Sol.—Construct a A ABC, having AB=%q, BC=%3, and CA
=%¢ DBiseet BOmD Jom AD, and produce it to L, so that
DE=AD Produce CB to I, and make BF =B0O Jom AT,
EF ATFI s the A required

Dem —Join EB, and produce it to meot AFin H  Produce
ABtomeet EFinG Jon CE  Now sminco AD = DE, and BD
=CD, ABEC13 a2, BHis]ltoAC Henco (xr, Ix 3)
AT 18 lisected sn I Sinmlarly, T'E 1s bisccted an G, and (const )
AL 18 biseeted 1n D, (Def } AG, DF, EH aro the medians,

2]
bonco (Ex 6) AB=2BG IutAB=Z, AG=¢ Inlke

manner 1t can be shown that FD =3, and Ed =¢

10 Lot ABC bo the A having AC>AB, and from AC cut off
AD=AB, and joon BD ILet fall AE L to BC, meeting BD 1n
G, and bisect tho £ BAC by AF meoting BD in T

Dem —The £ AFG 13 night (iv, Ex 1), and GEB 18 nght,
and the £ AGF = BGE (xv), * tho £ GAF = GBE, but
GBE = 3 (ABC -~ ACB) (xxxu, Ex 13), GAF=}(ABC-~
AOB)
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11 Tet AM, BN be the two | lines, and P tho given pomt
1t 1 requared to find 10 AM, BN two pomnts equidistant from T,
and whose line of connexton shall be JJ to o given line MN

Sol ~From P let fall a L PQ on MN  Iiscct the part CD

VAN
PW

botween AM, BN in E  Through Edraw AB[[to MN 4, B
are the required pomnts

Dem —Jom AP, BP Now the Z PLB=PQN (xx1x ), but
PQN11sanght £, PEBisnght, and snce CD 1s bisected 1n
B, (vux, Ix 4) ABisbisected n E  Now AE = BE, and
EP common, and the £ AEP=BEP, (n)AP=DP

12 Let a bo the sde, and 4, ¢ the two dingonals

Sol —Construet the A ALB, baving AB = g, AT = 35, and
BE=J0 Produce AE, BE to 0, D, so that CE = AL, and DE
=BE Join CD, AD, BC ABCD 1s the required (2

Dem —Tho mde AB=a, and AC, BD =3, ¢

13 Lot ABC bo & A, having tho mde AB greatcr than AC
It 18 required to prove that BE, the median of AC, 18 greater
than CF, the median of AB

Dem —Let BE, CF intersect:n G Join AG, and produce 1t
tomeet BCmm D AD s tho medn of BC  MNow because BD
=0D, AD common, and the base AB greater than AC,  (xxv)
the £ ADB 1s greater than ADC  Agan, BD = CD, GD com-
mon, and the £ BDG greator than CDG, (xxiv ) BG 18
greator than CG, but BG =5 BE, and CG=5O0F (6) Inco
BE 1s greater than OF

14 Let AB, OD be two | lines, and E a given pomnt. It 18
requred to indin AB, CD two points that ehall subtend o nght
augle at E, and boe cqually distant from at.

Sol —From Eletfallal EF on AB  Draw EG || to AB, and
make it equal to EF  From Gdraw GII L to CD  In AB tale
« =GH H,J are the requred pomts
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Dem —Join EH, EJ Becnuse LF =LG, and FJ =GH, and
the £ EFT =EGH, (iv)EJ =EH, and the £ FEJ = GFH.
To cach ndd the £ FEH, and vwe have the Z JEH=FEG, but
FEGisanght £ Hence JEH 18 nght

A J r B

C H D

E Gr

16 Let ABC be an 1gosceles A, and D & point in the base BC
From D lot fall 1L*DE, DF on AB, AC ¥romBletfalla L BG
on AC It s required to prove that BG =DE + DF

Dem —From D draw DH || to AC, meeting BGin H  Now
(xx1x ) the £ HDB=ACD, but ACD=ABD(hyp), IDB
= EBD, and the £ BHD=BED, cach bemng nght, (xxv1)
BH = DE, btut HG=DF (xxxrv ) Henco BG=DE-+DF

16 Let ABC bo the A At the muddle pomnts G, F of AD,
AC erect 1® to those mdes mecting at O Jomr O to E the
middle point of BC It 18 required to prove that OE s L to BC
B0 = 0C, sinco each 18=04 {rv), . £ OBE=OOCE {v), and

{rv )L OEB= OEC,and .OE1s 1 to BC Hence prop 18
proved Forsccond part seo © Elements,” 11th Edition, Book IV,
Prop v,Ex I

17 Let ABCbothec A Disect the £ BAC by AD, meehing
BCmm D FromDdraw DE, DF [ to AB, AC AEDF 1 an
anserabed lozengo

Dom —The L EAD = ADT (xx1x ), but EAD=FAD (const ),

ADF=FAD, and AF=DF Smmilarlv, AL=DE, but
(xxx1v ) AF = DL, and AL =DF, Hence the four sides AT,
DF, AL, DL arc equal,  AEDF 15 a lozenge

18 See * Sequel to Euchd,"” Book I, Prop x1v, 6th Edition

19 (1) Lot AB, AC be two fixed ines, and P the pomnt  Let
fall £+ PD, PE on AB, AC, then, bang mven the sum of PD
and PL, 1t 18 required to find the locus of P

Dem.—Produce EP fo F, and make PF =DPD Through F
draw GF || to AC, mecting ABin G Join GP, and produce 1t
both ways, GP 1s tho requircd locus DBecause PF = PD, to
each add PE, and we have EF =PD 4 PE,  EF 15 given,
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-om AC, GF 158 given
s PFG, PDG 1s nght, PF?
const ), GF*=GD*
nmon, and the base PF
Then, smce AB, GF are
otween them, GP 1s

4

———

[#

10 P any pomt within it
C, OA, andfrom A let foll

1wt PD + PE+PF=AK
Dem -—Through P draw GH || to BC, meeting AB, AC, AR 1n
G, H,L, sndfrom G letfalla L. G on A0 Nowthe £ AGH
=ABO (xx1x), . AGH1san Z ofan equlateral A Siumlarly,

L

AHG 18 an Z ofan equilateral A Henco AGH is an eqmlateral
A, AL=GJ, but GT=PD+PF (Ex 15), AL=FPD
4+ PF,and PE=TK Henoe AK=7PD + PE 4+ PF

4
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~ 21 See *Sequel to Euchd,” Book I, Prop xr -6th Edition

22 See “*Sequel {o Euclid,” Book I, Prop xr, Cor 1

23 Let ABCbon A, snd L a given length It 1s required to
ficd o paint F 1 BC, such thatif FK, FG, be drawn ] to AB, AC,
the sum of AG, AXK shall be equal to L

Sol —From B draw BD j to AC, and makeit=L From D
araw DE || to AB, and produco AC to meet 2t m I  Bisoct
the ZAED by LF, meeting BCm F T 15 the pont required

Dem —Through F draw GH || toBD, nnd FK ] to AB  Now
the £ HEF = KEF (const ), and (xwux ) the £ KLF = EFH,

.EFH = HEI, and HOL=HF, but IL =FX, FK
=FH To each add I'G, and we have FK + FG = GH, that 1s,
AG+ AKX =CGH, butGI=BD=1L HeecAG+AE=L

24 (1) Let BAC, IDT bo two £ whoso legs AB, DE, AC,
DF are respectively | Disect BAC, EDF by AG, DH Itis
required to prove that AG, DIL are ||

Dem —Join AD, and produceit toJ Now (xxix)the ZJDE
= JAB, npd IDF=JAC, FDE=OCAB, hence FDH = CAG

G C H F
And it bas been shown that JDF = JAQ, JDH = JAG
Tenco (xxvi ) DH 15 parallel to AG
(2) Let BAC, EDF bo the Z* DBiscet BAC, EDF by AG, DH
Produce GA, HD tomeetsn L It 18 required to prove that HL

181lto GL
Dem —Froduce FD to J, and biscot the ZJDE by DE  Now

F

L

u
A

the £ FDH = EDH, and JDK = EDK, henco HDE = half sum
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of JDE and EDF, but JDE and EDF = twonght Ls, HDK
sanght 2, and HDE = HLG, HLGisnght And heneo
HLis L to GL

25 Let ABC be the A of which A 13 the vortex, produce BA,
CA to D, E Bisoct tho £¢ CAD, BAE, by thoe hno FAG
From B, O let fall L* BG, CF, on GF  Bisect the 2 BAC by
AH Jom BF, CG It 1s required to prove that BF, CG meot
on AH

Dem —Produce CF to meet AD m D Now the L CAF
r= DAF, and CFA = DFA, and AF 18 common,  (xxvr)CF
= DF, nnd because the Z DFA = HAF, each bemng nght, AH
18]Jto CD Now, smnce F 18 the mddle pomt of the base CD
of the A UBD, and BF jowned, and AH {{ to CD,  (xxvmr,
Ex. 7), BF liseots AH  In ke manner CG bisccts AH  Hence
BF, CG meet on ATL

26 Dem —From the vertices A, B, C, of the A ABC, let fall
1+ AD, BE, CF on tho opposite sides, let them ntersect mm G
Jom DE, EF, FD Itis required {o prove that tho L AD, BE,
OF hisect tho L* EDF, DEF, and EFD

Now the £ ODE = CGE (xxxm, Ex 6), and BDF = BGF,
but (xv) CGE = BGF, CDE = BDF, and ODA =3BDA,
gince cach 18 nght, EDA = FDA, henco the L EDF 15
hisected by AD  In like manner the £* DEF, EFD are hisceted
by BE and OF

27 Let ABC bo o given A, and D a given pont withmn 1t,
It 18 required to imscrbe, m ABQ, a O3 whose diagonals shall
antersect an D

B® H ¥ K ©

SoL—Through D draw DE || to AC, and from EB cut off
LF=EC Jom FD, and produco 1t to meet A in G Draw
DH [ to AB, and from HC cut off HK=BH Jom KD, and
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produce 1t to meet ABm L Jom 6L, FL, GK GLFK 5

e required [
thI)ez(:l: —FG 15 bisected mn D (sn, Bx 3) Smmlarly, KL1s
bisected n D Hence (xxx1v, Cor 5) GLFK 158 a I3

28 Let 51, 82, 83, 31 be the smides of the quadnlaternl, and A, B
the muddle pomnts of two opposite mdes It 18 required fo con-
-struct 1t.

Sol.—Jom AB, and on 1t deseribe the A ACB, having BC=1s,
and CA=}1s CompletetheTI ADBC Jomn DC, and describe
the A ODE, having DE =422, and OE=3s  Complete the

—_—

:z
b

G_ A ®. “

DI DECF Through A, E, B, F draw HG, GK, XJ, JH } re-
specively to DE, BC, CE, CA GHJX 1s the required quadn-
lateral

Dem —HF = AC (xxxrv), and JF = BD, but AC + BD
=2A0, henco HI =g In hke manner GH= 82y GK =41, and
JK=4g

29 Boe “Sequel to Buchd,*’ Book I, Prop vimx

30 Xet ABO be the gven rectlineal figure, and O the given
pomt. From O let £l 1 on BC, CA, AB, and let them be
denoted by », p1, p2, then, if p 4 p; + 2 bo gven, 1t 15 required
to prove that the locus of O 15 a xight Iine

Dem —In BO take a part EF, equal to any givenhme  Jomn
‘OE, OF TInAGQ, AB take GH, JK, cach equal o EF  Jom OG,
‘OH, 0J, OK. Now let EF be denoted by 5, ond we have
bp=2A OEF (II 1 Cor 1), and, smilarly, for the As OGH,
QJK  ‘Therefore (p + ) + D) 18 equal fo twice the sum of the
areas of those A¢, but the bases, and sum of the areas, are
gwven  Hence (Ex 29) the locus of Q15 o nght hne

31 Dem —Through O and B’ draw CD, BD | to BB’ and
BC Jom DO, cuttng BO m B Now (sxx1v ) BB'=CD,
but BB'=C0' (hyp), OD=0CC’, and OF 15 common , and
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the Z ACB = D(CB, because each 1s equel fo ABC, hence (1v)
the £ CEC'=CED, eachisanght £, (xxix.)B'DE1s
nght, hence B C’D 1s acute, and  (xrx ) B 0’ 18 greateér than
BD, thot1s, greater than BC

32 (1) Dem —From Bletfalla 1 BC on L, and produceit
tomeet AP1n Q@ In L talo any other pomt S Jomm AS, BS,
QS Now, because BCP=QCP, and the £ BP0 = QPC, and
CP common, (xxvi)BP=QP Smmlmly, BS=QS Hence
AS -~ BQ=AS - 8B, but AS — BQ 1s less than AQ, AS
— SB 1s less than AQ, that 18, less than AP — BP

(2) See “Sequel to Euchid,”” Book I, Prop xx1

33 Let ABCD be a quadrilateral It 1s required to bisect it
by a line drawn from A, one of 1ts angular ponts

Dem —Join AC  Produce DOtoE Throngh B draw BE [jto
AC JomAE Bieet DEmF JomAF AF bisects ABCD
Now the A AEC=ABO (xxxvr) To each add the A ACD,
and we have the A AED = the quadmlateral ABQD , but AED
=2ADF (xsxvin), ABCD=2ADF

3¢ Dem —Biseot ED m F Jomm AF Now (xmr, Ex 2),
the hines EF, AF, DF are equal, hence the Z FAD =FDA,

D A

C B

but (xxx11) the L AFE=FAD+FDA, AFE=2FDA, and

(xx1x ) = 2DBC, but AF = AB, because each 15 equal to
3$ED, the £ ABF=AFB, but AFB=2DB0, ABF=
2DBC Hence DBC =31 ABC

36 Dem —The three £# ABC, BCA, CAB are equal to two
nght £+, ABO, BAO, BCO are equal to a nght Z, but BOD
=ABO 4 BAO, BOD and BCO equal a nght Z, and EOQ
+ BCO equal a nght £, hence BOD + BCO =EOC + BCO,

the £ BOD = EOC

36 The angles of each external A are respectively equal to
3(B+0), 2(C+4), 3(A+DB) Ses xaxn,Ex 14 Hence
the three external A® are eqmuangular

37 (1) Dem —Lcet ABOD bo the quadrilateral Bisectthe Z*
BOD, CDA by CE, DE It 1s requured to prove that the Z CED
=%(DAB+ ABC)
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Now the Z* DAB, ABC, BCD, CDA are together equal to
four nght 4% and the £* CED, EDC, DCE are equal to two
nght £s, hence (OED+ EDC + DCE)=} (DAB+ ABC + BCD
+CDA), but EDC=3ADC, end DCE=%D0B Hence CED
=4 (DAB + ABC)

(2) Bisect the £* ABD, ACD by BE, CE Produce BE, OE
to meet AC, BDmnF, G It1s requred to prove thatthe Z CEF
=% (BAC-BD()

Dem —Jom AE Now the Zsof the figure ABEC are equal to

B

four nght £+, and the Z*of the figure BECD are equal to four
night £¢, hence the £¢(BAC 4+ ABE + BEC + ACE) = (BEG +
GEF + FEO 4+ EOD + ODB 4 DBE), but ABE = DBE, and
ACE = ECD, ond BEC = GEF  Reject these, and we have
BAC=CDB+GEB+CEF=CDB+2CEF Hence the £ BAQC
exceeds CDB by 2 CEF, that s, CEF =} (BAO-~CDB)

88 Dem —It has been proved (\rvir, Ex 7) that EF?=AC?
+4B0* Bimmilerly, KG?=B03+4AC* Addmg, we get EF?
+ EG*=5 (AO*+BC*)=5AD?

39 Let A, B, O, D, E be the mddle points of the mdes of a
convex polygon of an odd number of mdes It 1s requred to
constroet 1t

Sol —Jom CD, DE, andthrough G, E draw CF, EF| to DE,
OD, and (xxx1v, Ex 6) construct the A GHJ, having A, F, B
for the mddle points of its sides, GH, HJ, JG& Jomm JC, and
produce JC to K, so that CK=CJ Jom KD, HE, and pro-
duce them tamest n I, GHLEJ 18 the requred polygon

Dem —Join HK Nowin the A HIEK, HJ, JK aro bisected
m F, ©, hence (xr, Exercises 2 and §) FC 1s || to HE, and
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equal to half of 1t, but FO = ED, ED 1s || to BK, and

equaltohalf HK  And hence (x1 , Ex 8) HIL, LK are bisected
mE, D

40 Let ABDC be a quadmlateral It 1s required to triseot it
by Lines drawn from C, one of its angular pownts

Sol —Jom BC Produce DB to E, and draw AE || to BC
Jomn CE Trnsect ED m F, G (xxxxv, Ex 3) Jomn COF, CG.
CF, CG tnsect the quadrilateral

D
Y

B

E

Dem —The A CEB = CAB (xxxvn1) To each add OBD,
and we have the A CED = the quadrilateral CABD, but the
A CGD=%CED, CGD=3}CABD In like manner OFG
=4CABD If F falls between B and E we can (Ex 33), bya
line drawn from C, bisect the quad ACGB, each half of which
will be 3 CABD

41 Tet ABC bea A whose base BO 18 gaven m magmitude and
position ,* and the sum of its mdes BA, AC also given. Produce
BA to D, and make AD = AC  Bisect the £ CAD by AE
Erect OE 1 to AC Jowmn BE, DE, and from E let falla 1 EF
on BO produced It 18 required to prove that the locus of E 18
the L EF

Dem.-—Because AC = AD, and AE common, and the 2 CAE
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=DAE, . (tv) CE=DE, and the L ACE=ADE, but ACE
15 & nght £ (const), - ADE 13 nght, hence (xzvmx ) BE?
~ED*=8D?, but BD 1s gmiven, snce 1t 1s equal to BA + AC,
and ED=EC, BE?-EC?1s given, and the base BC 1s given
Hence (xtvx, Ex 5) the locus of E 15 EF, the 1 from E
on BC

42 (1) See xxxr1, Ex 8

(2) Let ABCD bea 3 1t 1s requured fo prove that EFGH

1s a rectangle /E
D c
P X
A A4 B

Dem —The £* ABC, BAD are together equal to two nght £s
(xxix ), the L* EBA, EAB together make o nght £, hence
the £ AEBisnght Snilarly, the £* at F, G, H are nght
Hence EFGH 15  xectangle

(3) Let ABCD be n rectangle It is reqmred fo prove that
EFGH 15 a equare

Dem.—Because the £ BAD = CDA, the £ BAE = CDG
In hke mamner the £ ABE = DCG, and the side AB = CD .

(xxv1 ) AE=DG, but AH=DH, smnce the £/ ADH=DAH .
HE=HG In li.o manner all the mdes are equal, and
the Z*arenght £* Hence EFGH 1s a square

43 Dem.—Jom AE Now (x1, Ex §) EF=1AB=3BD,
and FG=8D, EF=FG, and AF=CF (hyp), OF and
FG=AF, FE, and the £ CFG = AFE (xv ), hence (rv) CG
=AE, but AE 13 2 medinn of the A ABC, aleo CD, a mde of
the A CDG, is one of the medians of ABC, and BF, the remaimng
median, 1s equal to DG (xxxxv) Hencothe mdes of the A cheG
are equal to the medians of ABC

44 Let ABCD be the billinrd table, E the pont from which
the ball starts, and F the pomt through which 1t wall pass

Sol —From E let fall a 1 EG on AB, produco EG fo H, s
thet GH = EG From H let fall a 1 HJ on CB produced ; and
produce HJ to K, £0 that JK=HJ From F letfall g { FI, on
AD, and produce to M, £0 that LM =LF, and from Af let fall o




48 EXERCISES ON EUCLID [Boox 1~

1 MN on OD produced, and produce fo P, so thet NP=MN Jom
KP, mtersecting BCm Qand CDmn R Jomm HQ, MR, inter-

H,
J
S
A G ‘%ﬁ
E

ML "-

iy /{R ¢
secting ABmn S, and ADm T Jom ES, FT ESQRTF wih
be the path of the ball

Dem —Because EG=HG, GS common, and the Z EGS=HGS,
the £ ESG=HSG, but HSG=BSQ (xv), ESG=BSQ,

hence the ball will be reflected 1n the direction S  In like man-
ner 1t can be shown that the Z HQY=RQC, and therefore the
ball;will be reflected from Q 1n the direction QR Similarly, 1t
will be reflected from R along BT, and from T along TF

46 Let ABC be the A, AD, BE the bisectors of the £s A, B
1t 18 required to prove, 1f AD=BE, that the L CAB=ABC

Dem —If the angle CAB be not equal to ABC, let CAB
be the greater, then, since the Z CAB 1s greater than ABC, its

C
F

a2

H

B A

half, the L DAC, 1s greater than EBC, the half of ABO, then
make DAF equal to EBC Now, smnce the £ DAB 15 greater
than ABE, the whole Z FAB 1s greater than FBA, the mde
FB 18 greater than FA  Cutoff BR=FA, and draw GH [ to FA,,
then the A®* GBH, FAD hove evidently two Z*1n one respectively’
equal to two %1 the other, and the mde BG=AF Hence BH
is equal to AD, but BE 15s=AD (hyp) Hence BH=BE,
which 1s absurd  Hence the £ CAB 15 not unequal to ABC, that
13, 1t 18 equal toat, and  (v1 ) the A ABC 1s 1s0sceles



ROOK 1] EXEROISES ON EUCLID 49

46 Tot ABC be a A, whose base and difforence of sides aro
given Biecct the £ BAC by AD  Ereot OD Lto AC The
locus of D 18 & right hine

Dom —Let fall s L. DEonAB JomBD Now (I xxv1)the
A% ACD, AED are cqual 1 overy respect, DO=DE, and
AC=AE, AB-AC=BE, btut AB—ACQisiven, BE1s
gwven Agmm, BD? - DE*=DBE?, that 15, BD?— CD? = BE?,

b
b
Q

hence BD? — CD?1s gaven, and the base BO 15 given  Now we
aro given the base, and the difference of tho squares of tho mdes
of the A BCD Hence (xrvrm, Ex 5) the locus of tho vertox
D s a nght line L fo BO

47 Let EFGH bo a square mscribed in the A ABCG It 1s
reqired to prove that (BC + AD)s=2 A ABC, whero s denotes
the side of the equare

Dem —Letfalin L ADonBC Jom DT, DG Now BD EF
=2 A BFD (II 1,Cor 1), that 13, BD s=2 ABFD Bum-
latly, DC s =2 A DGO, BC.e=2 A BFD + 2 ADGC

-

A

B E DHQ

Agam, AD FK=2 A AFD, and AD GK=2 A AGD, AD.s
=2AFDG Addmg, we got (BO+AD)s=2 A ABO
®
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48 Dem —Let falla \ OE on AB Now (xuvmr, Ex 20)
BC* = AB BE + AC 0D, but (xxvi) the A* BEC, BDO are
equal, mnce the A ABCisisosceles, BE=DC, and AB = Aq
Hence B0?2=2A0 CD

49 Let ABC be a nght-angled A, and let eqmlateral Asbe
deseribed on ifs three mdes It 18 required to prove thaf the
A ABD 15 equal to the sum of the A* ACT, BCE

Dem —Bisect A0 m G Jomn FG, BG, FB, 0D Now the
L CAF = BAD, to each ndd UAB, and we have the £ FAB
= OAD, and AF=AQ, and AB=AD, (trv) the A AFB,
ACD are equal Agam, because each of the £* FGO, AOB1s
nght, BC, FG are | , (xxxvix ) the A FGC=FGB To

F

D

each 2dd the A FGA, and we have AFCG=to the quadrilataral
AFBG Agam, to each add the A AGB, which 1s 4+ AOB, and
we have AFC + } ACB=AFB Hence ACD=AFC + } ACB
Similarly BCD = BEC + } ACB  Add, and we have ACBD
=AFC + ACB + BEQ Reject the nght-angled A AUB, which
15 common, and the A ABD=AFC + BEQ

60 (1) Let AB be the base, X the difference of the base FAS
and 8 the sum of the mdes It 1s required to construct the
A

Sol —Draw BD, making the £ ABD = } X, and draw BO
Ll toBD With A as centre, and a radius equal to 8, desoribe s
O, cutting B0 mn 0  Jom AQ, cutting BD m E  Bigect OB
wF Jom BF AFB s the requred A

Dem —The limes BF, OF, EF are equal (x1r , Ex 2}, FE
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=FB, tho/FBE=FEB, butFEB=FAB+ ABE (xxxxr),
. FBE = FAB + ABE, hence the £ FBA = FAB + 2ABE,

g A B

and hence the L ABE 15 half the diufference of the base £*, but
ABE=4X Hence tho difference of thebaso 2*=X, and ance
FB=FC, AF+FB=AC=8, the sum of the sides=S

(2} Let ABbe the base, X tho difference of the base 2%, and D
the difference of the sides

Sol.— Draw BE, maling the Z ABE=4X ith A as centre,
and a radius equal to D, desonboa O, cutting BEmE  Jomn AE,

o L

A B

and produco 1t Draw BC, making the £ CBL=CLB, and mest-
g AE produced 1n ¢ AOB 1s the required A

Dem —CB=OE (v1), AL=AC-CB, but AL=D,

AC ~CB=D, and, as before, the dufference of the base Z¢
=X

61 Sol —Let AB be the base, and M the median that biseets
the base To AB apply a3 ABCD, whosc orea 18 equal to twice
the given area (xtv) Diseot ABm E  Wath E as centre,
and a radius equal fo M, deseribe a O, outtmg CD 1 F Jom
AF, BF AFBs the required A

62 Dem —Jom AG, CG, FG The A CED = CGD +OEG,
andtbe A EBC=BGC - CEG Bubtracting, we get OED - EBC

2
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=2CEG Simlarly AED--AEB=2AEG Subtracting, wehave
AEB + CED ~ (AED + EBC) = 2 (CEG ~ AEG) Agan, CEG
= OFG + EFG, and AEG = AFG — EFG, OEG - AEG
= 2EFG Aund hence 4EFG=AEB + CED - (AED 4+ EBC)

53 (1) Let ACB be the A Describe squares AH, AF, CE
on the mdes AC, AB, BO respectively Bmsect AC i J Jom
BJ, EF Itisrequired to prove that EF=2BJ

Dem —Produce BJ to M, so that JM =JB, and jorn MO

Now (rv) the As MJU, AJB are equal in every respect,

MO = AB = BF, and OB = BE, hence MC, OB equal

BF, BE And because AC and BM bisect each other m J, MC
and AB are |, the £» MCB and ABC are together equal {0
two right 2% and the £ EBF, ABC are equal to two nght £»,
since ABF and CBE are nght, the £ MCB = EBF, hence
(iv) MB=EF, but MB=2BJ, EF=2BJ

(2) Produce MB tomest EFmN MNis | to EF

Dem —From the equal A* COMB, BFE we have the £/ CMB
=BFE, but OMB=ABM, BFE=ABM To eachadd NBF,
and we have BFN 4 NBF = ABM 4 NBF, but since ABF 15
nght, ABM 4+ NBF equal a nght £,  BFN 4 NBF equal a
nght £, and hence the £ BN 18 night



BOOK 11 } EXERCISES ON EUCLID 53

BOOK IT

PROPOSITION IV

1 Dem —AB*=AB AC+AB BC (u),
but AB AC=AC*+AC CB (m),
and AB BC=BC"+AC OB  (m),
Therefore AB AC+AB BC=AC+BC*+2AC OB,
that 1z AB =AC*+BC"+2AC CB

2 Let C bo the vertieal £ of the nght-angled A ABC From
C let fall a L CD on AB It is requred to prove that DC?
=AD DB

Dem ~—AB'=AC? 4+ CB?2 (I x1vm), but AC?=AD?4 DC2,
and CB* = BD2+DC*, AB*=AD*+BD¥42DC* Agnmn,
AB=AD*+ DB+ 2AD DB{rv) Hence DC =AD DB

3 Let ABC be the right-angled A In the base AB cut off
AD = AC, and BE=BC It 13 reqmired to prove that ED?
=2AFE DB

Dem —AB = AC+0B* (I xuvn ) = AD? + BE?, but AD?
= AF + ED®* + 2AE ED (v}, and BE* = BD® + DE?
+2BD DE,. AB'=AE*+ED*+2AE ED 4+ BD" 4+ DE?
+2BD DE, also AB’=AE+ED*+DB*+ 2AE ED42ED DB
+2AE DB (v, Cor 3) Hence ED"=2AE DB

4 Let ABC be the nght-angled A, CD the L from the nght
angle on the base It 1s required to prove that (AB+ CD)? ex-
ceeds (AC + CB)® by CD?

Dem —AC CB 13 equal to twice the A ACB, and AB CD
13 equal to twice the A ACB, AC CB=AB CD

Now (AB+CD) = AB"+CD*+2AB CD,
end (AC+CB)* = AC:+ (B4 2AC OB
Subtracting, we have (AB + CD)? —~ (AC + OR)® = AB® ~ B(?
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~CA24+-DC?, but AB*-BC?=AC?, (AB+CD)*-(AC+0B)?
=A0*-AC*+ DC2=DC?
5 Let the sdes of the A be denoted by a, &, ¢, ¢ beng the
hypotenuse Itisrequired to prove that (a+b+¢)*=2 (c+ a)(c+ B)
Dem —(a+b+epr=a"+8B+c2+2ab+2a0+2 b0, but a” + b2
= (I xvwn), R+ B+ =2 Henee (a+5+ o)
= 2 (¢4 ac+do+ab)=2 (o4 a) (0 + )

PROPOSITION V

1 Yot AB bothe given strmaght me Busectaitm O Itus
requred to prove that AC CB 18 & maximum

Dem —Take any other pont D 1 AB, then AD DB+4-0D?
=CB (v), but0B2=AC CB, AC CB=AD DB+0D?,
that 15, AC OB 1s greater than AD DB by CD* Hence, when
a hine 1s biseoted, the roctangle contamned by the parts 1s a maxi-
mum

2 Lot AB bo the given straight line, and L the line whose
square 18 given It 18 required to dinde AB, so that the reoct-
angle contamed by 1ts segments will be equal to I?

D

A [ F B

Sol —Bisect ABin C, with O as centre, and OB as radius,
deseribe a semicrole  Draw BD L to AB, and=to L Through
D draw DE || to AB, cutting the semicirele 1n E , lot falla L EF
on AB  The rectangle AF FB=I32

Dem —Jomw CE Now AF FB 4 OF? = CB? (v) = CE?
=CF*+FE{(I xuvx) Take away CF% which 13 gommon,
ond AF FB=FE:=RBD3=L#

3 Let ABObethe A From Oletfolla L CDonAB Itis
required to prove that (AC 4 BC) (AC — BO)=AB (AD - DB)

Dem —AC? = AD?* + DC* (I ~<zvir), and BC? = BD?
+D0? Subtracting, we get AC? - BC®* = AD" - DB?, that1s
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(AC + BO) (AC — BC) = (AD + DB) (AD - DB) = AB (AD
- DB)

4 Dem —(AD + BC) (AC — BC) = AB(AD - DB) (Ex 3),
but (AC+BC)1s greater than AB (I xx ), (A0 — BC)isless
than (AD ~ DB)

6 BSee ¢ Sequel to Euchd,’” Book II , Prop 1, Cor

6 Let ABC be the A It 18 requred to prove that AC?
= (AB + BO) (AB-BC)

Dem —AC? 4+ B(C? = AB?, AC? = AB®* — BC® = (AB
4+ BC) (AB - BO)

PROPOSITION YI

1 XLet AB be tho strmght line which 18 bisected 1n O, and
divided externally n D It 18 required to prove Prop vr by
Prop v, by producing the line DA 1n the opposte direction

Dem —Produce DA to O, and make OA = BD

Now OB BD 4 OB? = CD2 (v), but smce OA = BD, OB
= AD Therefors AD DB 4 CB? = CD?

2 Let AB be the miven Ime It 18 requared to divide 1t exter-
nally m E, so that AE EB =17, L being & given hne

8ol —Bisect AB mm C Erect BD 1 to AB, and make 1t
equal to L Jomm CD With C as centre, and CD as radius,
describe & aiecle, meeting ABm E  Eis the pont required

Dem —Now AE EB + OB* = OE? = CD? = CB? + BD?
Reject OB?, which 1s common, and AE EB = BD? = 12

3 In Ex 2 AB=AE—EB, and1s gven, I2=AE EB,

we find the point E and AT, EB are then the lmes requmed

4 Let AD, DBbetwolines Bisect ABin C

Dem —Because AB 1s the sum, OB 18 half sum, and AD=AC
4+ 0D, and DB=CB—-CD, AD-DB=20D, henceCD 1
helf difference Now AD DB+ CD?*=CB*(v), AD DB
= 0B2—0D? = square on half sum ~ square on half difference

6 Doem —Let AB be the sum, and D? the difference of thewr
squares To AB apply the rectangular 1 ABOE=D? Now,
since the sum multiphied by the dufference 18 equal to the differ-
ence of the squares, and that AB 18 the sum, therefors AE must be
the dxfference Produce BA to F, and make AF =AE Therefore,
smee the sum together with the difference 18 equal to twice the
greater, 1f we bisect BF i &, BG will be the greater, and AG
the less
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If wo take AE equal to the difference, and apply the rect-
angular £ ABCE = D?, we have the second case

B c

F A G B

6 See “Sequel to Euchid,’”” Book IT, Prop 1, Cor

7 The rectangle contained by two straight lines, together with
the square described on half their difference, 15 equal to the square
on half therr sum

PROPOSITION VIII

1 Dem —By the third proof of Prop vir (AB + BO)2
=4AB BO + AO?, but AB BO=BO0*(I xuvix, Ex 1), and
AO% = AC® — 002, (AB + BO)? = 4BC? + AC? — COZ,
but 4 BC?* + AC?® = EF? (I ~xtviz, Ex 7), (AB + BO)?
=EF3- (03

2 Dem —GK3=4A0% 4 BC?* (I xivz, Ex 7), and EF?
=4B0*+AC?, GK3-EF2=3AC?-3B0C?, but (I ~uvm,
Ex 1) AC*= AB AO, and BC? = AB BO, GK? - EF?
=3(AB AO—AB BO)=3AB (AO - BO)

3 Sol—Let AB be the difference of the lIines Biscet AB
m O, erect BE 1 to AB, and maske 1t equal 2AB=2R Jom
CE, and produce CBto D Cut of CD=CE. AD, DB are the
required lines

B

A C B D

Dem —AD DB + OB? = CD? (vi) = CE? = 0B? + BE?
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Reject CB? which 15 common, and we have AD DB =BE?
=4R?* Hence AD, BD arc the required hnes, for their diffe-
rence 1s AB, that 15, R, and their rectangle 1s equel to 4 R?

PROPOSITION IX

1 LetAB be thogivenline Bisectatin C It 1s reqwred to
prove that AC? + OB® 15 o mimmum

Dem —Take any other pommt D in AB  Now AD? 4+ DB?
=2A0? 4+ 2CD? (ix) = AC® 4 CB® 4 2 CD?%, therefore
AC3? + CB? 1s less than AD? + DB® by 2CD® Hence, when
a hine 1s bisected, the sum of the squares on its segments 1s a
mimmum,

2 Iet ABbe a given lime It 18 required to divade 1t inter-
nally, so that the sum of the squares on the parts may bo
equal to L2

SoL—Draw BC, malung the £ ABC half anght £ With A
a8 centre, and a radius equal to L, desenibo a O, cutting BC 1 D
From D letfalla L DEon AB  E s the pomnt required

Dem —Becausethe £ EBD1s half a night £, and the £ BED
nght, the Z BDE 15 half 2 nght ¢, EB=ED, EB?
= ED?, AE?+ ED? that 1s, AD? that 1s L2 = AE? - EB?
If the O does not meet the e BC, the question 1s 1mpos-
sble

3 Dem —From AC cut off AE = DB Now AD? 4 AE?

=2 AD AE 4 ED?(vi ), that 15, AD? 4 DB? = 2AD DB
+4CD?
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4 Lot ABChethe A In AB take any pomnt D  Jomm OD,
It 18 required to prove that 20D? =AD2+4+DB? From O let
falla L CE on AB Now AD?+ DB?== 2AE?+ 2ED? (1x),
but AE =EC Therofore AD? + DB%*= 2 EC? + 2 ED?*=2 OD?

&5 BSoo *Sequel to Euchd,” Book IT, Prop xm

PROPOSITION X

1 (1) Let AB be the sum of the lines, and 222 the sum of the
squares

Sol —Bisect AB1n C  Erect OD L to AB, and make 1t equal
to ACor CB Produco DCtoE Cutof DE=« ‘WithD as
centre and DE as radius, desenibe 2 O, cutting ABmmF AF
and FB aro the requred lines

Dem —Join DF, DB Now AF2 4 FB? = 2A03 +4 2 CF?
(1x ) =2DC3+ 2 OF% =2 DF? = 2 DE? = 22°

D

A c B
x\h_/p

(2) Lot AB be tho difforence, and 22* tho sum of tho squares

80l —Bisect AB 1n G, and erect OD L to AB, and male 1t
equalto ACor CB  Produce DCto E Cut off DE=2 With
D as centro, and DE as radus, deseribe 2 O, outting AB pro
duced m ¥ AF and ¥B are the required lines

Dem —Join DB, DF Now AF3? 4 FB? = 2402+ 2 OF?
=2DC?+4 20F% = 2DF? = 2 DE? =223

2 Let CE be the mediun which bisects tho base AB It 18
required to prove that AO? + CB2 = 2 AE? + 2 CE?

Dem —From O let falla L CD on AB Now AD? 4+ DB?
=2AE?+2ED? (x ), and OD?*+ CD?=2CD? Add, and we
got AC?+ CB2=2AE?+2C0E® Orapply Props xir and xur
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3 Let BC be the given base of a A ABC, the sum of the
equares of whose sides AB, AC, is equal to & guven square It
15 requared to prove that the locus of the vertex Awsa O

Dem —DBiseet BC 1w D Jom AD Now (Ex 2), BA®
+ AC® = 2 BD? 4 2 DAZ, but BA? + AC® 18 ;iven (hyp ),

2 BD? 4 2 DA? 35 mven, and 2 BD? 18 given, smnce BD 18
half of the piven baze BC, 2 DAZisgiven, DAisgven,
ond the pomt D 15 mven  Hence the locus of A s a O, having
D ns centre, and DA as radius

4 Dem —Buect ADm E  Jom BE, CE Now (Ex 2)
AB*+ BD?*=2 AE? 1+ 2 BE?, and AC? 4 CD" =2 AE? + 2 OF?,
btut AD® + BD?* = AC® + CD? {hvp), hence 2 AE?+ 2 BE®
=2 AE?® 4 2 CL?, and therefore 2 BL2=2 CE®*, BE=CE

5 Seo “Bequel to Euchd,” Book II , Prop m

N PROPOSITION XI

1 Let AB be the hno It 13 required to cut it externally in
extreme and mon ratio

Sol —Ereet BC L to and equal to AD  Biscct ABin D Jomn
DC. Producc ABtoL Cutof DE=DC ABiscutm Eun
extreme and mean ratie

Dem.—AE EB + DB2 = DE? (v1 ) = DC? = DB? 4 B(?
Reject DB?, which 1s common, and AL LB = BC*= AB?

2 Let AD be & hine divzded 1n extreme and mean ratio at C
It 1s required to prove that AC* — CB*=AC CB

Dem —AB  BC = AC® (hyp ), but AB=AC +CB, -
{AC = CI) CB = AC?, thnt 15, AC CB + CB*=AC?, and
AC CB=AC*-CB?

3 Ict ACB bo n nght-angled A, having AC? = AB BC
From C let Ialln L CD on AB It 15 required to prove that
AD BD=AD?

Dem.—AC?=AB BC (byp ), nd AC*=AB AD (I xivwir,
Ex 1), AD = BC, AD? = BC?, but BC* = AB BD
(I <tvir, Ex 1) Hence AB BD = AD?

4 (1) Dem --AB* + BC* = 2 AB BC + AC? (vmr), but
AB BC=AC? (hvp) Henco AB?-+BC?=3 AC?

(2) Dem —(AB+BC)?’=4 AB BC+AC2{vir ), but AB BC
=AC? (hyp) HMence (AB + BC)? = 5 AC?
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6 * Dem —Join FK, AD Now the square AFGH 15 double
of the A AFK (I x1r) .And the rectangle HBDXK 1s double of
AKD, but AFGH = HBDK (xr), the A AFK=AKD, and
hence (I xxx1x) AK1s | to FD In Lke manner, by jommng
BF, GD, 1t can bo shown that GB1s || to FD Hence the three
hines AK, FD, GB are parallel

6 Dem —Jomn BF, and produce OH to meet 1t mn I,

Because EB = EF, the £ EBF = EFB, and the £* at I are
nght (x1, Ex 7), the £ BOL = FOL, but BOL = EOC,

EO0=ECO,and EO=EO,butEC=EA, EO=EA,

the £ EOA = EAQ, nnd TOC=ECO Hence the £ AQC
= 0AC + O0A, and 18 therefore (I <xxm1, Cor 7)a nght £

7 Let CH be produced to meet BF at L It 18 required to
prove that CL s L to BF

Dem —The A* FAB, HAC, are cqual (I 1v ) 1n every respect,

the £ FBA =HCA, and the £ LHB=ATIC (I ~xv), the

£ HLB=HAC (I xxxir, Cor 2), but HAC 1s 2 nght £
Hence HLB 1s nght

8 Dem —In AB take AH=B0 —~ AC DProduce CA to F, s0
that AF = AH, then evidently CF =CB Complete the square
AFGH Produce AC to E, and make CE = AQ, and completo

F G
H B
A
//
C
E K D

the square ABDE Produce GH to meet EDin X Now we have
the construchon\as mProp x1,and AB BH =AH? Hcnee
AB 18 divided 1 “ extremo and menn ratio’? at T

* See diagram 1m Euehd [II xr ] for this and the two follow-
ing Exercises
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PROPOSITION XTI

1 Dem —Produce AC, and let fall a 1. BD on AC produced
Male DE =CD, and jom BE Now the A* BCD, BED are
equal 1 every respect (I 1v), the £ BCE == BEC And

A C D &

since the £ ACB 1s twice an £ of an equilateral A, each of the
£* BCE, BEC1s an £ of an equlateral A , hence the A BCE1s
cquilateral, BC=C0E=2CD

Agam, AB?=AC?+-CB%+2AC CD, but we bave shown that
BC=2CD Hence AB*=AC?*+CB2+AC CB

2 Dem —Jom AC, bisect1tm O Jom BO, DO,E0 Now
the lines AO, BO, CO are equal (I xur, Ex 2), hence OBO 1s

[
\

B C B

an 1sosceles A , OE2-0C*=BE CE (vr, Ex 6) Inlike
manner QE2 - 0D = AE DE, hut0OC=0D Hence AE DE
=BE CE

3 Dem —Produce AB, DB Cut off BE =D, and BF = BC

P
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FBC =BDO+BCD (I xaxm), but
AN FBE = BCD, hence (I 1v)
oqual 1n every respect, therefore tho

Z BET 18 nght Now AF3=AR®
and AF?=AB?4-BF*4-2 FB BD,
t BL = DO, and BF = BC Henco

o AB, and equal BO  Jom AD, CD
AC CB(xu ), andCD*=CB2+ IID?

+ +CD3=2 AC?, AD? = 2 AC?
0D) =2A0 ABD  Agam, AD?=AR?
AD? = AR? 4 BC* Henco AB?

O From D lot fall n L DI'on AB
« )0 CF = p*(thogiven square) C1s

O CF B

B Jom OE, OD, CD
200 OF (x11)=0024CD¥+p?,
)02+ CD%4 p?, that 18, 0C" 4 CE?
! -CD2=p°
+ )2 CB?*(v1 Ix 6), but OD3=2 AD?
"B~ CDB¥= 2 AR — AB" = AD?

1 * }SITION XITI.

v texAletfalla L ADon BC Trom
foon AE Now the A ACD = ALD
AC=AE, and the £ AEC = ACE,
1 cqulateral A, the A ACE 1s
= 2CD Agmn, AD? = BC? 4 CA?
wo have shown that 2 CD = AQ
BO AC
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2 See “Sequel {o Euclid,”” Book II, Prop 1v.

3 Sol —FErect BD 1 to and equalio AB  Jomm AD Produce
ABtoC Catof AC=AD C1sthe pomnt required

Dem.—AD*=AB2+4 BD® = 2 AB?, AC2=24AB* To
each add BC? and we have 2 AB? + BC* = AC? + BC?
=2AC BC+AB3(vm), AB*+BC*=2AC IBC

PROPOSITION XIV

1 Sol —Let a Iine CD be found {xrv } whote zquar 15 squal
to the given difference of squares  On CD construct a rectangle
CE equal to the given rectangle Produce CD fo A, so that
CA AD=DE?(vr,Ex 2} Prodance ED Trom Ainflect AB
=DEtothe kne DB, and jorn BC  BC avd BD are the requirea
Lines

/

P4

A D c
E F

Dem —DBecause AB? = DE” = QA AD, the £ ABC 1s right
(I =zvu,Ex 1), AB DC=DID BC (xir, Ex. 3), hence
the rectangle CE = BD BC, and CE 13 equal to the gmiven
rectangle  Aleo because the Z BDC 13 nght, BC? — BD* = DC3,
which 15 cqnal to the gaven difference of zquares

2 Beo Book II , Ex G, Miceellaneous

Miscellaneous Exercises on Book 11,

1 Let ABCD be o quadrilaters], AC, BD its diagonals, and
EF, GH lizes joining the middle ponts of BC, AD, AB, CD
1t 15 requred to prove that AC? + BD? = 2 EF? 4- 2 GH?
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Dem —Jom GE, EH, HF, F¢ Now GEHF118a(I x1,
Ex 6), 2GH*+2EF2=2GE*+2EH?+2HF*+2FG@*
(<, Bx 5)=4 GE?+ 4 EH?

Agam, GE=}AC (I x1, Ex 6), md EH=13D, 4 GE2
+4 EH3=AC2+ BD? Hence 2 GH? + 2 EF* = AQ? + BD®

2 Let AD, BE, CF be the medians

Dem —AB? .+ AC2=2BD?+2 AD? (x., Ex 2), 2 AB?
+92A0*=BC?+4 AD?, but AO = §AD, AQ02=$AD?,

9 AO? = 4 AD?, henco 2 AB? + 2 AC? = B0? + 9 AQ?
Sumlexly 2 AC? + 2 CB? = AB® + 9 00% and 2 OB®+ 2 AB?
=AC?*+9B0?, 3(AB?+ BO?+ CA?)=9{A0%+B0%4C0?)
Hence AB? + BC® + CA? = 3 (AO? + BO? 4 CO?)

3 Sol —Construct the A OCG, having 00=D, 0G=2E,
and 0G=F Bisect OG m B Jown CB, and produce 1t to A
Cut off AB=BC Jomm A0 OA, OB, OC are the required
lines

D
0 B

Dem —The A* ABO, OBG are equal 1n every respect (I 1v),

A0=0G=F,and 0C=D, and OB=E

4 Let ABCD be a quadrilateral, AC, BD its diagonals Biseot
AB,CDmmE,F Jom EF It 13 requred to prove that AD?
4+ B0 + AC? + BD® = AB? 4+ D02 + 4 EF?

Dem —Jomn CE, DE Now AD? + BD? = 2 AE?{ 2 ED3
(=, Ex 2), ond AC*+BC?®=2BE*+2CE?, AD?+ BD?
+ AC® + BO® = 2 AE2? 4+ 2 BE? 4-2 CE? 4 2 DE?, but 2 AE®
+2BE?=4 AE*=AB?, and 2 CE*+ 2 DE? =4 DF? + 4 Ef
=D0? + 4 EF? Therefore AD? + BD? 4 BO? + AC® = AB?
4+ D0® + 4 EF?

6 Leta, b, c be the mdes of the tnangle On g, 3, ¢ desonbe
squares Jom the adjacent corners, and let the joiung lines be
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denoted by a, B, ¥ It 15 reqmred to prove that o® + B2 4 o*
=3 (a% 4 83 + ¢?)

7

A | & | /o

Dem.—Complete the construction, as m I xmvmr, Ex 6.
Now we have (x, Ex 2) a?+a?=28+4+2¢, B2+ P2 =2¢
+2a?, and 9?42 =242+ 208 Add fogether, and we get
FHB+ PP+ 80+ =4 (a®+024+¢2), and  o® + B2
+72=3 (a2+ b!+c2)

6 Let ABbea givenline It 1s required to divide 1t 1nto two
parts at C, so that the rectangle contamed by another given line
X, and one segment BC, will be equal to AC?

Sol.—Erect AD L to AB, and equal to X. Complete the rect-
angular I3 ABLD  Construct a square equal to ABED, and let

Hi

}\
A G/ 1

G/

D M] J
X —
AF be one of 1ts sides Biseet ADmn G Join GF  Produce DA
to H Cut of GH=GF In AB take AC=AH C 1s the
reqmired point

Dem —Complete the square AHKC Produce KC to meet DE

R4

v

-
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m M Now DH HA+ AG? = GH? (v1), but GH? = GF?

=AG24+ AF?, DH HA = AF?, but AF? = ABED (const );
the figure HM = BD Reject DC, and HC = BM, but BM

18 the rectangle BC BE, that 1s, BC X, and HC 15 AC?,
BC X=4A0 ,

If we put %—-f = X, where m 18 any quantity, we get AB BC

=m AC?
7 Dem —DBisect AB mm O Erect OE L to AB, and jom
00, EP Now (11, 3) CD 1s bisected at E, (x, Ex 2)

c

A o P B

OP? + PD? =2 CE? + 2 EP? == 2 CE? 4. 2 E0% 4+ 2 OP* =2 CO?
+20P2=2A0%+2 OP2= AP? 4+ PB2 (ix )
8 See ‘“Sequel to Euchd,”’ Book II , Prop vIr
9 Let ABCDE be the pentagon, AC, BD, CE, AD, BE s
diagonals Bisect the diagonals Let a be the lme joining the
mddle ponts of AC, BD, 8 of BD, CE, v of CE, AD, § of
AD, BE, and e of BB, AC  Itisrequired to prove that 3 (AB?
+ BC? + CD3 + DE? + EA?) = AC? + BD? + CE? + AD? + BE?
+4 (o + B2+ 9 + 324 €F)
Dem —From xu1, Ex 2, we have—
AB? 4+ BC?+ CD? + DA?=AC? + BD? + 4 o?
B0+ CD? + DE? 4 EB* = BD? 4 CE2 4- 4 82,
CD?+ DE? + EA? + AC? = CE? 4 DA% 4 4 42,
DE24 EA2 4+ AB? 4 BD?= DA% 4+ EB* + 4 52,
EA2+ AB*+ BC?*+ CE?=EB34- AC*+ 4 2
Add together, and we have
3 (AB? + BC? + CD? + DE? + EA%) = AC? + BD? 4 CE?
+AD? + BE + 4 (a® + B+ 7* + 8% + ¢2)
10 See * Soquel to Euclid,” Book I, Prop v
11 See ‘¢ Sequel to Euclid,”” Book II, Prop viix
12 See ‘‘ Sequel to Euclid,’” Book II, Prop x
13 See ¢ Sequel to Euchd,’* Book II , Prop x, Cor
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14 (1) Dom —It 1s proved mn Ex 12 that
mAC?+n BC3=m AD?+ n DB+ (m + 2} DC?,

butm AC" 4+ #BCisguen(hyp), mAD '+ aDB+(m4-n)
NC1s given, and m AD? 41 DB21s given, (m+ 0y DC31s
gven, but (m+4n)1s gnen, DC?*as pven, DCis given,
and D 1s a given point  Henco the locus of the verfoxisa O,
having D as centre, and DC s radius

(2) This caso can be proved in a mmlar manner by using
IEx 13

15 Let ABCD be a rectangle, of which AB, AD aro adjacent
sides On \DB, AD deserho squares AF, AE  Draw the diago-
nals AF, AE It 1s required to prove that AF AE 1s cqual to
twice tho rectanglo AC

Dem —The dingonals AT, AE aro evidently in the same nght
hne Xet falln L BG on AF  Now, becauso the £ ABI is
nght, AF? = AB" + BF? = 2 AD? TYor a similar reason AL?
=2 AD", bence AF? A= 4 AB? AD?, therefore AF AE
=2AB AD, thatis, AF AEiscqualtotwice the rectangle AC

16, Dom —Jown AB, BC DBuscct ABm G Jom PG, CG,

P

1
¥ 8 G B

AP, BP,CP Diido GCmnH, rothat IO =2GH Jomn PH.
Now AP? 4 BI? =2 AG? 4+ 2 GP* {x, Ix 2), and 2 PG? 4 PC*
=2GH*+ HC*+3HP? (Ex 12), AP+ BP?4+CP3=2 AG?
+2GH*+ 1IC?+ 3HP?, but AP*+ BP 4 CP21s gaven (hvp),
-2AG*+42 GH?, + HC-+ 3 HP?1sgiven, but 2AG* 15 given,
and 2 GH?, and HC?, hence 3 IP?us guven,  XIP 1s given,
and the point H s given  Jence the locus of Pasa O
17 Xet ABCD be n equare, and AEGH s rectanglo of equal
area, Itis required to prove that the perimeter of ABCD 18 Jess
than that of ALGH

r2
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Dem —ABCD=AEGH (hyp) Take awaythe eommon part
AEFB, and we have EDCF = BFGH, hence these must be the
complements ebout the diagonslofa 3, if DO, AF, HG be
produced, they are concurrent Let them meet:n K Now DK
18 greater than DA the £ DAK 1s greater than DKA, that

D Y K
E E G
A B H

18, OFK 15 greater than CKF, OK 1s greater than CF, and
therofore greater than DE  To each add CD + EA, and we get
KD + EA, thatis, GE + EA, greater than CD 4 DA Hence
the perimeter of the rectangle 15 greater than that of the square.
18 Let the tranversal be divided by the lnes, so that m AC
m_ BC
=# OB, then =G
Dem.—m AD2 +1 DB*=m AO?+41n BC®+ (m+n) CD2
(Ex 12),
m BC

’L’AD=+DB==2'A02+BG=+( )GD’ bt 2 < 205
n n n  AC

BO BO BC
—_— 2 3 e 3 ] - 0]
!CAD+DB X0 AO+BC+( C+1)0D’

BO AD?+4 A0 DB*=BC AC*4 AC BC®*+AB CD32,
BC AD?+AC DB*-AB OD?=AC CB(AC+CB),
. BC AD34+ AC DB?—-AB CD?=AB BC CA

Lemma —If & O be desorzbed about an egquilateral A the
square of the mde of the A 1s equal to three times the square
of the radius

Dem —Let BO be the side of the equilateral A ABC, and O
the centre of the eiroumsenbing O Join BO, and produce 1t
to meet the eircumference :n D Jom DC, OC, OA

The radu BO, OC, OD are equal the £ OBC = OCB and
the £ ODC=0CD (I xxxur Cor 7), the Z BOD 15 nght;

BD? = BC? + CD? = B0? + CO? Let BO bo denoted by r,
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then BD? =423, and 0C% = #2, 4r3=3BC?4-942 And there-
fore BC? = 31

19 Dem.—Jom AD, CD, CD* Now i the A DCD’, DD 2
=DC?-+CD?4+DC CD (xxx,Ex 1), 6 DD?*=6DC?
+6CD?+6DC CD’

Agan, AC?=3 CD? (Lemma), and CB*=3 CD"?, AC* COB?
=9CD? CD2, AC CB=3CD CD, 2AC CB=6CD 0D,
hence we have 6 DD?=2 AC*4+2 CB*+2AC CB=AC?4CB?
+ (AC?+-CB2+ 2 AC CB)=AC?4 CB* 4+ AB?

20 —Dem —Let ¢ be the hypotenuse , thenad=¢p (1, Cor 1),
< @ B=cp?, a?B=(a?+8%)pP=ap? 4+ 82 p® Divide by
at 5 p2, nnd;{_—:b—li+;1;

21 Dem.—Smce ABD1sanisosceles A, DC?*-~DB?=AC OB
(vi,Ex 6)=AB?*(hyp) Hence DC?=DB?4AB2=2AB?

22 Let a vanable line AB, whose extremities rest on the cir-
cumferences of two given concentric O¢, subtend a night £ ata
fixed pont P It1s required to prove that the locus of ats mddle
pomnt C1sa O

Dem —Jom OA, OB, OP Buwsect OP n D Jom CO, CD,
cr

Now A024+0B2=2 BC?+2C0%(x ,Ex 2), but AQ, OB are
given, being radu of the given O*, 2 BC? + 2 CO?3s given,
«* BC? 4 CO? 13 gzven, but BC=CP (I xn, Ex 2), <CO?
+ CP*1s given, thatis, 2 OD*+ 2 DC? 1s given, but 2 0D2%1s
given, smee OF 18 bisected in D, .. 2 DC?1s given, . DCasa

given ling, and D 154 fixed pont.  Henco the locus of C1s a2 O,
having D as centre, and DC as radius
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BOOK III
PROPOSITION XII

1 Lot AB be the chord subtending a mght £ at the pomnt C.
It 18 required to provo that the locus of the mddle point of AB
182 O

Dem —Let D bo the contre Draw DD L to AB, and jom

DA,

Now (rr ) AB1s luisected ;n &,  tho hines AE, BE, CE are
equal (I ~ir, Ex 2) Agam, AD?= AE?+4 LD?= ED?+ EC?,
but AD®1s given, mnco AD 18 the radius, ID2+ EC*1sgiven,
and the baso DO 1s given,, (IT <, Ex 3), tholocus of E1s
2 O

2 Lot AB bo tho given hine, and O the given pomnt  Take any

C

¥
pontDinAB  Jomm DC  WithD as centre, and DC as raduus,
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descnbea O  From C let fall a L CE on AB, and produceat
to mect the circumference 1n F It 1s required to prove that
every O having 1its centre 1 AB, and passing through C, must
pass through I

Dem —1ake any other point G 1n AB, Join GC With G as
centre, and GC as madiwus, deseribo a C  Join FG  Now EC
= EF (111 ), and EG common, and the LCLG=TFEG, (I n)
£G=1G Hence the second O must pass through F

3 Let CDE be the given O, AB the given hine, and T the
given pomnt It 18 required to draw a chord in CDLk which shall

subtend a nght £ at ¥, and be [j to AB

Sol —Let G be the centre of CDE  From G let falla L GK
on AB Jom FG, and produce 1t to meet the Om E  Biscot
LG s H Erecet HM L to kG, and make 1t equal to GH

A K B

Jom GV Biseet FG i N, and erect NP L to FG WithGas
centre, and G as ridius, desenibo a O, metting NP n P
With N as centre, ond NP as radius, deseribe a O, eutting GK
mQ Through Q draw CD [ to AB  CD 18 the required line

Dem —Jomm GP, GC, CF, QF, QN, FD Now, smnce EG
=2 GH, EG?*=4 GII", but MG2=MNO2+G2=2GH? Hence
EG?’=2MG2=2GP* =2 PN2+ 2 NG?=2 GN? 4+ 2 NQ", but
2GN?+ 2 NQ*= QG? + QF? (I x, Ex 2), and EG? = GC?,
- GC*=QG*+QF?, butGC*=QC*+QG2, QF*=QC? and
QF = QC, but QC = QD (1), hence the three lines QC, QF,
QD arcequal, (I xir,Ix 2)the £ CFD is nght.
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PROPOSITION XIII

1 (1) Dem —Let A, B bo the centres of the fixed O3, and
P the centre of the vanable one Jom AP, BP, and let the
radn be denoted by R, 1,7, Now AP=R+r, and BP=R++';

- AP—BP="-"I0

(2) If the contact of the vanable O with the O whose centre
1s B be of the second species, we have AP = R + r, and BP
=R~7, AP—-BP=r+r

2 (1) Dem —Let the O whose centro 1s P touch that whose
centre 1s A internally, and be touched by the one whose centre
18 B externally, then, denoting the radu as in the last Exercise,
weget AP=7r—R,BP=r +R,and AP+ BP=r4¢

%
<

(2) If the O whose centre 1s B tonches the vanable O m-
ternally, we get AP =+ — R, and BP =R ~#", AP+ BP
=r-r

38 Dem —Lst A, B be the centres, and C the pomt of con-
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tuct Jom AB Through C draw DE, mecting the O*1n D, E.

Jomm AD, BE
" B
D

Now the 2 ADC = ACD, and BCE = BEC, but ACD = BCE
I xv), * ADC = BEC, and hence (I xxvir) AD 1s ||
to BE

4 Lot AB, CD be tho dinmeters, G the pomnt of contact, and
E, F the centres Jomn BG It 13 required to prove that BG
produced must pass through C

B

Dem —If possible, let 1t pass through H Produece DC to
meet BH Jom GE, GF

Now the LEBG=FHG (I xx1x ), but EBG = EGB=FGH,
.- FHG=FGH, FG=FH, but FG=FC, FC=FH,
which 15 absurd Hence BG produced must pass through C.
In hike manner DG produced must pass through A

PROPOSITION XIV

(1) Dem —Lot ABC bo the fixed O, and AB the chord.
From the contre Dlet falla L DEon AB  Jomn AD

Now AB 13 bisected 1n E (1), AE 18 a hne of given
length, and AD 1s given, since it 15 the radius, but AD? = AE?
+DE?, DE is given, and the pont D 18 given  Hence the
locus of E1sa O
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(2) Let ABC be the O, AB the chord, and E any fixed point
m AB g
Dem —Let D bs the centre Jom AD, BD, ED Now, be-
cause AB 13 given, and E 15 & fixed pomnt m 1, AE and EB
aro each given, AE EB1s given, and because ADB 15 an
1sosceles A, AE EB=BD?—-DE?(II v Ex 5, or vz, Ex 6),
but AE EB s given, and BD? 1s given, smee BD i1s the radius,
DE is given, and the pomnt D 1s given  Hence the locus of E
1o O,

PROPOSITION XV

1 Let ABC be the O, and P the point Through P draw a
<chord AB L to the diameter CPD It 1sxequired to prove that AB
18 the mmmum chord

D

E

P
A B

F¢
Dem —Through P draw any other chord FG, and from E,
the centre, let full o L EH onit. Now the £ EHP 18 nght,

- EPH isacute, .EP 18 greater than EH, (xv) FG 1s
greater than AB

2 Let ABC be the given O, AB the given ohord, and P the
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point It 15 required throngh {he pomt P, to draw a chord equnl

to AB

m;e:ﬁ}?mm thecentre Dlet falla 1 DEon AB With D as
centre, and DE as radias, describea O EFG  Through P draw
PCFH, toucling EFG m F, and cutting ABC mn C and H
CH 13 the chord required

Dem —Jom DF Nowbecause DF=DE, (xiv)CH=AB

8 See ** Sequel to Euchd,”” Book III , Prop xv, 6th Edition

4 Dem —Tet O, 0, O be the centres Now the Lnes
jommg 00, 00” 0’0 must pass through A, C, B (xmr}

And becanse OA = OB, the £ OBA = OAB Similarly, the £
OBD=0 DB but O BD =O0B4, hence 0”DB = OAB, and

ODis [ to OAL InlikemnnnerO’ExsﬂtoOA,and
hence O D, 0 Earem the same straight hne

PROPOSITION XV1

1 Dem —JTet D be the common centre, and AB, CH the
<hords of the greater which touch the less, then AB = CH
{xrv)  See dingram to Prop xv, Ex 2

2 Let AB be the given hine, and O the centre of the grven
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O Itis required to draw a [} to AB which shall touch the O.

Sol —Let fall a L OC on AB, and through D, where OC
cuts the O, draw EF || to AB  EF 1s the requured line

Dem —Now the £ ODF = 0CB (I ~<xix), ODF 15 &
right £, hence (xvt ) EF touches the O

8 Let AB be the given line, and O the centre of the given
O Tt 18 requred to draw a L to AB which shall touch
the O

Sol —From O let fall a 1L OO0 on AB Draw OT || to AB,
and from F, where 1t meets the O, draw FB||toc OC FB 1s
the requiwred line

Dem —The £* 00B, FBC are together equal to two rght Z»
{ xxrx), the £ FBO 18 nght, and FB 15 L to AB, and
(xv1 ) FB touches the O

4 (1) 8ol —Lst O be the given pornt, and AB the given line
Tetfalla L OC on AB  With O as centre, and 00 as radius,
describe a O  Hence there 1s only one solution

(2) Let O be the given point, and O° the centre of the givem
O It 1s required to describe a O having 1ts centre at O, and
touching the O whose centre 1s 0',

Q.

Sol —Jom 00, and produce to meat the crrcumference of G

m C, with O as centre, and OC as radius, desernbe a O, or,

with O as centre, and OD as radius, descrmbe a O  Hence there
are two solutions

6 Let AB, AO be the given lines, and R the given radins.

"It 18 required to describe o O, touching AB, AC, and having o
1 equal to R

Sol —Erect AD L to AB,andequalto R Draw DE [ to AB.
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“Bisect the £ BAC by AE, meeting the hne DE m E ZEisthe
centre of the required O.

Dem —Draw EB, EC, L+sto AB, AC

Now the £ BAE = CAE, and the nght £+ ABE, ACE are
equal, and AE common, (I xxvi) BE=CE, and the O,
with E as centre and BE as radius, will pass through ¢ There
are evidently four solutions a O 1 each of the four Z* formed
by BA, CA

6 Let AB, AC be the given lines, and E the centre of one of
the O* which touch AB, AC

Sol —Jomn AE, and produce 1t Jom E to the pomts B, C,
where the O touches AB, AC Now, since the £5 at B, C are
nght (xv1 ), AE* = AB? + BE? = AC* 4+ CE?, but BE? = CE?,

AB? = A(2, AB = AC, AE common, and the base BE

=CE, (I vin) the £ BAE = CAE, the £ between the
hmes 15 hisected by the line joimng thewr intersection to the centre
of one of the O* Hence the locus of the centres is the pair of
night lines hisecing the £ between the two given lines

7 (1) Let © Do the centre of the given O, AB the gven

~R_

E

\

A B N _ “~
Tme, and R the radims It is required to describe 2 O that shall
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touch the O whose contre 18 0 and the line AB, and have &
radiug equal to R

Sol —'lake any pomnt An AB, and erect AD L toit and=R,
draw DE | to AB, from C draw any radius CF, and produce 1t
to G, so that FG=R With C as centre, and CG ns radius,
descnibe & O cutting DE 1n E E 18 tho centre of the re-
qured O

Dem ~—Join CL, and draw EB || to AD Now CG = CE,
and OT' = CH, TG = EII, but FG=R, EH =R, and
EB=AD=QR, EH=ZEB, and the O, w:th E as centro and
EB as radws, wall pass through H  Ience it will touch the
gven O, the given hne, and have a radius of given length

{2) Lot O, C’ bo the centres of tho given O¢ and R the given
radius

Sol —Draw any two radu CD, 0'D’, and produce them to
E, I, so that DE, DE are each equal to R, wuth O, ¢’ as
oentres, and CE, CE' as radu, describe two O*' Lot thom
mtersect ;. C”. C" 18 tho centro of the required O

Dem —Jomn CC”, CO” Now CE = CC”, and CD =GF;
henco DE=FC’, but DE=R (const), FC”" =R Inhke
moanner F'C' =R,  the O deseribed with 0’ as centre, and
O"F as radius, will pass through F', and touch the two O, and
have the given radius

PROPOSITION XVII

2 Let O be the common centre From any pomts A, B, on
the outer O tangents AC, BD are drawn to the inner one It1s
required to prove that AC = BD
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Dem —Jom OA, OB, OC, OD Now (xvr)the £%atC,.D
are nght , 042 = 0C® + CA? and OB?= 0D2+4+DB2, but
0A?=0B?, and 0C*=0D?, AC?*=BD2?, AC=3BD

3 Let ABCD be the quad It 18 requred to prove that
AB 4+ CD = AD + BC

Dem —Let E, F, G, H be the pomts of contact. Now (xvn ,
Ex 1)AE=AH, and BE=BF, AB=AH+BIF Inlke
manner CD=DH 4-CF, AB+CD=AD4+3BC

4 Dem ~—Let ABCD be the circumsenbed 33 Now AB+CD
=2 CD, and AD + BC = 2 AD, but AB+ CD=AD 4 BC,

2CD=2AD, CD = AD In like manner all the sides
are equal Hence ABCD 1s o lozenge

Agam, the line jouming tho centre to the 1atersection of tan-
gents bisects the £ between the tangents, conversely, the lme
bisecting the £ between the tangents passes through the centre,
therefore AC passes through the centre Similarly, BD pnsses
through the centre Hence E 1s the centre

5 Dem —O0B=0D, and OP common, and the base BP=DP,

(I ~vix)the £ BOP = DOP Agam, OB = OD OF com-
mon, end the £ BOF=DOF, (I 1v)the £ 01%=0FD
Hence each 15 a nght £, and OP1s L to BD

6 Let A, B be the centres of O Let P be a pomt from
whach the tangents PC, PD to the Ot are equal It 1s requmred
to prove that the locus of P 1s A nght line

P

Dem —Jomn AC, AP, BD, BP, and from P let fall 2 1 PE on
AB Now AP? = AC2 + CP2, CP2=AP3--AC? Inlike
manner DP? = BP2—BD?, but CP*=DP?, AP3-.AC*=BP?
—BD?, AP?-BP*= AC?— BD?, but AC? — BD?1s given,
smee AC, BD are the radu of the O*,  AP? —BP21s given,
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AE2-EB%1sgiven, Eisa givenpont, hence EP 1s given
in posttion, and therefore the locus of P 1s the rght hine EP
{called the radical azis of the two Q)

Cor —To construct the ine EP, joun the centres, divide the goin-
wng lne 1n E, so that AE3 — EB3 = AC* — BD?, anderect EP 1
20 AB

7 Lot the thres O¢ be denoted by A, B, 0 It 15 requred
D
¥

to find a pomt such that the tangents from it to A, B, O shall be
equal

Sol —Find n line DE, such that the tangents from any point
-of 1t to A and B will be equal (xvir, Ex 6), and find a lne FE,
such that the tangents from any pomt of at to A and C shall be

equal E, where the hnes DE, FE intersect, 1s evidently the
required pomt.

8 Dem —OBPisanght-angled A,and BF s L to OP (xvis,
Ex 6), (I xwvir, Ex 1)0B*=O0F OP

9 Let AB, AC be two fixed tangents, and EF a vanable tan-
gent cutting AB, ACm E, F, and touching the QO mm D Let
0 be the centre Join OF, OF It 1s requured to prove that the
L EOF 1s constant

Dem —Jom 0B, 00, 0D Now (I v ) the Z EOD=EOB,

EOD = BOD In hike manner FOD =} COD, EOF

=4} BOC, but the £ BOO 1s constant, sines the tangents AB,
AC are fixed, the £ EOF 1s constant.

10 (1) See ‘¢ Sequel to Euchd,”” Book III, Prop vir
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(2) Draw a hino cutting two O, X, Y, 50 that the intercepted
chords shall bo of given lengths A, B

Sol —Let 0, O’ be thoe centres of X, Y, R, R’ their mdu
Then with O, O' ns centres, desertbe O CDE, FGH, the squares

of whose radu shall be equal to R? — 4 A%, and R? — § B? respee-
tivelv, and draw the line IM a common tangent to both O+ IM
1s the line requared

Dem.—Let C, T be the pomts of contaet Jom OC, OT,
OF, 0L XNow 0C? = O*! -IC" = R? -~ IC”, bur OC? =R?
-1 A% (const}, IC =1 A% Tlenco IC =143 A, but IC
=3IE(III m), IK=A InlhhomannerLM =D

PROPOSITION XXI

1 (1) Let ABC be n A, whose base BC, and vertical £ BAC,
are given From B, C let fail Ls BE, CT on AC, AB, and let
them mtersect in G It 1s requured to find the locus of G

Dem —The four £* A, F, G, I of tho quad AFGE aro
toether equal to four mght 43 (I xxxar Cor 3), but the
£*E, Fare nght, the £%A, G are together equal to two
nght 2+, but A 18 gaven (hvp), G s given, (I xv)
the 2 BGOC 1s given  And hence (xxr, Cor 2), the locus of G
120

(2) Let the internal bisectors mectin D Now, the three 20
of the A ABO nre equal totwo nght £s, butthe Z A 1s gaven,

the sum of the £* B, Cisgiven,  half their sum 18 gaven,

G
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that 15, DBC 4 DOB 13 mven,  the £ BDC 18 given, and
hence (xx1, Cor 2) the locus of Disa O

(3) Lot the external biscctors meet in B Then, as before, the
sum of the 23 B, O1s given, (I <xsaar, Ex 14)the £ Es
given Henco (xx1, Cor 2) the locusof E1sa O

(4) Dem —Let the external biscetor of the £ C, and the 1n-
ternal bisector of B mect m F, then the £ BF0 =% BAO
(I xxxir, Ix 2), the £ BFC is given IHenco (xxr,
Cor 2) the locusof F1sa ©

2 Lot AB? be equal to tho sum of the squnres of thetwolincs

It 28 required to prove that their sum fs o moxamum when the
hines are «qunl

gol —Upon AB describo a semiarrcle ADB - Bisect ABin O,
and erect CD 1 to AB  Jom AD, BD In ADB tako any other
pont E  Join AE, BE  Produco AD to T, so that DF = DB
Jomn BF  Produce AE to G, so that LG = EB, and jomn BG

Dem —The £ DFB=DBI' (I + ), but BDT s a nght 2,

DFB 18 half a mght £  Swumlarly, LGB1s half anght £,
hence (xx1, Cor 1) the four pomts A, I', G, B are (oneyclie
Now, since D 1s a pomntin a O from wlich the three equal hnes
DA, DB, DF are drawn to the arcumference, D 1s the centro,

AT 15 tho dinmeter, but the dinmeter 1s the greatest chord,

AT 1s greater than AG, that 1s, the sum of AD and DB 1s
greator than the sum of AT and EB

3 Let there bo two A®* ADB, ALB on tho same base ADB, and
having equal vertical Z¢, and lot ADB bo 1susceles It 1s re-
quired to prove that the sum of the sides AD and DB 1s greater
than the sum of the mdes AL and LB (Diagram, Lx 2)
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Dem —Produec AD to T, co that D' =DB Jomn BF  Pro-
dueo AT to G, so that EG=1IB, and joun BG Nowthe £ DFB
=DBF (I v), hut ADB=DFB+DBF (I xxwur), ADB
=2 DIB Sumlarly, AEB =2 LGB, but ADB = ALB (bvp)

DFB =EGB, and (xx1, Cor 1) the ponis A, F, G, B
are concychc, and it can be shown, as in Lixercico 2, that AD
+ DB 1s greatcr than AE+ED

4 Dem —YLot ADC beanmrenbed A Thenaf any trosndes
AC, CB be unequal, by suppozing the pomts A, B to remam fixed
while C vanes, the penmeter will be inereased by mahing AC, CB
equal Ience, when the three sides ADB, BC, CA become all equnl,
the penmeter will bo a maximum

Lemma —Let ABC, DBC betwo A* onthe same hase, 1nsenbed

1 a arcle, of which ABC1sisosceles  It1s requared fo prove that
the area of ADC 15 greater than the arex of BDC

Dem —Through A draw AF, touching the O Produce BD
tomect it m F, and yoin CI Now the £ 1 AC = ABC (axxi1 )
= ACB, AF 12 §f to BC, hence (I xxxvnr) the A BIC
= BAC, but BI'C s greater than BDC,  BAC 1 greater than
BDC  Simalards at ean bo shown that BAC 1s greater than anv
other & anecnbed sn tho O, having BC for base, who<o sides are
uncqual  Henco the area of the 1sosceles A 19 2 mavimum

5 Let ABCDI be a polvgon mesembed sn 28 O It 15 re-
quired to prove that tho aren 15 & maximum when all the sides are
equal

Dem —Join AC  Now, if wo suppose the point B to more
abont whalst the others remmn fixed, when AB = BC, the A ABC
will bo 2 maximum (Ex 4), aud thercfore the nrea of the whole

o2
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figure will bo wereased In like munner, if any other of the
sides bo unequal, we can increase the ares by making them
equal Hence the aren will be a maximum when all the sdes

are equal

PROPOSITION XXII

1 Let ABOD be a quad whose opposite Z¢ B, D are supple-
mental It 18 requared to prove that it 18 eyche
Dem —If not, let the O through A, D, O, mtersect the Ime

AB produced m E  Jomn OE Now the £ ADO, OBA are
together equal to two mght 2® (hyp ), and the Z* ADO, CEA
are equal to two mght 2% (xx11) Reject ADC, and we have
the £ OBA = OEA, which 13 impossiblo (I xvi) Honce the
O must pnss through B

9 Let ABODEF bo o hexagon msonbed m a O Ttas re-
quired to prove that the sum of the alternate £+ ABC, CDE, EFA
18 equal to four nght L*

Dem —Jom CF Now the 42 ABQ, OFA are together equal
to two nght £* (xxu ), and the Z* ODE, EFC, are equal to two
night £+  Hence, by addition, the £* ABQ, ODE, EFA are
equal to four nght £+

3 (1) Let ABDC bo a oyclio quad , and let the opposite mdes
meet m B, F Draw any lme, GX, cutting the four mdes, and
making the £ EJK = EKJ It 18 required to prove that the

L GHF = HGF

Dem —The £* BDC and BAC are equel to two mght £»

(axm ), and the £* BAC, BAG equal to two nght 2* Reject the
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£ BAC, nnd wo have the £ BDC = BAG, and the £ DLJ
= AJG (hvp),  the remaming £ DIIK = AGJ, that 13, the
£ GHF = AGF

{2) Tot GK ent thediagonals in M, X' It 1s required to pro\o
the £ OMIN =~ ONV

Dem —~The £ LIK = IKJ (bvp ), and the £ ABC ~ ADC
(xx1), theremmmng £ BMJ = DNK, thatis, the £ OMY
= O\M

4 Iiect the £ AEC by LS, mecting tho dirgonals 1n Q, R
From Olet falin L OP on LS It as required to prove that OP
biceets the £ QOR

Dem —The £ ABC = BER « BRE (I <x~mr), and ADC
= D¥FQ + DQE, but {xxr) ABC = ADC, *+ BIR + BRD
= DLQ 4+ DQE, but BLR = DEQ (hvp), BRI = DQE
= 0QR, and the £ OPLL = OPQ Tlence the L ROP = QOP

6 Yef ABCDLI be « eyehe hexagon, having the side AB [ to
DE, sud RCto LF It 18 required to prove that the sude AF s
fitaCD

Dem —Jomm CF  Now tho £ ABC = DEF (I ~xix,
Lx B8), and sinee ABCI 13 a cyche quai, the £ ABG, ATC
are together equal to two night £+ For the same raason the
L* DCF, DLT are equal to two nght L9 the £* ABC
and \TC = DCP and DEF, but ABO=DI'I"', AI'C= DCF
And hene (B xxvir) AT s to CD

6 Dem —Jomn AB  Now the £ DAD = BI'D (xxr), and
BAC=DEC, . BED = BLC And hente (I <sun)CE1s
{to DF
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7 On the sides of any A ABO, cquilateral A* are deseribed,
BF and CD joined and intersceting in @ Jomn AG, LG Ttis
requred to prove that AG and GI are in tho same strmpht
lme

Deom —Smee AB = AD, mnd AQ = AT, and the £ BAD

E

= CAF, to each add BAC, thereforo tho £ DAQ e« BAF, hence
(I n) the £ ADC = ABF, and AOD = AFB  Now, beecauso
the £ ACG = AI'G, ATCG 1a a oyche quad , henco the
L ATC, AGC are together cqual to two nght L+ (xx11),
sumlarly ADBG 19 2 cyche quad , and the 4 ADB, AGB
aro equal to two nght L+, theso four 2% are together
oqual to four mght L+ and tho £L* AGB, BGC, CGA are
equnl to four right Z* Reject the £* AGB, AGO, and we
have the £ BGO cqual to the sum of AIC and ADB To
each add BEC, ard we hme BGC 4+ BEC = AFC + ADB
4+ BEC, but these three £ ¢ are equal o teonght £3, since each
18 an £ of an equilateral A,  BGC, BLC are equal to two
nght £¢, and henco BGCE 18 a cychie quad , the £ EGC
= EBO, EGO 18 equal to an Z of an cquilaternl A, and
theroforo equal to AFC, but AF'Q and AGQ aro equal to two nght
Ls, EGC and AGC aro equal to two right £, and hence
{I <rv) AG and EG are m tho same straight ine  Therefore
AL, BF, 0D are coneurrent .

8 If we jon tho centres I, J, K, 1t 1s required to provo that
HIXK 18 an cqulateral A
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Dem —Lot HJ, JK, HK cut BG, CG, AG i the pomts
L, M, N Now, because the £* L, N are nght (xx, Cor 4),

the £* H, G are equal to two right Z*, and the £* &, D are
equal to two rght £% (Ex 8), hencethe L H=D, Hisan
L of an equilateral A Smmlarly K 18 an Z of an cqulateral A
Hence the A HJXK 15 equilateral

9 Let ABCD be the quad, O the centre of the inscribed
circle, and E, F, G, H the ponts of contact Jomn O to A, B,C,D
It 13 requred to prove that the Z¢ AOB, DOC are supple-
mental

Dem —Jom OE, OF, 0G, OH XNow the £ AOB = half sum
of the £s LOH, EOF (xvir, Ex 9), and the £ DOC = half sum
of GOH, GOF, but the sum of EOH, EOF, GOH, GOF 1s four
nght Ls, AOB and DOC are together equal to two right
Ls

10 Let ABC be 2 A, whose .Ls CD, BE mtersect 1z G

B F c

Jom AG, and produce 1t to meet BCm F It 18 requured to prove
that AF 1s 1 to BC

Dem —Jain DE  Now, because each of the £s ADG, AEG
18 right, ADGE 18 a cyche quad , hence the £ DEG = DAG
(xxr) Agam, smce the £ BDC, BEC arc nght, the points
B, D, E, C aro concyehie, and theroforo the £ DEB = DCB,

DAG=DCB, and DGA=FGC (I xv), ADG=AFC,
but ADG 18 a nght £, AFQ 18 & nght £, and AF 15 L
to BC

11 Let a vanablo tangent CD meet two || tangents AC, BD
Jom the centre O to G, D. It 15 required to prove that the £
DOC 18 nght
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Dem —Draw the diameter AB, and jom O to the pomnt E
where CD touches the O

Y E

Now the £ DOOU 15 equal to half the sum of the £+ EOB,
EOA (xvi1, Ex 9), but EOB and EOA are together equal to
twonght £#, the £ DOOC1s nght

12 See ‘¢ Sequel to Euchd,” Book ITT , Prop xn

13 Let ABCDEF be the hexagon, O the centre of the mscribed
crcle, and @, H, J, K, L, M the points of contact of the hexagon
and circle  Jomn O to the pomnts A, B, 0, D, E, F Itisrequired
to prove that the sum of the £» AOB, COD, EOF 1s two nght
s

Dem —Jomn O to thepomnts G, H, J, X, L, M Now, the £
AOB = $ MOH (xviz, Ex 9), COD = § HOK, and EOF
=4 KOM, thesum of AOB, 00D, EOF 1s two nght L*®

PROPOSITION XXVIII

1 Tet AB, OD be the two diameters given in position Tale
any pomnt E m the circumference, and let foll L* EF, EG on
AB, CD Jomm FG Ifis required to prove that FG 1s given
magmtude

Dem —(See dingram, Ex 2) Jom OE, and from A let falla
L AHon CD Now, since the £ OHA 15 nght, the O on OA
as diameter wall pass through H (xxx1 ), and because the £+
OFE, OGE are nght, the O on OE as dinmeter will pass
through F and G, but OA=0E, the O* on QA and OE
are equal, and the £ AQH 1s in both these Os, the are
AH 18 equal to the arc FG (xxvr), and therefore the chord
AH =FG, but AH 13 gaven in magmtude, since 1t 18 2 L from
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the extremity of one of the diameters gnven 1 position on the
otber Hence FG 1s given 1n magmtude
2 Let OA, OD be two hines given in pouition, and FG a lne

of mven length shding between them At the extremities of FG
Ls* EF, EG arc erected to O, OD It 13 required to prove
that the locus of E, where these Lv meet, 1810

Dem —Join OE  Ereet ON L to OD, and equal to FG,
draw NA || to OD

Now, because ONA 15 anght £, tho O described on OA as
diameter will pass throngh N, for & sumilar reason, the O on OE
as diameter will pass through F and G Now smnce ON and FG
ore equal, and subtend equal Z* OAN, FOG m the O* OAN,
F0G, the O+ are equal, therefore the diameters 03, OE are
equal, Agan, since ON =T'G, ON 1 given, and AN 15 }} to
0D, thepomtA 15 miven, and hence the ine OA 18 given 1n
magmtude, but OE=0A, OE 15 given in magnitude, and
the pomnt O s gaven  Hence the locus of E1s s O, having O as
centre and OF as radius

PROPOSITION XXX
1 Dem —Let O bo the centre Through C draw GG || to
DA Jon OB, 0C, OG Now the £ GCO = COE(I wxix),
but GCO =CGO, and CGO=A0G, DOC=AO0G, thearo
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DO = AG (xxv1) Agam, the £ GOB 18 double GCB (xx),
Lut GOB = AEB (I xx1x ), and AEB = COE, because CE
= 0C (hyp), GOB 1s double DOC, hence the aro GB 18
donbls CD, and therefore the aro AB 15 three times the are 0D

A o D E

2 (1) Let AD be the internal biseotor of the vertreal £ of
the A ABO Jom BD, CD Itis requured to prove that BD
=C0D

¥ B
A

Dem —Becausethe £ BAD = CAD, the aro BD = 0D (xxv1 ),
and therefore the chord BD = CD (xxrx )

{2) Produce CAto E  Bisect the £ BAE by AF, meeting the
oircumference :n ¥ It 18 required to prove that the pmnt F 18
equally distant from B and C

Dem —Jom BF, CF Now the 2*F¥B0 and FAC arctogether
equal to two nght Z® (xxi1r), and FAQ end FAE are equal
to two mght £* (I xmu), the Z FBO = FAE Agam,
the Z BAF = BCF (xx1), but BAF = FAE, BCF=FAE,

BCF=FBC, BF=CF

3 Dem —The LADB=AD B (xx1 ),andthe £ ACB=ACB,

but the £ ACB and DOB are together equal to two nght Z*,
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and the Z% AC'B, D'CB are together cqual to twonght L¢,
the £ DCB = D C'B, and hence g xvaz, Cor 2) the

remmmng £* DBC, D BC', are equal

D

A

4 Dem —Jom AD, DB Kow becanso tho £ ACD = BCD,
tholme AD =BD Agam, the £» DBC, DAC are together equal
to two mght £* (xxm ), and the £* DBC, DBF equal two nght

{3{I xm), the £ DAE=DBF,and thonght £+ DEA, DIB
aro equal, (I xxv1) AE = BF Honce AC ~ CE = CF
-CB, AC+CB=CF +CE=2CEL, becauso CF = CT

PROPOSITION XXXII

1 Let the Ostouch in A Through A draw any line BAQ

It 15 required to prove that BAC divides the Os 1nto sumlar
segments.

Dem —Through A draw & common tangent DE, take any

D G

F E c

pounts F, @, mthe O* Jon AT, BF, AG,CG Now tho
s £ BAD
=AFB(xxn ), and the £ CAL=AGC, but BAD =CAE (I xv),

.
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AFB = AGC, and hence the segments AFB, AGC are
sumlar

2 Let the Os touch m A. Through A draw two lmes BC,
FG, meetng the O*m B, 0, F, G Jom BF, CG Its
required to prove that BF, CG are ||

Dem —Through A draw a common tangent DE Now 1t
may be proved, as m Ex 1, that the £ A¥B = AGC, hence
(I xxvix ), BF 18 || to CG

3 Dem —Jomn AC, BO Now the lines CA, D, CE are

equal (I xir,Ex 2), thes AEC=EAC, but (xxxu ) EAC
= BCE, hence the £ BCE=BEC, BCE and BEC=2 BEC,

(I xxxu)the £ CBA =2 BEC, but BEC = CAB, smce CE
=CA, CBA=2CAB Hencethearc AC=2CB

4 (1) See “* Sequel to Euclid,”” Book IIT , Prop mx

(2) Dem —Let GBF and ILCH be the tangents to the O¢
at the pomts B, C Jomx CF, CG Now the £ CFG =FCH
{I xxmx.), but FCH = FGC (xxx1)}, GI'C=FGO, and
hence the chords GC, FC are equal

6 (1) Let the O* ABC, DBE touch at B Draw a common
tangent AD  Jomn AB, DB It 1s requred to prove that the
£ ABD 18 night

Dem —Draw a common fangent BF Now AF = BF (xvi,
Ex. 1), the L ABF = BAF, and because BF = DF, the
LBDF = DBF, the £ ABD = BAD + BDA, and hence
(I sxxuar, Cor 7) the £ ABD s nght

{2) Dem —Produce AB, DB to meet the circumferences 1n
E, C Jom AC, DE Produce ED to G, and draw AG || to
CD

Now, because the £ ABD 1s right, LBD 1s night, and theref ore
ED 1s o diameter, and hence (a1x ) the Z ADE s might, AD
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18 1LtoEG Agam, since AG, OD are |, the £ GAE = DBE,

and 15 therefore & nght £. Hence (I xvm, Ex 2) AD?
=DE DG=DE AC

PROPOSITION XXXIII

1 (1) Let AB be the base, X the verhenl £, and P the 1
Sol —On AB describe a segment ACB contaiming an £ equal
to X (xxarr) Ereet AD Lto AB,and =P Through D draw

RN

G P
A E B
DO || to AB, cutting the O 1 0. Jomn AC, CB ACB s the

required A

Dem —Lot falla L CE on AB The verheal L ACB=X,
AB 18 the base, and the | CE=AD =P

(2) Let the sum of the sides be equal to §

S0l.—O0n AB describe & segment ACB confaming an £ equal
4 X Produco ABtoE Cut of AE=8 With A as centre, and
AF as radius, deseribe a O, cutting ACBin C  Jomn AC, BC,
and at the pomt B mn the line BC make the £ FBC = FCB
AFB 15 the required A
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Dem —FC=FB (I vi), AC=AF + FB, but AC=AE

=8, AF+FB=5, andthe L AFB=FBC+FOB (I xxx11)

/2N

A B E

(2) Lot MN be the base, D the dufference of mdes, and ABO
the vertical Z.

E L
B K<
F
A P
C
D >~
M H N

8ol —Produce AB fo E Biscot the £ CBE by BF On
MN describe 2 segment MGN containng an £ = ABF, m MN
take MH =D With M a8 centre, and MH as radius, deserzbe
8 O, cuting MGN1n G Jomn MG, NG  Produce MG, and at
the pomnt N 1n GN moke the £ GNK = NGK MEN 15 the
requred A

Dem —Produce MK to L, and draw P | to GN Now EN
=RG&G (I v}, MG 15 the difference between MK and NK»
but MG = MH = D,  the difference between MK and NK
18 equal fo D Agmn, the £ PEN = GNK (I xx1x ), and
LEP = KGN, but GNK and KGN are equal (const), PEKN
eud LEP are equal, and emnce the £ MEP = MGN = ABF,
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the L LKP = EBF, but LKP = NKP, and EBF = FBC, TFBO
=NEKP Hence the L MEN =ABC

(3) Let AB be the gven base, X the verhieal £, and let the
sum of the squares of the sides be equal to 2 S?

E
F

Sol —On AB deseribe a segment contammmgan £ =X DBiseet
ABn D, and erect DE L to AB, from A mnflect AF on DE=38
(I n,Ex 2) With D as centre, and DF as radius, deseribe
a O, cuttng ACBmm C Jom AC, BC ACB 1s the A re-
qured

Dem.—~Jom CD Now, DF=DC, DF:=D(C?, AD?
+ DF2=AD" 4+ DC?, AF?, that 1s §? = AD? 4+ DC?, but
AC*+CB*=2AD*+2DC* (II x, Ex 2) Hence AC*+ CB?
=28

(3 } Let AB be the base, X the vertieal £, and D* the difference
of the equares of the sides

/2
o

8]

A E B

8ol —0n AB describe a segment ACB containing an £ = X
Divide ABm E, so that AE? ~ EB? = D? (** Sequel,”* BookI,
Prop Ix} Ereet EC L to AB, and yjom AG, B0 ACBisthe
A reqmred.
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Dem —AQ? = AE? 4+ E(? and BC? = BE? 4 EQC?,
AQ® - BC? = AE? - EB*=D?

(4) Lot AB be the base, X. the vertical £, and S the s:de of the
mscnbed square

Sol —On AB describe o segment contaming an £ =X Ereot

A B

AD 1 toAB InADtake AE=S On AE describe a square
AEFG Jom BF, and produce it to meet AD n H Through
H draw HC || to AB, meeting the O m 0 Jom AQ, BO,
ACB 18 required A

Dem —Produce EF to meet AC, BCin J, K, and draw JL,
KM |f to AE Now, JE=EF (I xxxvix, Ex 6), but EF
= AE =JL JK =JL, hence the mdes of JKLM are equal,
end the Z*are mght (const.), 1t 1s a square, and 18 nseribed
in the A ABC

(6) Let AB be the base, M the medien, and X the vertical £
Pz )
X
M

A D B

Sol —On AB deseribe a segment ACB contaimngan £ =X,
bisect ABmm D 'With D as centre, and a radws equal to M,
deseribe o O, cuttmg ACBin ¢ Jom AQ, BC, DO ACB
the A required

Dem —Because D 15 the centre of the O cuttmg ACB, DO 18

the radws, but the radwsis equal to M, DO =M, andit1s
themedian hsecting the base AB
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2 Let A be tho fixed pomnt, and O the centre of the-given
orcle, Take any pomt B in the carcumference of the O Jom
AB, oud isect 1t 1n O It 18 required to prove that the locus of
Cisa O

Dem —Jomn AQ, 0B, and through G draw CD || to OB

Now AO 15 bisected m D (I xu,Ex 3), but A and O are
given pomts, the pomt D 18 given, and smnce CD 15 [ to
0B, CD<=30B,but 0Bisagivenhne, CD s given,and
the point D 1s gaiven  Hence the locus of Cisa O, having D as
centre and DC as radius

3 XLet AB be thebase, and ACB the vertical £ About AQB
describe a segment of a O contamng an Z = ACB, then the

D

A B

circle must pass through ¢  On AC, BC describe equilateral As
ADC, BEC Jowa DE It 1= required to find the locus of the
muddle pomt of DE

Dem —On AB describe an eqmlatersl A AFB  Jom CF,
DF, EF Now the £ BAF=DAC, the £ BAC=DAF,
and since DA = AC, and BA = AF, we have DA and AF equal
AC and AB, and the contaned £* are equal, hence (L 1v)
‘DF = 0B = CE Sumilarly, DO = EF, DCEF 13 a =3,
hence (I xxxrv, Ex 1) DE, CF bisect each otherin G Now
F 1s a given pomnt, and C a pomt on the croumference of the

H
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O, and FO 18 hisected n G,  (Ex 2) the locus o
4. Dot ACBbe s A, whose basoand vertical £ are gi
BQ desenbe a square BEDC It 18 requred to find the

F G D

A B

E On AB deseribe a square ABGF  Jom EG  Now AB and
BC =GB and BE, and the contamed £* are equal, (I 1v)
the £ ACB=BEG, BEGsagven £, and the base BG 1s
given, smnce 1t 1s equal to AB,  (xxx, Cor £) the locus of B
1wa O

PROPOSITION XXXV

1 Let ACBbhethe A About AOBdescmbea ©  Draw the
dameter CE, end from O let falla L OD on AB It 18 required
to prove that AC CB=0D (CE.

C

N 27
E

Dom —Jom AE Now the £ CAE 1s nght {xxx1), and1s
equal to CDB, and the £ AEC =ABC (xxt), (L xxxm,
Cor 2)the £ ACE = BCD, and hence (xxxv, Cor 3) A0 CB
=CD CE

2 Let ABD be 2 O, of which AC 15 the diameter, let AB
be the chord of an aro, then BC 1s the chord of its supplement
jom B to the centre B Let falla L BF on AC, and produce 1t
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2 let Ape orenmfercncen D It 18 réquired to prove that
owcle. T BE,BD
AB, and R
Cisat

D

Dem —Jon CD Nowthe L BDC = BAC (xxz1), but BAC
= ABE, and BDC = DBC, ABE=DBC, hence the A* ABE,
DBC aroequuangular, and  (xxxv ,Cor 3)AB BC=BE BD

3 Let ABC be a A whose base and the sum of whose mdes
are ‘given Produce AC to D, and bisect the £ BCD by EF
From A, B let fall 1» AF, BE on EF It 18 required to prove
that AF BE 1s given

D

Dem —Produce BE tomeet AD  Bieet ABmm G Jom EG,
FG Now becanso the £ BCE = DCE, and CEB = CED, each
bemg npht, and CE common, (I xxv1) BE = DE, and BC
=DC Now, mnce BC =DC, AD =AC+ CB, hence AD
18 given, and because AB, DB are bisected m G, E, GEis
J to AD, and equal to half AD (I xr, Exs 2and 5), that 1s,
=% (AC+ OB) Simlarly, GF=}(AC+ CB), the O, with
G 85 centro, and GE as mdius, will pass through F, and will be
s given O  Produco EG to meet the cireumference 1n 11, and
joun A Now because AG = GB, and GH = GE, and the

na
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L AGH=BGE, (I 1v)AH=BE, and the Z GAH =GBE
To each add the £ GAT, and we have the Z* GAH, GAF
= GBE, GAF, but GBE, GAF are equal to two right Z*, snce
BE and AF are |, GAH and GAT are equal to two rght
£*, hence AH, AF are 1n the same straight ine Now FGH1s
anisosceles A, (II v1 Ex 6) AF AH=FG*- AG?, but
F@ 18 given, since 1t 18 half the sum of AC and CB, and AG1s
given, because 1t 18 half AB  Hence AF AH 15 given, thats,
AF BE s given

4 Lot ABC be & A whose base AB, and the difference of
whose sides AC, CB1s given  Bisect the L ACB by CD  From

C

A, B let foll the 1* AD, BE on CD It 1s required to prove
that AD BE1s given

Dem —Produce BE to meet ACIn F Bisect ABin G Jom
EG, and produceit to meet AD mH Jomm GD Now because
the £ BOE = FCE, and the £ BEC = FEC, and CE common,

(I xxvt) CB = CF, and EB = EF, AF 15 the difference
between AC and BO, and because EB = EF and GB = GA, GE
18 | to AF, and equal to half AF (I x1n, Exs 2 and 5) or
helf EH, GE=GH, and the three hnes HG, EG, DG are
equal {I xox, Ex 2), the A HGD 18 isosceles, hence
(II v1 Ex 6) AD AH = AG? — GH?, bt AG 1s given,
smee 1t 1s half AB, and GH 1s given, because 1t 18 equal EG
=%} AF, AD AHisgven, thatis, AD BE1s mven

5 Let ACD, BCD be two O* mtersectng n G, D At D
draw a tangent fo the O BOD, meeting ACDmE  From G, the
centre of ACD, let falla | GH on DE, and let it meet ACD 1n
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A Jom AD, and produce it fo meet {CD 1 B AB s the
required lme
Dem —Draw AK f to DE. Jomn UD, and produce it {0 meet

AR Toke any other point L in ACD, ard drw LM § to DE
Jown LD, and produce 1t to meet BCDmI' Jomn CF,CB Now
the LEDC = CBD (xwxn ), mt ERC=AKC (I xxix),. AKC
=CBD, AKBC 1sa cyche qundnlateral, henee (xxxv, Cor 3)
AD DB=CD DK Inlike manner LMFC 1s & cyclie quadne
lateral, = LD DF-=CD DM, but CD DK ¢ greater than
CD DM, AD DBisgnaterthan LD DF

§ Lrt AB, AC bo two lines gyven an position, and P a given
point. It 1 required through P to draw o trwnsversal, zo that
PE PB=F%

Sel ~Join AP, ard produce it fo D, 0 that AP PD=§"
On D deseribe o eegment of & O PED, cuiting AC1n E, and
contuning an £ = BAD Jom ID, LP, and produce EP to
meet AB EPB 1s the requared line
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given O, through O draw DOCM L to AB, and 1 AP find Q so
that DP DQ=DC DM Deseribea O through P, () touch-
wg ABm N (Ex 1(1)) This O shall be the one required

D
F 0 Q
c 0 NP
A M N B

Dem —Jom DN, cutting the O QPN mn E  Now (xxxv1)
DP DR=DE DN, but DP DQ=DM DC, DM DC
=DE DN, CMNEisncychoquad, theZDEC=COMN,
and1s  right, hence E 18 a point on the O DFC

Agam the £ OLN = O'NE, and OED = ODE, but ODE =
ONE, OEN=OED,and OE, OE are m the same nght
hine, the O¢ touch at E Since we can desenbe two O¢
through PQ touching AB, there are two salutions for tns figure
Also, if wo had taken Q so that DP DQ =DM MC we would get
two other solutions  Hence there are four solutions to the problem.

3 Let AB be the ine, CDE the O, and P the pomnt

Bol —From P let fall a L PF on AB, and produce 1t until
I’G = PF, and through P and G deseribe a O PEG, touching
CDE (Ex 1) PLG 1s the requred O

Dem —Because PG 15 bisected at nght £+ by AB, the centre
PEG1sin AB (ur )




JOOK 1X ] EXERCISES ON EUCLID 105

4 Let ABCD be the gaven O, P, P the pomnts

Sol.—Draw a hine AB, cutting off an arc AB 1n ABCD equal
tothe pven are Lot E be the centre  From E draw EF J. to
AB With E as centre, and EF as radws, deseribea O FG
Through P, P’ desonbe a O PP KH, cuthng ABCD, m KH
Join HX, PP, and produce them to meet in L,  Through L
«draw LOGD, a tangent to FG, and cultmg ABCD 12 C, D The
QO through P, P, € will be the required one

Dem —Jomn EG Now because PP KH and DCKH are cychio
quads, P LP'=HL LE=DL LC, hence PPCD s a
cyclic quad ,  the O through P, P, C must pass through D,
and since E 18 the centre of FG, EF =EG, AB=CD (x1v),
and therefors the arc AB=CD Hence through P, P’ we have
described o O PP’CD, intercopting an are CD=AB, on a given
O ABCD

5 Dem —Lst O, O’ be the centres Jomm OE, O'F Now
E

N 2N

o B C o D

sunce OE, O'F areeach 1 to EF, they are || to each other, hence
the £ DOE=DOF, but the £ BOL 1s (III xx ) double of the



106 EXERCISES ON EUCLID [noox m

L BAE, and DO’F 1 double of DCF, hence the £ BAE =
DCF 1In lhke manner, tho LABE = ODF Henco the As
ABE, CDF are equangular

6 If r be tho radius of the inseribed O of a nght-angled
tnangle, by making the construction, wo see at once that 2ris
equal to the excess of the sum of the legs above the hypotenuse

Agam, 1if p, p’ bo the radn of O# touching the hypotenuse,
the 1 from theright angle on the hypotenuse, and the O described
about the nght-angled A, 1t followsat once from the Demonstra-
tion, Book VI, Ex 60, thatp + p 18 equal to the same excess
Hence 2r = ] 4 p'

Miscellaneous Exercises on Book Il

1 Lot AB, CD, be two chords of a O intersecting at nght
A+ Tt 18 requred to prove that the sum of the squares of the
four segments 15 cqual to the square of the diamoter

Dem —Draw BF || to CD Jomn CB, FD, AF, AD Now
CRB? = CE? + EB?, but CB =FD (xxvr, Cor 2), FD?=CE?
+ EB? and AD*=AF*+ED", AD?+ FD? = AE?+ EB?

A

h: F

+ CE? 4 ED?, but since the £ ABF=AED (I xx1x), ABF
1anght £, beneo AFisthe diameter,  the £ ADFismight,
AF? = AD” + DF? = AE? 4+ EB? 4 CE® 4+ ED?

2 (1) Let AB, a chord of a gaven O, subtend a nght £ at a
fixed point P From P, and C, the centre of the O, let fall Ls
PE,CDon AB Itis required to prove that CD PE 1s constant

Dem —Join CP, CA, PD, andletfalla L PQon CD Now
AB1s hiseoted m D (1),  the lnes AD, DP, DB are equal
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(I xir, Ex 2), and AC*=AD? + D0? = DC? + DP?, but DG
+ DP? 15 greater than OP by 2 CD DQ (II xux), thatis, by

X

20D PE, AQ?1sgreater than CP*by2 CD PR, but AC*
and CP% are given, CD PE1s given

(2) Jom CP, and bisect it mm F Erect FG L to CP, and equal
to CF or PF  Produce GF to H, so that FH = F@, and jomn
CG, PG, CH, PH From G, G, H, P let fall L+ CJ, GD, HK,
PE on AB It s required to prove that GD2 + HK? 15 constant

Dem —Because CGPH 1s a square, GD? 4 HEK? 18 greater than
2CJY PE, by the area of CGPH. (“ Bequel,’” Book II Prop vim ),

but 2 CJ PE s given (1), and the area of the square 1s given..
Hence GD? + HK? 18 gaven

3 Let the Ovntersect :n A, B Through B draw a hne BCD,
meeting the O*m C,D Jom AC, AD It s required to prove
that AC = AD

Dem ~—Because the O are equal, the arcs AB ere equal,.

the /* ACB, ADB are supplemental Hence the Z* ACD,

ADC gre equel  And hence AC = AD
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4 (1) Let AB, AC bo two fixed tangents, and EF a tangent
outting off with AB, AC, an 1sosceles A AEF AEF 1s greater
than any other A AHG, made by a tangent HG, which does not
out off an 1sosceles A with AB, AC

Dem —Let XF, HG intersect :an J  Jomm OJ, OB, 00, OD,
0G, OH, and produce OH to I Now, becruse AB = AC, and
AE=AF, BE«=OF, but BL=DE, and CF=DF, DE
=DF, JF s greater than JE

Agam, tho £ HOG = BOD, because each = & BOO (xvir,,
Ex 9), and HOJ = $ BOD, HO0J = JOG, and the £ HJO
= KJO, and JO common, (I =xxvi)JH=JK 2MNow
the £ LHG 1s greater than HGQ, but LIIG = GKJ, because
they are the supplements of the cqual £+ OHJ, OKJ, GEKJ
1s greater than JGK,  JG asgreator than JK,  JG 1sgreater
than JH, and JF 1s greater thin JI, the A FJG 1s greater
than EJH To each add the figure AGJL, and we have the
A AEF greater than AHG

{2) Let the tangent bo drawn below the O, making an isosceles
A with the fixed tangents, thon it can bo shown, as 1n (1), that
the 1s0scoles A 18 less than the A formed by any other tangent
which does not cut off an 1s0sceles A with the fixed tungents

5 Dem —Jomn CF, DE, AB Now the £* ADE and ABE
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are equal (xx1 ), and ACF, ABF equal, ADE, AUF are equal,
CB s [ito DF, OCDEFsard and (I xxxav) 0D

= EF
« 6 Seo Book I, Miscellaneous Ex 45

7 Let the smides of the oyche quad ABCD be the diameters ot
four O* Itis requred to prove that those Os intersect in tour
conoycho points E, F, G, I

Dem ~Draw the dungonals AC, BD, and let full L* AE, BF,
UG, DH on AC, BD Jom HE, EF, FG Now, because the
L£* ABD, CHD are night, the O® on AD, CD, as dinmeters, will
pass through H  In hke manner the Os on the other mdes wall
pass through B, ¥, @ And mnce the 2* AHD, AED are right,

AHED1sacychoquad , the /s AHE, ADE are togother equal
to two mght £# (xxir ), and the £* AHE, FHE are equal to two
nght £+, the L ADE=FHE Sumlarly, BOF = EGF, but
ADE=BCF (xx1), FHE=EGF Andhence (xx1, Cor 1)
the pomts E, F, G, H are concycho

8 Let ABCD be a oychic quad Draw the diagonals AG, BD

B A




110 EXERCISES ON EUCLID [BooK 11

It 1 requred to prove that the orthocentres of the A* ADB,
ACB, CAD, CBD are the angular pomnts of 8 quad., which 15 equal
to ABCD

Dem —From D zud C let fall L*DE, CFon AB LetC,D,
be the orthocentres of the A* ADB, ACB, and let A/, B’, be the
orthocentres of the A* BCD, ADC Jon CD, DA, A'B, B¢,
and from O, the centre, let falla 1L OM on AB

Now OM =30D’ (*Sequel,”” Book I, Prop xux, Cor 8)
Simlarly OM =3 C'D, CD' = CD, and they are parallel,
hence DCDC 1123, DC=D'C In a sumilar manner it
can be shown that the other mdes of A'B C D’ are respectively
equal ond § to the remmmng sides of ABCD  Hence A'BC D’
= ABCD

9 Yet the O¢ intersect tn A, B Through A draw ACD,
AFEF, cutting the O*m C, E, D, F Jom EC, FD, and pro-
duce them to meetmn G It 1s required to prove that EGFis a
gven L

Dem —Jom AB, BC, BD XNow the Z¢ BAE, BCE are equal

1o two might Z¢ (xwir ), and BCE, BCG are equal to two nght £
(I xm), BAE=BCG Smmlaly BAE=3BDG, .+ BCG=
BDG, and hence (xxt , Cor 1) the pants B, G, D, G are concyelie,

the 2 CBD =CGD Agun, the 4* ACB, ADB are given,
ance they are m given segments, and the £ CBD 1s equal to
ACB-CDB, CBD 15 a gaven £, that 15, CGD 15 a given
L

10 See *“Bequel to Euchd,’’ Book IIX., Prop x

11 Let P, P be the points i the O

80l —Jom PP  Bisectitin D Join D to the centre E, and
produce 1t {0 meet the carcumference :n C, A G, A art the ponts
regmred,
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Take any other pomnt B 1n the civoumferanece  Jom BP, BPY
CP, CP', BD Now bocause E 15 the centre DC 18 greater than
DB, 2DC® s greater than 2 DB* To each add 2 DP?, and
we have 2 DC? + 2 DP? greater than 2 DB? 4 2 DP2?, but CP2
4+ CP2=2D02+2DP2% (Il x,Ex 2), and BP? 4 BP'2 = 9 DB?
+2DP?, (P24 OP%13greater than BP24 BP'®* Hence QP2
4 OP 2?33 o maximum  Inlike manner it can be shown that AP2

V:

AN

A

C

12 Let ABCD (gee ig, Ex T)be the qued Draw AQ cuneof
the dzagonals, and from B, D letfall 1*BF, DHon AC TItis
evident from the proof of Ex 7, that DH and BF are the common
chords of the O on CD, AD, and on AB, OB as dinmeters, and
that they are ||

13 See ““Sequel to Euchd,” Book ITI, Prop x1

14 Let ACB be the A, and CD the imternal hisactor of the
vertieal Z It s required to prove that AC OB = OD?
4+ AD DB

Dem —Describe 2 O about AOB  Produce 0D to meet the
arcumferenco mn E, and jom BE  Now the £ ACE = BOE, and
OAD = CEB (xx1), (I =xxm, Cor 2)the A* ACD, BCE
are equangular, hence (xxxv Cor 8) AC OB =EC OD but
EO OD = ED DO +CD? (Il 1m1), and ED D0=AD DB
(xxxv), A0 OB=CD?+AD DB

16 Draw BD, OD tangents to the Os  It1s required to prove
that BDO 18 a gaven £

Dem.—Jom AR, BE,OE Nowthe L DCE=CAE (xxxn %
and DBE = CARE, DCE DBE, and CFD = BFE (I xv),

CDF = BEF, but BEF = ABE — ACE (I xxxu ), and
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ABE and ACE are gmiven 2¢; the £ BEF, thatis, CDF,1s
given

16 Let AB, a chord of a g1ven O, pass through a given point
P, at A, B tangents AD, BD arodrawn  JIt1is requred to prove
that the loous of D 15 & night line

Dem —Let E be the centre Jon ED, EP  Produce EP,
and from D draw DF L to it Now, denoting the radius by

R, we have (xvui, Ex 8) DE EG=DR3, but becouso the £*
DGP, DFP are night, DFPG 18 & cychio quad, and DE EG
=FE EP, FE EP=1R% FE EPisgven, and EP 15
gwven, EF 15 given, hence F 18 2 gaven pomnt, and FD1s L
toEF, FD isa lme given in posation Hence the locus of
D 1s a nnght line

17 Lot ABC bethe A Deseribo & O about ABC  Biseot
the £ BAC by AJ, and produce it to meet the curoum-



BOOK 111 ] EXERCISES ON EUCLID 113

ferencoin D Through D draw the diameter DE  From A lot
folla L ALonBC Produce ACto G, and lot fall L* DF, DG
on AB, AG, then CG = } (AB - AC) (Dem of xxx, Ex 4)
It1s required to prove that HY HL = CG?

Dem ~—Jomn FH, GII, DO, CFE, EA, and from A let fall 2

£
M U
£
i1
B C N
¢
D

LAMonDE Nowthe £ EAD 1s nght (xxx1 ), and LHJ 1s
nght, EAJH isa cyclic quad, ED DI =AD DJ, but
because the £ ECD 1s nght, and CH L to ED,ED DH =DC*
(I <tvar, Ex 1), AD DI=DC%and AD DK = DG?,
hence, by subtrmction, AD  JK=CG", and sinco the A* ADM,
HJKaro equangular, wo havo (xexv, Cor 3)AD JEK=HJ AM
=HY AL HencellJ HL=CG?

18 Therectangle contmned by the distances of the point where
tho external lisector of the vertical Z meets the base, and the
point whero the L from the vertex meets1t, from the middle pomt
of the base, 15 equal to the square of half the sum of the sides

Let the samoe construction bo made as m Ex 17  Jowm EA,
and produce 1t to meet BO produced i N, then EA 15 the ex-
ternal Liscctor of the vertzerl £ (xxx, Ix 2) It 18 required
to prove IN HIL = AG?

Dem ~Through II draw HO || to AD, meeting IN 1n 0, and
AM P Nowthe £5 NOII, AMD are equal, cach bemg nght,
nnd the £ PAJ=DPHJ (I xxxn ), the £ MDA = ANH,

the A+ JINO, AMD aro equangular, (xxxv, Cor 3)

HN AM=DA OH,bat AM=IL,and 0H=AK, HN I

=DA AK, but(I <uvir, Bx 1) DA AK = AG? Hence
HN HL=AG?
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19 Lot ABCD be n eyelic quad  Produce AB, DO to meet in
E, and AD, BCtomeet.n F Join EF, and from E, F draw
tangents ¢, ¢’ to the O deseribed about ABCD It 18 required
to prove that EF? = ¢2 4. 2

Dem —About the A CDF descnbe a O CDFG, outting EF

mG JomCG Now (xxar) the £* BAD, BCD aro together
oqual to two nght £9, and the 43 DFG, DCG are equal to two
night £+,  the £* BAD, BCD, DFG, DCG aro equal to four
nght 2%, and tho Z* BCD, BCG, DCG aro equal to four nght
¢+ Rojeot BCD, DCG, and we havothe 2 BOG=BAD + DFG
To each add the £ BEG, and we get BCG + BEG=TLAF + AFE
+ AEF, hence the £* BCG, BEG aro cqual fo two nght £
BCGEwacychoqued , FE LG=DE EC=1 (xxxv1),
ammd EF FG=BF FC=??,utEF*=FE EG+ EF FG,
EF? =24 12
20 Let AB be a given lino, CDE a gaven O, and DKJ a
vaninble O, touching CDEmn D, and ABanJ It 18 roquired to
prove that JD produced passes through a given point

Dem —From the centre F Iet falla 1 FHon AB, and produco
1t to meet tho O 1in C  Let G be tho centre of DKJ  Join FG, GJ,
CD, DJ, and produco JG to I Now (xx )the £ LGD =2 GJD
=2 GDJ, and the £ EFD=2FDC, but LGD =EFD (I ~xrx ),

GDJ =FDC, JD and DC are m one strmght line, that
18, the chord of contact JD produced passes through the fixed
3
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point C where the L from the centre of thegiven O on the given
ine meets the arcumference

c

A\
|

~

L
T\
A H J B

21 Dem.~Jomn DA, AE Now the £ DEA = DAB (=xvwvin.),
and EAC=ADE, but AFG=FDA + FAD (I xxxi.)and AGF,

E
F G
\

c

D

=GAE+ GEA, AFG=AGF, nnd hence {1 v1) the hines AF
and AG are equal
22 Dem —Jon BD, B D’, end produce them fo meet :n F
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Jom EO, E'C’, and produce thom to meet mn G Produco
TFB' GE to meet in F', and FB, GE' to moet 1n G

Now the £ BDE = BOE (xxt), and BD'E'=B O'E’, but
B'D'E’ = DI'F (I <v), and B C'E’ = CC'G, hence the £ DFD’
= 0GC’, and  (xx1 Cor 1) tho four ponts F, G, F’, G’ aro
concvelie

23 Lot ABOD be a oycho quad, such that a ccle can
bo mscribed m 1t It 15 roquired to prove that tho lines A'B',
C'D’, joumng tho pomnts of contact, are perpendicular to each
other

Dem —Becruse AQ' and BD’ are tangents, if we produce

D

them until they meot, thoy will be cqual, tho £ AC'D/
= BD'C" Toeachaddthe £ OD’C’, and wo have AC'D'+CD ¢
= BDC’' 4+ CD'C, but BDC’ + CD'C’ equal twonight 2*,
AC'D 4+ OD O cqualtwonght £+ Sumlarly, AAB + CB'A’
equal two right £+, and (xx11 ) DAB + DCB cqual two nght £»,
tho sum of those six £* 19 six nght £*, and thoss L+, to-
gethor with the 2» AOC + BOD' cqual eight nght 2+,
A OC' + BOD’equal two nght Z¢, but AOC' = B'OD’
Henoo each 18 night, and thereforo A B’ and CD are L to each
other
24 Lot ABCD boa cyche quad , AC, BD its dingonals inter-
gecting m E Through E draw the munimum chord F& (xv, Ex
1) It s roquired to prove that EH = EJ

Dem —Through O draw CK || to F@, and jomn XE, KH, KD
Now, because FG 18 hisected w E, and CK 15 || to FG, EQ
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= EK, and the £ JEC = HEK, but JEC = ECK, HEK
= ECK, but ECK = ADX (xxr}, HEK = ADK, and

HEDK 15 o eyclie quad , the £ HDE = HEL, but
HDE = ACB (xx1), HEE = ACB And the A* EHK,
EJC have two £* and a side 1n one equal to two 2* and & s1de 1
the other Hence (I xwvi) EH = LJ

26 Beo ** Sequel to Euchd,” Book VI, Sec 1, Prop xv (8)

26 Sce *Sequel to Euchd,” Book III, Prop xx, Cor 2

27 YLet AB, AC, BD, CE be four hines formmg four A* ABD,
ACE, BEF, DCF Ablout the A* BEF, DCF two Ot are

deseribed intorsectmgwm F, G It 18 reqwired to prove that the
O ahout the A* ABD, ACE will pass through G

Dem —Jon GB, GF, GD Now the L BLF = BAC + ACE,
but AGE = FGD (xx1), BEF = BAC + FGD, BEF
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+ BGF = BAD + BGD, but (xxi1 ) BEF + PGF equal two
nght £, BAD 4 BGD ecqual two nght Z¢, hence the O
about BAD will puss through G Similarly the O about ACE
will pass through G

28 About AYZ, OXY describe Osintersecting m O It s
required to prove that the O about BXZ will pass through O

Dem —Jomm 0X, OY, 0Z Now the £% ZAY + ZOY equal
two right 2+ (xx1r), and YOX + YOX egual two nght £,
those four Z* equal four right /% and the three Z* ZOY,

C

A B

YOX, X0Z equal four mght Z*, hence the £ X0Z = ZAY
+¥YCX, Z0X + ZBX = BAC + ACB + CBA,and  equsal
two nnght Z* Hence the O about BXZ will pass through O

29 Dem —Jom OC, OB Now, because the pomnts O and O
are given, the lime OO0 1s given in positron, and YC 1s given m
posttion, theZ YCO s given,  (xx1)the Z YXO 1s given.
In Iike manner OXZ 1s given, hence the £ YXZ 15 given
Similarly, 1t can be shown that the £* YZX and XYZ are
each given

30 Let XYZ be a given A, and A, B, C three given poimnts
It 1s required to place a A equal to XYZ whose sides shall pass
through A, B, C

Sol —Jom AB, AC, BO On BC, AC describe segments con-
taining £ * respectively equal to the 23X, Y Jom O, 0, the
contres On 00’ desersbe 2 semicirole, and 1n 1t place a chord

'D =% XY Through C draw A B’ [ to OD Jomm B'A,
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A’B, and produce them to meet in C' A BC’ 18 tho requred
A

Dem —From 0’ lot fall a L O'F on A’B’  Jom OD, and pro-
duceit tomeet A’'B'mm E Now tho £ ODO 18 nght (xxx1),

OEF 15 nght, hence (111 ) B'C 1s bieceted i By and CA' 18
buectedin F, DB'A'=2LF=20'D, =XV, and since the £*
A', B'= X, T respectavely, the A A B'C' = XYZ

31 Let XYZ be tho gaven A, and AB, AC, BC the given lines
It 25 requured to place & A equal to XYZ, whose vertices shall bo
on AB, AC, BO

8ol —Through tho points X, Y, Z, desenbe n A X'Y Z’ equal
to ABC (Ex 30), and in BC take BA =T'Z, 1n BA take BC’

% 4 xR

=YX, and m AC take BO = XY Jom A’'B', BC', CA
A'B €' 15 the A requred
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Dem —Because A B=Y'Z, and B0’ = XY’, and the £ A'B C’
=XYZ, (I rv)A'C'=XZ Similarly A'B’ = YZ, and B'C*
=XY Hencethe A ABC'=XYZ

32 Let ABC be the given A, and X, Y, Z the three pomnts

It 18 requred to construct the greatest A equnngular to ABC,
whose sides shall pass through X, Y, Z

Sol —Jom XZ, YZ, and on them describe segments of O* con-
tamng £ * respectively equal to the £# B, C  Through Z draw

cr
D

B O’ || to the line jomming the centres Jomn B'X, C'Y, and pro-
duce them to meet m A’ A B O 15 the A requred

Dem —Through Z draw any other Ime DE Jom DX, EY,
and produce them to meet m F Now (xxr) the £ EDF
= C'B’A’, and the £ DEF = B'C’A’, and the sde B’C greater
than DE  Hence tho A A B’0’ 18 greater than DEF  (*Sequel,”
Book IIT , Props xv, xvI)

83 Lot AB, AC, BC be the three given Lnes, and A'B’C’ the
gwven A It 18 requred to construet the mimmum A equ-
angular to A’B 0, whose vertices shall be on AB, AC, BC

Sol —On BC deseribe a segment of & O confamningan £ equal
to the sum of the 4% A, A’ On AB describe a segmont contan-
mg an L equal to the sum of the £* C, C° From D let fall
1+ DE, DF, DG on AB, AC, BO Jom FG, GE, EF EFG
18 the required tnangle

Dem —The L CDB = A + A’ (const ), but CDB = A + DCF
+DBE, A'=DCF+DBE Agam (const ), FGOD and EBGD
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= BE = DGE
are cycho quads ,  the £ FCD = FGD, and D ; ,
henc?the L FGE=FCD + DBE, hence the £ FGE=4" Bmm-

. A

B

larly GFE = B’, and GEF = (' Therefore the A FGE 18 eqm«
sogular to A’B'C
Draw any lime DG/, and draw D¥Y, DE’, making each of the
LsFDF, EDE equal to GD& Jom G I, FE, EG¢ Now
the £ FDF' = GDG’ To each add FDG, and we have the
L FDG'=FDG To each add the £ F CG, and we get F'DG’
+ FCG’ = FDG + FCG, but FDG 4 FOG = two mght 2+,
FDGE 4+ FOG = two nght £, hence ¥'CG D 18 a cycho
quad , the £ F'G’'D =FCD, but FOD has been shown to
be equal to FGD, IFGD=PFGD Bmlarly E'G'D=EGD,
F'G'E'=FGE In hike manner GF E = GFE, and FEG)
= FEG Hence the A* F'E @', FEG are equangular, and since
DG’ 18 greater than DG, and DF* greater than DF, and the
L G'DF’ = GDF, the mde G'F’ 1s greater than GT, the
& F'E'G 15 greater ihan FEG  Honce FEG 15 & mmnmmum,

3¢ Yet 0, 0°, 0" be the centres of the given O* It 18 re-
qured to construct the greatest A equangular to a given. one,
whose mdes shall touch the three crclog

8ol ~—~Through the pomts 0, 0’ 0”, deseribe the maximum
A ABC, equangular to the given one (Bx 82) Draw tangents
AT, B'C’, O'A’ respectively || to AB, BO, A A'BC' 15 the
required A

Dem —From A, B, O let fall Ls on the mdes of the
A A'B'C"  Bocause the 4s about B are together equal to four
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nght £*, and that the £* EBA, EBO are each rnght, the
Lv EBE', ABC are together equal to two nght £+, but ABC
188 gmven £, EBE’ 15 given, and the sides BE, BE' are
given, mmnce they are equal to the radu of the O* 0, 0” Hence
the figuro EBE'B 15 given 1n megmtude  Simlarly the figures
ADA'YY, CFC'F’ are given 1n magmtude Agun, since the

D'

B
E

A ABC 18 & maximum, the s:de BC 18 2 moximum, therefore
BCFE’ muet be & maximum, because 1t 18 contawmed by BC and
BE', which 15 a given line, being cqual to the radms of O”
In like manner each of the figures ABED, ACF'D’ 18 a maximum
Hence the whole figure A B ¢’ 18 2 maximum

36 Let AB, AC, two mdes of a given A ABC, pass through
two fixed points P, P’ It 18 required to prove that the mde BO
touches a fixed crcle

Dem —Jomn PP Describe o O about the A APP Draw
the dismeter AD, and join DP, DP  From D let falla L DEon
BC, and producoe 1t to meet the O m F  Join AF, and let fall
a L AG on BO

Now since the pomts P, P/ are given, PP’ 15 o gaven line, and
the £ PAP’ 18 given, hence (xx1, Cor 2) the circle PAP’ 18
gwven, and because the £s EBP, EDP are together equal to two
nght £*, and EDP, FDP are together two nght e, the
L FDP = EBP, and 1s therefore a given £, hence the arc PF 18
given, and  F1sa given pomt Agam (xx\1) the £ AFD1s
nght, and FEG 18 nght, hence AFEG 18 a I, EF=AG,
but AG 1s given, emce 1t 15 the | from the vertex on the
base of a given A,  EF 1s given, and the pont F 1s given,
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hence the locus of B 1s a O, having F os a centre, and EF as

B

radias Hence the bace BC touches 2 ixed O

36 Let the mdes CA, CB of the A ABC fouch fixed O  It1s
requrred to prove that AB touches a fixed O

Dem.—Through the centres 0, 0’ draw s A’C, B'C’ to AC
BC Jom O, O to the pomnis of eontact D, E, and through
A, B, Cdraw AF, BG, CH, CJ, [tc OD, 0 E

Now the LBAC=B'A'C; BA'C 1s given, and the £ AFA’
1snght, . the A AA'F 1s given in species, and the side AF 18
given, bemngequal to 0D,  44°, AF are each gaven  Agam,
the £5 ACB, HCJ are equal to tno nght 2+, but ACB1s gaven

- HCJ is given, and the sdes CH, CF ars given, "* HCGJ 15a
gIven ﬁgnr'e » CHis given, and HF 15 gaven, bemng equal to
AC, AC tli a gng Ime Sumilarly B'C’ is given, and A’B’
1s given, e A C 1s given And 5 .
touches & fixed O - e (Bx 35) A

37 LetP be the gaven point, and © the centre of the Q.
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8ol —Join PC, and on 1t desenbe an equilateral A PAC
Draw PB, bisecting tho £ APC  From B lot falla L BD on
PC, and produco 1t to moet the OmE  Jomm EP  EPB1s the
required A

Dem —BD = ED (rr), and DP common, and the £ BDP
=EDP, (I 1v) PB=DPE, and the £ BPD = EPD, but

A

LPDisd an £ of an equilateral A, EPDis}an/of an equi-
lateral A  Hence LUB 18 an £ of an equilateral A, and the
L PEB=PBE Xenco tho & EPD 13 equlateral

38 Let P bo the given pownt, and C, O' the contres of the
given O*  Itas requived to construct an equlnteral A, having
s vertex at P, and tho extromities of 1its base on the circume
ferences of O and ©

Sol —Join PO, and on it deserbo an equilateral A PAC
With A as centre, and a radws equal to CD, deseribo a O, cut-
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+mg the O whose canfre 18 CmB Jom AB, and af the pomt
O 10 CP make the £ POE=BAP (I xxm) Jom BE, EF,
PR BEP 1s the requred A

Dem —Because AP = CF, and AB = CE, and the Z BAP
=ECP, (I 1v) the base BP = EP, and the £ BPA=CFE
To each add the £ APE, the sngle BPE =CPA, hence BPE s
an £ of an equisteral A  And mnce PB = PE, the A PBE
1s equulateral.

30 TetABCboamven A It required to place it so that
1ts mdes shall touch three given O° o, 0", 0"

Qol —If two sides of a A equal to ABC touch two O* 0, 0,
tho thrd must toucha fixed O (Ex 36) Let PP bothe fixed O

BOOK 111 }

o

Draw DE & common tangent to 07 and PP’ (x
' : vir, Ex 10
Through O, O' draw OE, O'D’, meetmg DE produced, o
xé:akmg the £* OE'D’, O'D'E’ respectively equal to the /s
mﬁA{h:}AB F.ét 0, 0’ draw OF', O G at nght £s to OF', O'D ,
pge ough ¥, @ draw EF, DF, tonching the O+ DEFis the
Dem.—Becauss each of the L* E'OF, EFO
18 nght, B’
EF aro{, fhe L DEF=DEO, and = oquil CBA "
larly, EDF = CAB Hence DEF 1s the A reguired
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40 Let ABCD be a given quad 1t 15 requured to desonbe a
square about it

Sol —On AD, B0, two opposite mdes, as dinmeters, describe
O+ AED, BFO  Biseot the semucircles AED, BFC mm E, F

Z

>

[2]
»)
~

Jomn EF, and produce to meet the O* agammin GH Jor HB,
GA, and produce them to meetm J  Join GD, HC, and produce
them tomeet m KX GJHK 15 the required square

Dem —DBecause the aroc AE = DE, the £ AGE = DGE, but
the £ AGD 1snght (xxx1), AGEmshalfanght £ Inhke
manner BHF 1s halfanight 2, AGE =BHF, JH=JG
Similarly, KG = KH, hence the sides are equal, and the Z*are
evidently nght Therefore GJTHE 1s a square

Zemma —To find a pomt Om a A ABC, such that the 2 BOO
may exceed the £ BACQ by a given £ X, and that the £ AOC
may exceed the £ ABObyagiven LY

Sol —On BC describe a segment of a O contaimng an £ equal
to BAO + X, and on AC describe a segment containmgan £ equal
to ABO+7Y The pomt O, 1u which these segments intersect, 18
evidently the required one

41 Let ABCD be a given quad It 1s required to mseribe a
square mit.
8ol —Produce AB, DC to mest m E, and AD, BC to meet 1n

F Inthe A AED find a point O, suchthat the £ AOD 1s equal
to AED, together with a nght £, ond that the £ DOE 15 equal
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dm AFB find
togother with half a nght £ (Lemma), an

:o DzﬁtE, 0’ usg: that the £ AO'B 18 equal to AFB, together witha
nglgt L, "and the £ AO'F = ABF, together with half a nght £
Deseribe a O through the pomts 0, 0, A, cutting AT, AR m

P

G, H Through O, G, D describe 2 O cuthng DEn J, and
through 0', H, B desenibs & O, cutting BFanI Jom GJ, JT
IH, HG GJIH 1sthe required square

Dem —Jom 0@, 0H, OJ XNow the differsnce between the
L* AOD and AED 15 egual to 2 nght £ (const), and AOD
- AED = EAO + ODE, hence EAO and ODE are together
equal fo 2 nght Z, but BAO = HGO (xx1), and ODE = 0GJ,
hence the 2 HGJ 18 nght.  Similarly, by jorung JH, 1t can be
shown that GJH wshalfanght £, GH=GJ Sumilardy,t

can be shown that the £ GJI1s night, andthat GT =JI Hence
GJIH 18 a square

42 (1) LZémma —To find the radical axis ofa O and a pomnt.
Let A be the centrs of the O, and B the pomnt,

8ol —Jom AB, and divade st 1n C, 5o that AC? - OB? 18 equal
to the square of thorndius A (** Sequel,”” Book IIT , Prop 1x),
Erect CD L fo AB D 1s the required radical axis

Dem.—Draw DG e tangent from ony pont D Jom DB
Drew CE a tangent, and jom AE Now AQ? - CB2 = AE"
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AQ? —~ AE? = CB?, thatis, CE?*=CB?, CE?+ CD?e==(OR?

D
G \
A T B
F

+CDt, but CE? 4+ CD?*=GD? (** Sequel,’”’ Book III , Prop x«xt)
and CB? 4+ CD*=DB?, DG*=DDB* HencoCD1s the radical
oxis (xvi , Ex, 6)

Sol —Let C bo tho centre of the O, and A, D the points
Jomn AB, and lisect 3¢an D Ereet DE L to AB  Jomm AC,

£

B

and find the radical nxas TE (Lemma) of the O and the pont 4,
and letit cut DEr E  E 18 tho centre of the required O

Dem —From B draw the tangent EG to the O Jom
EAEB  EG =EA (Lemmn), and EA = IB, EA, EB, EG
are equal , and the O, with E as centre and EA as radius, will
pass through B, and cut the given Q orthogonally m G
(** Sequel,” Book III , Prop xxur)

(2) Lemma —To find the radieal axis of two O Let A, B
be tho centres Jom AB, and divide in E, so that AE®
~ EB? 15 equal to tho difference of the squores of the madu.
Ercet EC L to AB  From C and E draw tangents CD, EH,
CG,Efto Aand B Jom AH, B] Now AE? - EB* = AH?
-~ B3, EH? = EJ3, CE?+ EH? = CE* 4+ EJ*, hence
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(**Sequel,” Book IIT, Prop xx1) 0D?=(CG? Hence EC 1s
the radical axis of the O

Sol —Let A, B be the centres, and P the point Jomn AB,

and find the radieal axis CE (Zemma) Jomn BP, and find the
radical axas CF of the point P, and the © B From C, where
OE, CT intersect, draw tangents CD, CG toA and B Join OP
O 18 the centre of the required O

Dem —Bimnce CE 18 the radical axis of the Os A, B, CG=CD
(ZLemma) , and because CF 13 the radieal axis of the O B and the
pommt P, CG = CP, CG, CD, CP are equal, and therefore
the O, whose centre 18 C, and radips CP, wall cuf the O* A and
B orthogonally (** Sequel,’” Book III, Brop xxr)

(3) Let A, B, O be:the O* Fmnd DE the radical axis of A

and B, and DF the radical ax1s of A and 0 From D, where
DE, DF intorsect, draw tangents to A, B, C Now these tan-
gents are equal, and the O, with D as centre, and one of thom
as diwstance, will pass through the ends of the other two, and
will out the O* A, B, O orthogonally (*Sequel,’”” Book III,
Prop xxr)

x
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43 Dem —Jomm BD, AE, and let them mntersect m O Jom
CO, and produce 1t to meet ABmn H

Now (xxx1 ) each of the £* ADB, AEB, s nght, BD, AE
aro L* to AC, BO, hence (xxx, Ex 10) CH1is L to AB
Now (xxx, Cor 1) AHEQ 18 a cycho quad , (xxxvr )

C
n/
E

(v,
A H B
B0 BE = BA BH And since BADOC is a oyche quad,
A0 AD = AB AH Addmng, we get AO AD 4 BO BE

= AB {AH 4 BH) = AD?

44 Dem —Join AE, BF, CG, DH Now {xxn )the /* AEF,
ABF are together equal to two nght /% end amlerly the /o

AEH, ADH are together equal to two nght 42, hence the sum
of those £¢ 18 four nght £*, and the sum of the Z*AEF, AEH,

A
B
F
G
D C

FI'H s fourright 29, the Z FEN = ABF + ADH  In hke
manner the £ FGH = FBO + HDO, the 2* FEH and FGI
= ABC and ADC, and  aro equal to two nght /v, Henco
(xx11, Ex 1} LFGII 18 a oyche quad
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46 Dem —Describe o O shout ABC  Take any pont M m
the aircumfersnce  Jon MA, MB, MC It 18 required to prova
thot MA = MB + MC  Produce BM to D, s0 that MD =MC
Jom OD Now (xxm) the £* BAC and BMG are together

A

B C
D

oqual to two nght 23, and BMO, DMOC are together equal to two
nght £¢, DMO = BAC, nnd 18 an £ of an equilatersl A,
and because MC = MD, MCD 18 tn equalateral A

Agum, becnuse BMCA 18 a cychie quad, the £ MBO = MAG,
and ABQO = AMC, but ABC = MDC, since each 18 an £ of
an eqmleteral A, AMC = MDC, henoe (I xxvr) the
A* AMC, BDC are egual, AM =1BD, that 15, AM=MB
+ MO

46 (1) Let ABC be a A, the sum of whose mdes AB, AC1s
mven, and the £ BAC, both 1n magmtude and posittion  About
the A ABC describea O It 18 requared to prove that the locus
of 1ts centre F 15 a night hne

Dem —Bisect theare BCin D Jomm AD  Letfalla 1L DB
on AB Trom F let fall o L FG on AD Now AE=4% (AB
+ AC) (xxx, Ex 4), hence AE 15 2 pven hme, Esa
given pomt  And smce DE1s | 10 AT, at & gaven pont, DE s
gwven in posiion, and because the £ BAD =} BAC, BAD 52
gven £,  AD1s given m pomtion, and DE 18 javen m posm-
tion, D sagiven pomnt, and the pont A 18 given, hence AD
15 a given line, and (ur ) AD 18 bisected n G, G 18 n given
pownt, and FG 18 o L from a fixed pomt to & hne gven 1
pomtion, hence FG 18 gaven in pomtion Henco the locus of F
18 the Lue FG



132 EXERCISES IN EUCLID (poox mx

(2) Biseot the £ BAC by AD Erect DE L toBO DE s

E
A

;)
Q

D

the dinmeter Jown EA, and from E, ¥ let fall 1* EG, FH on
AB and AE

Now the hine AG 18 given, for 1t is equal to } (AB —~ AQ),

EG, which 15 L to 1t, 18 given in position, and EA 18 given
m postion, since1tis L to AD, Eisagiven pomt, and EA
18 bisected n M (1},  FHis given 1n position  Hence the
locus of F 15 the ine FH

47 (1) Lot O Ve the centre of the given O, and A, B the
points It 18 requured to describe & O which shall pass through
A, B, and biscot the circumference of the given O

Sol —Busect ABin O Jom CO, and divade 1t 1n D, so that
CD3? — 0D% = R? — BC? (R bemng the mdius of the given O)
Eiect DE, CE, 1°to OC, AB, and join AE, BE, OE E s the
contro of the required O

Dem —The A* ACE, BCE are equal (T 1v.,), AE=BE,
hence the O, with E as centre, and AE as radius, wall pass
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through B Let 1t cut the given O m G, H Jom OG, OH,
EG, EH Now CD*— OD*=R? - BC®?, CE*-OE*=R?
—BCz, BC%+4 CE* = R?+ OE?, that1s, BE* = R2? + OE3,

GE*=R%*4 OE?, but0G=R, GE*=0G3+4 OE*, hence
the £ BEOG s nght Similarly EOH 18 a nght angle, OG
and OH are 1n the same straight hine , hence G H 1s the diameter
of themiven O Hence the circumference of the given O 18
bisected by the O ABH 1n the pomnts G, H

{2) Let A be the given point, and O, O’ the centre of the
given O¢ It 18 required to desembe a O passing through A
which shall bisect the circumferences of the Os whose centres
are 0, 0",

Sol —Jom AO, and dinide 1t 1n B, o that AB® — BO? = R?
(B bemng the radius of the O whose centre1s 0)  Jomr A0, and
divide 1t 1n C, 20 that AC? — C0"2 = B2 Erect BD, CD isto
A0, AO Jom AD With D as centrs, and AD as radius,
describe a2 O EAG, cuttng the gaiven O mthepomis E, F,
G, H Thisisthe O requred

Dem —Jom OF, OF, 0'G, 0'H, OD, FD Now AB? - OB?
=OF? {const), AD?-—OD?=0F?, AD?= OD? + OF?,
that 15, FD? = OD? + OF?  the £ DOF s nght Similarly,
the £ DOEsmght, OEand OF are m the same strmght lme
Hence EF 18 the diameter of one of the given O  In like man-
ner-GH 1s the diameter of the other given O Hence the ar-
cumferences of the given Ot are bisected by the O EAG

48 Let a8 O, whose centre 18 D, bisect the circumferences of

two given O* m thepomis E, F, G, H It 1s required fo find
thelocusof D (See last diagram)
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Sol —Jomn EF, GH Now simco the circumferences are bisected
m E, ¥, G, H, the centres, mustbe in the lines EF, GH Bisect
these limes . 0, O’ Jomn 00, DO, DO’ From D let full a
1 DJ on 00" DJ 1s the locus of D

Dem —Jomn DF, DH Now (m ) the £ DOF, DO'H are
nght, DF?=DO0%4 OF? and DH? = DO'?+ 0’H3, but DF?
=DH?, DO0?+0F%,=D024+0H? DO?-D02=0H?
— OF2, but O H2 —~ OF? 15 given, smce O'H and OF are the
radn of two given Qf, DO? - D02 13 given, 0J:-07J2
18 given , J 18 a given pomnt,  the lme DJ 18 given 1n pos-
tion  Hence the locus of D 18 the hine DJ

48 Let O, O', 0" be the centres of the given O*, and R, R',

' c

,/m

Bd

AV

A ‘\\;-—
N

F

R’ their radn It 18 required to describe 2 O which shall bisect
the circumferences of the given O*

8ol —Jom 00, and divide 1t 1n G, so that 0G® — 0'G?=R"?
—R? Jomm 00, and divade 1t ;m H, so that O'H? ~ QO H3
=R?—R"2, and at G, H erect GJ, HJ, L*to 00, 0’0’ The
pomnt J, where these L* intersect, 18 the centre of the re-
qured O

Dem —Jom OJ, 0J, 0" Through O, 0’, 0” draw AB,
CD, EF at night angles to 0F, 0'F, 0"J, and jon JA, JB, JO,
JD,JE, JF Now 0A? = OB?, 0A? 4+ 0J?=0B2+ 0J2,

AJ2=BJ3, AJ=BJ Inlkemanner CJ=DJ, and ET=F7J
Agam, 0G*~0'G2=R%—R*, OG*+R?*=0G24+R2 OG
+JG2+R*=0G?+4+JG*+ R 2, thatis, 0J%+R?= 0 J24+R2,

AJ2=DJ3, AJ=DJ Smmlarly, BJ =EJ, and CT=FJ
Hence those sx lines are equal, and the O, with J as centre,
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and AJ as radius, will pass through the pomts B, C, D, E, F,
and will hisect the circumferemces of the given Ot m thowo
ponts.

50 Dem.—Jom BC, CD, DB Now, smce ABE 13 a nght-
angled A, and BC 18 L to AB, we have AE AC = AB?

- b

A
c\/r)
2

a B

(I. xxvx, Ex. 1) In like manner AF . AD = AB?, .-
AE AC = AF AD Hence (xxxvr, Cor 1) the pom's
C, E, F, D are concyche,

51 (1) Dem ~Let J, K be the centres of the Ot Jom JK,
and produceit. JK produced must pass throngh G (xr) Join
EF If GF does no* pass through A, let it paes through
H Now (xvix ) the £ CFK 12 ight, end the Z CDB1s nght,
+ FK ond ABare , - the Z GFK = GHB, but GFK
=FGK({I v), thelJHG=JGH, hence JG=JH, butJG

C
G

AH DJ E B

=JA, . JH=JA, whichisabsurd Hence GF produced must
pass through A

(2) Complete the O ACB, and produce CD to meet the cir-
enmference egan m M Now () DC = DI, the arc AC
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=AM, henco (Ex 26) AF AG=A0? and (xxxv1)AF AG
=AE? AC*=AE:, AC=AE

52 Let ACB be an obtuse angled A It 18 required to draw
from C a lhine CE, so that CE? = AE EB

Hol —Deseribe a O about ACB  Let D beits centre  Jomm
‘CD On CD as diameter desoribe & O, cutting ABmn E  Jon
CE CE 1s the required line

Dem —Produce OE to meet the aircumference again 1n F, and
jomn DE

Now the £ CED 1s nght (xxxx ),  FED 18 nnght, hence (11 )
OF 15 bisectedin E, FE EC=EC3, but (xxxv ) FE EO
=AE EB, AE EB=C0CE?

53 Dem —From E let fell L* EF, EG on AB, CD, and jomn
AE,CE Now AF = BF (1), AB'=4AF? BSmiledy,
CD:=4CG?, AB*+CD?=4AF*4+4CG* Agam (I xunvm),
-OFE® = 0G* + EG®* = EF* + EG?, 4 OE*=4 EF®+ 4 EG3,

G E

C

0 A
- AB+4 CD? + 4 OF% = 4 AF2 4 4 EF? + 4 CG? + 4 EG?,
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but4 AF2 44 EF*=4¢ AE?=4 R? and 4 CG*+ 4 EG*>= 4 CE?
=4 R? Henco AB*4 CD?+ 4 OE2 =8 R?

64 (1) Let ABC be the A From A, B, C let fall L* AD,
BE, CF on the sdes, nnd wtersecting 1n O It 18 required tc

prove that AB? 4+ BC® 4+ CA%isequalto 2 A0 AD+2B0 BE
+2C0 CF

Dem —AC? = AQ0? + 0C? 4+ 2 A0 OD (II =xn), BC?
=04+ 0B"+2C0 OF, and AB? = A0%?+ 0B?+2 B0 OE
Adding, wepget AB>+ BC*+ CA?=(2A024+2A0 OD)+(20B
+20B OE)+{2€C0*+2C0O OF =2 A0 (A0 + OD)
+2BO (BO + OE)+2C0{(CO+0F)=2A0 AD+2B0O BE
+2C0 CF

(2) Describe o O about ABC, and from 1ts centre Q let fall 1+
QG, QH, QJ on the sides, and jon AQ Now (1 ) AT = BJ,

AB*=4 AJ? =4 AQ* -4 QJ?, but AQ=R, and 2 QI =0C
(¢ Sequel,” Book I, Prop =11, Cor 8), AB*=4R3-00?
Siumilarly, BC? =4 R? — 043 and CA®* =4 R*—~0B* Hence
AB? 4+ BC?+ CA®=12 R?~ (0A® + OB 4+ OC9)

65 Dem —Jomn the centres 0, O’ Produce DC, and let 1t
racet the Ot agmin m the ponts G, H  Jomn 0G, O'H
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Now the £ DOO =0CG (I xv), but 0CG=0GC, DCO
=0GC, and 0 DC=0DG (hyp), the A® ODG, O DC are
equangular, hence (xxxv , Cor 3) 0G CD=0C DG Agan,
the £¢ O D, O’II0 are equnl to two nght £+, and the Zs
0QCD, 0°CD are equel to two mght 2+, and O'CD = O HC,

the £ O'HD = OCD, and (hyp) O'DH = 0DO, the
Av O’'HD, OCD are equiangular bence (xxxv, Cor 8) 0O H CD
=DH OC DMultiplying these results, we get CD2=DH DG
Now D@ DO = DE? (xxxvi), and DH DC = DF?,

DG DH DC?’=DE?* DF:?, DC‘=DE? DF3?, DC?
=DE DF
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BOOK IV.,
PROPOSITION IV

1 Dem —CF =CD, 00 common, and the buse OF = 0D,
hence (I vix ) the £ OCF=0C0D (Fig Prop 1v),

2 Dem —BD =BE,CD=CF, AR=AF(IIT xvx), OB
+AE =% (AB+ BC+CA)=s, that1s, a + ABE =5, AR
= (8 — a) In like manner BD = (s~ ), and CF = (s ~ o)
{(Frig, Prop 1v)

8 Dem —From O’ let fall 1+ O'F, 0'G, O'H on the mdes
AB, BC, CAofthe A ABC XNow, because the £ 0°'CG =0 CH,
and the £ 0'GO=0'HC, and the mde 0'C commom, (I xxv1)
0'6=0H Smluly, 0'G=0F, OF,0'G,0 Hareequsl,
and the O with O’ as centre, and O'F as radus, will pass through
G and H, and will touch the mdes at F, G, H

4 LetD, Ebe the pomnts in which CA, CB produced touch
the O whose centre 18 0 It 18 required to prove that BE
=(s—a) .

Dem —TLet § be the pomt of contact of AB and 0" Now
1t may be proved, asin Ex 2, that 0B+ BJ =3, that 1s, CB
+BE=3s, but CB=a, hence BE=(s~6), and AD = g~

§ (1) It 1s required to prove that the pomnts 0, 0™, A, B are
coneychia

Dem —Let E be the point i which OB produced touches 0™
Now smce the Z* ABC, ABE are bisected, the £ OBO™ 15 equal
to half the sum of the £ ABO, ABE, and 15 therefore a mght
L Smmlwly, 0A0” sanght £, . the £* 0A0™, 0BO™
are together equal to two right £* Hence (IIT <xm, Ex 1)
the pomts 0, 0'","A, B are concycho

€2) It can be shown asin (1) that the 2% 0 AQ", O'BO” are
nght £+ Hence (IIT =x1, Cor I) the pomnts ', B, A, 0" are
concychic .

6 It 18 required to prove that O 15 the orthocentre of the
A 000"

¥
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Dem —~Because the £ 0”B0O'’ 18 nght, 0"B 1s the 1 from
0" on 0’0" Sumlarly, 0’A, 0"’C are the .L* from 0f, 0*’ on
0”0, 0'0” Hence the pomt O 15 the orthocentre of the A
0’0’0 Bimilarly for tho others

7 B8ee Book I, Miscellnneous Ex 86

8 Dem —It 13 shown, i Ex. 6, that the four points O, A,
0", B are concychio, hence (JII =xx1) the L A0O"0 = ABO,
but ABO =0B0O, CBO=A0"0, and the £ ACO" =BCO,
since ACB 18 hisected, hence (I xxx11, Cor 2), the A* BOC,
ACO are equanguler, (III xxxv, Cor 3) CO CO”
=B0 AC=ab Inlike maunner A0 AO'=dc, and BO BO”
=ca

10 Dem —From O let fall 1* ¥ on AB, AC, BC Jomn
0’A,0'B,0C Nowdr =2 AACO, =2 ABO’, # (b-+¢)
=fwice the quad ACO'B, and ar =2 BOC, ¢ (b+0—a)
=2ABO,but(a+d+0)=28, (b4+c—a)=2(s—4a), 20
(¢-4)=2 ABC Hence+ (s — @) = area of the A ABC

11 From Q, O'let fall 1+ OK, O'H on AC It 18 required fo
prove that OK OH=(s~2) (s ~¢)

Dem —The ine AH = s (Ex 4), and CH, CK are (s — &) and
(s—¢) (Bxs 4and 2) Now the £ 000’ 1snght (Ex 5), the
L% OCK, O'CH are together equnl to a mght £, and smnce the
£ 0’HQ 18 night, the £¢ HO C, HCO’ make together a nght £,

the £ HO'C = OCK, and the Z 0'HC = OKC, each bemgmght,
the As QO HC, OKC are equangular Hence (ITI, xxxv,
Cor 8) 0K OH={(s~10) (s+—c), thats, r+' = (s~ 8) (s —¢)

12 Dem —Area of A ABC =rs (Ex. 9), and ' (s — 6} = aren
of ABC (Ex 10), »r r s &—a=square of area of ABC,
but#s'= s ~5 s—c(Ex 11) Hence square of area of ABO
=8 8—6 8-0b s—c¢

13 Dem —Lot the area of ABCbedenotedby A Nowre=A
(Ex 9),adr s —a=A (Ex 10) Symlmlysr’ s—5=A,and
v’ s—¢=A, hence(r v r’ r”)(s s—a s—8 s~c)= A4,
but (¢ e—6 2—56 s—c)= A% (Ex 12) Thereforer ¢ r’ ¢
= A?

14 Dem —From 0" 1let fall 12 0"'D, 0" D' on OB, CA. Now
the £ 0'"D’C 1s nght, and the £ D'CO™ 15 half a nght £,

the £ CO™D’ 1s half mght, (I vx) D'O " =D'C, but
0" =¢"and D'O=s(Ex 4), #+"=s Smilarlyitcanbe
hown, if wo Iet fall L+ OE, OE from O on OB, CA, that E'O
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=EO, butEO=3, mdEC=(s~¢) (Ex 2), r=(s—0)
In hiko monner r = (s — &), and ¢ = (s ~ a)

15 (1) Let AB bo the base, CDE the vortienl Z, and R the
radius of thoin O It 1s required to construct the A

§o1 —Produce CD to F, and bisect the £ EDF by DG On
AB deseribo o segment of & O contmming an £ = CDG  Ereet
BY LtoABmd=R ThroughJ draw JH | to AB, and cut-

ting the O T  Jon A, BII, and fet fall a 1 HT on AB
At the pomnts A, B, m the hnes AH, BH, make tho £ HAK,
ABL respectively equal to the £» TAB, HBA, and produce AKX,
BLtomeotmN ANDB 1s the requured &

Dem —TFrom H let fall L* HM, HL on AN, BN Now:n
the A* HIB, HI B we have the £+ HID, HBI = HLB, HBL,
and the aide XIB common, (I xvvr), HI=HL Simlarly
HI=-HM, hence the O with H as centre, and I as radius,
will paes through L and M, and ils radus = R, for HI=BJ

Agnin, tho £+ of the A IIAB arc equal to twonght £+, and
tho £ ODG, FD@ are cqunl to two nght £+, but the 2 AHB
=CDG, tho £ I'DG=HAB -+ HBA, and bocauso the £sof
the A ANB are twonght £3, the Z*of AND are equaliothe
L3 CDG + FDG, but the £5 NAB + NBA = 2 (HAB + HBA)
=2FDG =FDE Heneo the remaiming £ ANB = ODE

(2) Lot ABbe the base, CDE tho verhieal £, and R the radius
of the ex O winch touches the baso and one of the mdes
produced

Sol —Bisect the £ CDE by DF, aud on AR desonbe a seg-
ment contaming an £ = CDF  Ercet BY L to ABand=R
N2
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1" ]| to AB, and from H, where 1t meets the O,
« AB produced. With H as centre, and HK

Ne
' X
a QO From A, B draw tangents to this O,
* B 18 the required A
I BH Now HK=JB=R, and because H
vex O of the A ANB, AH, BH are the *
nal Z NAB and the externnl £ NBK (T
16 L AHB = § ANB, but AHB=3% CDE

@ base, CDE the vertaical £, and B the radius
‘ touches the base extemnally and the eides

8ol —Produce OD to F, and bisect the £ EDF by DG On
AB describe a segment of a O contamnmng an £ = EDG  Ereet
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BT L to AB, and makoat equal to R, Through J draw JK [ to
AR, and eottingtho Om X From Klctfulla L KLon AB
With X as centrs, and KL 25 radwus, descibea O Through
A, B draw tangents IN, MN fo tlus O, meetungin N ANBis
the A required.

Dem ~Jom KA, KB Since K 1s the eentre of tha ex-O of
the A ABY, the £ ARB =} (NAB+ADN)(I xxxi1r, Ex 14),
but AKB = 4 FDE (const ), NAB + ABN = FDE, hence
the 2 ANB=CDE, and LK =Bl =R,

PROPOSITION V.

2 Dom —Deecance cach of the 23 APB, AQDB 12 nght, AQPB
2 a erche quad, and AP, BQ aro chords i the O, henee
(I xxxv)0A.O0P=0B 0Q SmlaiyOB 0Q=00 OR
{Diagram 2, Ex. 1)

3 Dem —Tko £ AOF = DOC (I ~xv), and AFO = CDO,
each baung nght, TAQ = OCD, but OCD = GAF (IIT xxv),

*. FAD = GAF, and ATO = AFG, cach boing night, and AF
common. Hepeo (I xxv1 ) OF = GF  (Dingram, Ix 1)

b Dem.~Inthe & 0°0°'0" the hines 0'A, O B, 0C are
Lt from 0,050 "o 0°0 ", 00, Q0 (1v, Ex 6), andthe
poots A, B, O aro the fuet of these L+, hence (Ex 4), tho O
sbont ABU 1s the mne pownts O of the 4 0°0"0”  In lke
manner 2t §s the mree-pmnts O of the 4* 00°0°, 00°0™,
000"  (Digram, Ex 3, Prop 1 )

¢ Dom —Decawre the Imes IF, IH, IK are cqual (Ex 4),
and the £ KFH 1s night, 1K 14 the dinmeter of the O about the
& KTH, .IRK, IH arem ono strught hino, ond sinee KIL 1s
fto CP, nud CK to PIf, POKH 1x 0 &3, COK =2, but
CO0=2CE, CO=2PH (Dugram, Ex 4)

? Dem ~IF=3PG ThsasprovedinEx 4

PROPOSITION X

1. Dem —Tho £ ACD = GBD + OD3B (1, x<xx1t }, but OBD
=2 CAD (x ), avd UDB = CAD, Hencothe £ ACD =3 CAD
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2 Dem —The L3 of the A ABD are equal to two nght £s,
but each of the 2% ABD, ADB 18 equal to 2 BAD, hence the Z
BAD 15 3 of two nght £#, that 15, ¥4 of four nght Z3, theare
BD 15 ¢ of the whole circumference Hence theline BD1sa
side of n regular decngon

3 Dem —Let A be the centre Jomn AB, AD, AE, AF, and
jon BF, cuting AD in G Now since BD 15 a mde of a regular
mscrabed decagon, ABD 1s an 1sosceles A, having each of 1ts base

£+ double of the verticle Z (Ex 2), the £ BAD 15 3 of two
nght £v, the Z BAF 15§ of twonght £*, hence the 2 AFB
18 3 of tromght £¢, the L AGF 15 % of twonght£*, AF
= GF, that1s, BF -~ BG=R Now the £ DBG 1s } of two nght
v, and BDG1s%, BGDis3, BG=BD HencoBF-BD
=R

4 Dem —Because ACDE 18 & cychie quad, the 2% ACD,
AED are together equal to two right Zs (TII xxn ), and the
2" ACD, BCD aro together = to two nght L3, the £ AED
=BOD, that 13, AED = CBD, but AED = ADE, and CBD
=ADB, ADE = ADB, and AD common Hence (I xxv1)
DE=DB

Agam, the Z/ ACE=ADE(III xx1), and the £CDA = CEA,
but (x ) CDA = CAD = DAE, CEA = DAE, and the mde
AE = AD Heneo (I xxvi) the A* ACE, ADE are con-
gruent.

5 Dem —Let O be the centre of the O ACD Jomn OA, OC
Now (Ex 4) AEOC 15 an 1sosceles A, having each base Z double
of the vertical Z , and smince the £+ of the A AEC are together
equal to twonight £s, the Z AEQ 15 % of two nght Zs, hence
(III =xx)the £ AQOC 13 % of two nght £*, that1s, 1 of four
rnight 4* Hence AC 1s the side of a regular pentagon

PROPOSITION XI

1 Let ABCDE be s regular pentagon imseribed 1o a O, and
let 1ts disgonals CE, AD mtersectin A’, BD, CEmm B , CA, BD
m C, AC, BEmm D', ond BE, AD m ¥’ It 18 required to
nyove that A'B C'D'E’ 1s o regular pentagon
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Dem.—Because the arc AE = BO {x1 ), the £ ECA =BAC,
CE 18 | to AB, hence (I xx1x ) the L ER'B, B'BA, are
together equal to two nght L¢, for the same reason the £* CA A,
A’AB are equal to two nght £5, but the £ DBA = DAB, hence
the L AB'B=D'A’A In like manner the £*at C, D', E' are
equal Hence the figure A'B O'D'E’ 15 equangular

Agam, because the arc BC = DE, the 2 BDC = DCE, the
side B'C = B'D, and (I xv) the Z CB'C'=A’BD, and the
LBCO = BA'D, because they are the supplements of the
equal £s B'C'D’, B A’E’, hence the ide C B = A’B’ Similarly,
the other mdes of A’'B C'D'E’ are equal Henes 1t 18 & regular
pentagon

2 Produce AE, CD to meetn A’, ED, BC1n B’, DC, ABm
¢, CB,EAmYD, BA,DEmE JomAB,BC, & It
required to prove that A'B'C’'D’E’ 13 & regular pentagon

Dem —In the A* ABD, CBC, the / ABD' = CBC’, and
the £ D'AB = BCC/, being the supplements of equal /5, and the
gde AB = OB, hence (I xxvi)BD = BC’, and the / AD'B
=BC'C Sumilarly, AD' = AR, EE'=EA’, DA’ =DB , and
OB’ = CQ' Agnam, because the £ ABC = EAB, the £ DBA
=D'AB, DA =DB Now m the A* D'AE, I'BC’, we
have the sides AD’, AR’ = BI)’, BO', and the contamned /* equal,
hence the base D E' =D'C’' In like manner the other mdes are
equal Hence the figure 15 equilateral Agamn, we proved the
£ BD'C’ = BC'D , and the / AD’B = B('C, and the Z AD'E’ 15
= CCB', smce the A® AD E', CC'B’ are equal 1n every respect.
Hencethe ZED O =D CB In hke manner the other /% are
equal. Hence the pentagon A B'C'D'E 18 regular

8 Let AD, BE, two conseoutrve diagonals of a regular pen-
tagon, mtersect :n E' It 15 required to prove that BE EE'
=EB

Dem —Join CE, and desexibe 8 O about the A AE'B

Now because DE = BC, the £ DCE=BEC, DCis|to
BE Smnilavly, BC 15 || to AD, hence (I x=x1v ) DC=BE’,
but DC=AB (hyp), AB=BE Agun, because AE = DE,
the £ ABE = EAD, and hence (IIT xxxix) AE 15 a tangent to
the O ABE, (III xxxvi)BE EF = AE?=AB?=FB?
Hence BE 18 cut 10 extreme and mean ratio 1 B
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4 Let AB bo a mde of a regular pentagon It is requured to
construct it.

Sol —Erect BOL to AB, and make 1t equal to4 AB Jom AC,
and produce 1t to D, so that CD = CB On AB desoribe an
asosceles A ABE, having ench of its equal sides equal fo AD
About the A ABE deseribe 2 O  Bugect the /2 BAE, ABE by
the lines AF, BG, mosting the circumference in ¥ and G Jomm
AG, GE, EF, FB ABFEG 15 the requred pentagon

Dem —From AQ cut off CH =CB or CD Now DA AH
+ CH2 = AQ? (IT +r), but CH? = BC?® and AC? = AB?+ BC?,

DA AH =AB?! = DH3, ADi1s divaded in extreme aund
mean ratio m H  Therefore, since AE = AD, 1f wo divide AE
1n extreme and mean ratwo, the greater segment would be equal
to AB, and hence (x.) AEB 15 an 1sosceles A, having each base
£ double the vertical /, but the base L* are bisected by the
Imes AF, BG, the/* EAF, FAB, ABG, GBE, AEBareequal,

the chords EF, BF, AG, EG, AB are equnl Hence ABFEG
18 a regular pentagon

&5 Let ABOboanght £ Itfis required to divade 1t wnto five
equal parts

Sol —Draw BD, malang the £ ABD equal o the vertical £
of an 1s0sceles A having each of 1its base /¢ double the vertical
£ Biseot the £ ABD by BE, each of the /s ABE, DBE 134 of
a nght £ Draw BF, BG, makng the L+ DBF, FBG each
equal to EBD  Then the 2 ABC 18 divaded 1nto five equal parts
by the lines BE, BD, BF, BG

PROPOSITION XV

1 (1) Let ABCDEF be the hexagon Jomn AC, AE,CE Itss
required to prove that the area of the hexagon 1s double the area
of the A ACE

Dem —Leot the dingonals of the hexagon mterssctn 0  Now
the A* OCD, OED are equilatersl, and hence OCDE 14 a lozenge,
and OF 15 1ts diagonal, OCDE =2 OCE Sumilarly 0ABC

.= 2 0AQ, and OAFE =2 0AC Hence ABODEF = 2 ACE,
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(2) See BookI, Prop 1,Ex 4

2 Let AB be the dinmeter, and O the centre Produce AB to
C, so that BC =80 From C draw tangents CD, CE to the O,
and joun DE It 1s required to prove that the A ODE 1s eqm-
Isteral

Dem.—Jom 0D, OF, BD, BE Now (III xvox }the 2 CDO
isnght, (Book I, Prop xh, Ex 2)the hnes BD, BO, BC
are equal, but OB = DO, the A ODB 15 equlateral, and
because each of the L CDO, CEO is nght, CDOE 15 a cyche
quad.,, the £* DOE, DCE are together equal to two nght
L=, but each of the £s DOB, BOE 15 an £ of an equilateral
A, DCEiisan/ of an equlateral A, and because CD = CE,
the A CDE 1s equilateral

3 (1) Let ABCDEF be the hexagon, and GHJ the equilateral
& Tt1s required to prove that the area of the A 15 double the
aren of the hexagon

Dem.—Let the diagonals of the hexagon intersect m 0 Jom

AG, CH, EJ Row, because AB = AF, AG common, and the
base GB=GF, (I vm)the L BAG = FAG, and the £ 0AB
=0AF, thelsFAG,OAF aretogether equal to two nghtZ*,
hence (I xiv) OA and AG are m the same straight hne

Agam (ITI xvir ), the Z OFG 1s nght, the £s FOG, FGO
make one nght £, but the £ AFD = FOA, the £ AFG
=AGF, AF = AG, but A0 = AF, AO=AG, hence
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(I xxxvmr) the A AFQO = AFG, the A OFG =2 OFA
Simlarly, 0OBG=20BA, OFGB=20FAB Inhkemanner
OBHD = 2 OBCD, and OFJD =2 OFED Hence the A GHJ
=2 ABCDEF

(2) Lot A'B'C D'’E'F" be the circumscribed hexagon It 1s
required to prove that the area of ABCDEF 15 three-fourths the
aren of A'B'C’'D'E'F’

Dem —Because cach of the 2* FAOQ, F'FO 18 nght (III
xvin ), the £¢ AF'F, AOF are togethor equal to two nght Ls,
and the Zs AF'F, AF'G aro together oqual to two nght £,
hence the £ AF'G = AOF, AF'GisanZof an equlateral A
In hike manner AA'G 15 an Z of an equlateral A, GIA’1s
an equilateral A , and becsuse GA 18 L, it biseots the base,

AF'=AA", A'F or GF = 2 AF = 2 FF', hence the
A FGA =2 FFA, FGA = 3 FF'A, hence (1) AOF
= 3 FF'A, AQOF = 3 OFF'A In like manner AQB
= } OAA'B, & Henco ABCDEF = § A'BC'D'EF

Exercises on Book V.

1 (1) Let ABCDE be a regular polygon circumsertbing & O
It 1s required to prove that the corresponding inseribed polygon 1s
regular

Dem —Lset O be the centre Jomn OF, OG, OH, OI, OF

Now (III ~<vir) the £* OHD, OID are nght, -+ the
4+ IDH, IOH aro together equal to two mightZs In like
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manner the Z* GOH, GOX are together equal totwo nght 43,
but IDH = GCH (hyp ),  the IO =GO Inthe same
way 1t can bo ehown that all the £#at O nrocqual Hence the
arcs avo ] equal, and therefore tho five chords FG, G, IIT, 1J,
JF are all equal

(2) Proved a8 in Book IV, Prop 1

2 Let tho circumsenbing A ADBC bo 1tosceles Lot AB, BO,
CAtonchtho O m E, D, F It 15 required to prove that the
A DEF 15 1z0sccles

Dem —Lot O bo tho centra Jomn OD, OE, OF Now
the £+ ODB, OEB are nght I1I <), the 4* EBD,
EOD are togethor cqual to two night £« Simlarly the 2+
FCD, FOD arc together equal to two nght £+, but thoe £ LBD
=FCD (byp), the L LOD=TOD, thearoLD=FD,

the chord ED = FD  And hence the A DEF 1s 1s0sceles

3 Lettho LBAC=EDF It 1s required to prove that both
4 arp equilateral

Deom —DBeeause the A* aro 1sosceles, and the £ BAC = TDF,
ther remaining £* are equal,  the £ ABC = EFD, butEFD
= EDB (III xxxn), EBD = EDB, and EDB = BED,

EBD 15 an £ of an cquilateral A  Simlarly FCD 15 on
L of an cquilaternl A Heneo ABC and DEF aro equilatoral
A

4 Let ACBbo an L of an cquilateral & It 13 required to

divado 1t mto five equal parts

Sol ~Deseribe a8 O about the A ABC, and i at msenbo o
regular polygon of fificen mdes (xvi), then five of those sudes
will boan the ars AB  Let D, E, F, G be the pomts of division
Join CD, CE, CF, CG Now snce the ares AD, DE, ET, FG,
GB are equal, the 4* ACD, DCL, ECF, FCG, GCB are cqual

& Let ABC bo o seetor of o gaven O It 18 xequired to
msenbe a O mat

Sol ~Biseet the £ BAU by AD, meeting the ars B0 m D
Through D draw EF a tangent to tho sector  Produce AB, AC

to meet this tangent 1 E,F  Bisect the £ AEF by EG, meoting
ADm G Gas the contro of the required O

Dem —From G let fall L¢ GII, GT on AL, AF  Now (III
xvir ) the £ EDG 15 nght, and the £ EHG 18 nght (const ),
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and the £ DEG = HEG, and EG common, * (I xxvr) GD
=GH -Smilarly GH=GJ Hence the O, with G as centre
and GD as radius, will pass through H and J

6 Dem —Describe a O about ABC, and through A draw AF

touching this O Now (III xxxir) the L FAC = ABC, but
ABO=ADE(I xxix), FAC=ADE, theO aboutADE

will fouch AF1n A  Honce the O» touch each other mn A

7 Dem —Let EF bo tho tangent at E to the O about ABE
Now the LFEA = EBA (III xxxn ), but EBA = DCA (III
xx1) Hence the £ FEA = DCA, and , the lmes EF, 0D
aro [

D

8 Let ABOD be a given square. It 15 required to describe a
regular octagon m 1t

Sol —Draw the dingonals AO, BD, mterseotmgmO Outoff
AE, AF = A0, BI, BJ =30, CG, CH =00, DK, DL=DO0
Jom EG, JL, HF, KI EGJLHFXKI 1s the octagon required.

Dem —Jom 0G, OE, OI Now, because AE == AQ, and the
LEAOshplfanghtZ, enchof the Z* AEO, AOE 13 three-
fourths of o nght £, and the £ AOB 1s mght, EOB 18
one-fourth of a nght 2  Simularly, each of the £+ GOB, AOL1s
one-fourth of a nght £ , hence EOI 18 half a right £, and we
have seen that AEO 18 three-fourths of a mght £, EIOQs
three-fourths of aright 2, * OI=0E Andbecanse the ZEOB



100G IV.] EYEROISES ON LUCLID 151
= GOB, and LBO = GBO, and tho ade BO cormmon, 0G = OL

D

c
?>()l Ih /J

;\\ Y

1) g

=0l Now 08 = 01, and OF common, and the L GOE = IOF,

tho bases BG, TT ore cqual  In like manner all the «ides are
equal  Agun, becarss BE = BG, thes BI'G » UGE, + thor
nupplerents GEI, 167 are equal  In ko mansor afl the 2+
aro equal  Tlenco tho octzgon 18 regular

A 3 D

a9 Tot AD, AC bo twp given linry, and DO a hine of piven
hunpth shding between them From 33, © £+ 1D, CX are 1ot fall
on AC, ALY, antercectingan I It 3 requared 10 find the loous
of ¥

Sol —At B, Cerect Ls IG, CG to AB, AC JonT'G, eutung
BCmX Jan AT, AG, AYl  Now, becsueo OF and GB are
A 19 AD, nud CG, BD s AQ, CGBF 1o 3, henco (I <xxav,
L 1) Bl} o Cll, and I1H = GIL Agnimn, «ince BC 15 a lino of
goven lenpth dihing butween two fixad hines, AB, AC, and 1IG,
CG nro L2 atits extremties, (111 ~xvmr, Ix. 2) the loans
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of G1sa O, having A as centre, and AG as radius, hence AG
18 a grven lme, and (I arvi ) AC? + 0G2=AG", and AB? + BG?
=AG?, AC* + CG®* 4+ AB® + BG? 18 given, but (II x,
Ex 2) B&® + CG” = 2 CH® + 2 HG? and AB? 4+ AQ? =
2 CH?+ 2 AH?, 4 CH?+4 2 AH2? + 2GH? 15 given, but
40H*=CB", 4 CH’ 1s givon, and 2 AH® + 2 GH? 15
given, AF? 4 AG? 18 miven, but AG” 15 gmiven, AF 15
given, hence AF 15 a line of given length, and mince A 15 8
fixed pont, the loocus of F1s & O having A as centre, and AF as
radws

10 Lot ABC be the A About ABO descnbe a O Let
DF be a .L to AB at 1ts mddle pomnt Produce DF to meet the
oaircumferonce m E  Jom AD, BD, OD, CE It 1s required to
prove that OE 1s the mternal, and OD the external hisector of
the £ ACB

Dem —Produce BO to H, and jomm AE, BE Now (I xv)
AE=EB, the arc AE = BE, hence the £ ACE = BCE
Therefore OE 15 the mternal bisector of the £ ACB Agam
(I 1), AD = BD, and the £ FAD = FBD, and because

H

Al Fl B

E

ABCD 18 a oyche quad, the £%* BAD and BOD are together
equal to two nght 4%, and the 2+ BOD, DOH are togother
equal to twonght £*, the £ BAD = DCH, and (IIT xxr)
the £ ACD = ABD, and ABD = BAD, hence ACD = DOH
Therefore CD 1s the external bisector of the L ACB



BOOK IV ] EXEROISES ON EUCLID 163

11 Sol —Draw any fangent AB to the O At the pomt B
mnkothe £ ABO=X From the centro O draw OD L to BC,
and with O og contre, and OD as radwus, descnibea O Through
P draw o tangent to this O, cutting BCEm Eand ¥ PEF 1
the hne required

Dem ~Tako any pomt G 1 BCE, and jom BG, CG, EG, FG
¥

G N—

Now (IIl xrv) EF = BO, the ¢ EGF = BGO, but (I
xxx11 ) BGC=ABG=X Hencothe £ EGF =X

12 Lot IJK be the gaven O, A, B tho gaven ponts, and OD

the given mo It is required to mseribe a A m IJK, having
two mdes passing through A, B, and the thard || to CD

8ol —Jomn BA, and produce 1t to mest CD  Produce EB to
F, andmakoAB BF=EB BG Through F draw FHI, outting
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L =CDF (Ex. 11) Jomn IB
Jomn JA, and produce 1t to
I 18 the required A

use AB BF =EB BG,
omts A, J, ¥, I are concyche,
= KHI (IIT xx1), AFI
re ||, and since the 2 HXI

ts, no three of which are col-
O which shall be equadistant

i D
1
)

ough A, B, 0 Xot O be ats
. E DisectEDmmF Wih

’? P G
/”/

//,

‘ (o]

, ¢ wibe a O GHI 'Ths e the

\
’ produce them to meet the
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O GHI Becauee OF = QT, and OE = OC, . LF = (I,
but EF =DF, CI = DF In hie manner B and AG nre
equal to DF  Hence the O through G, Ii, I, F 15 equally dis-
tant from the pomnts A, B, C, D

14 Yot ABOboagiven O  Ttas required fonsenboa A
1t, whoee mdes shall pass through three given ponts D, I, T

Analysis ~Lot ABC boe the A Joim LF  Through B draw
BH { to IF, and meeting the O in M. Jon AHl, and pro-
duce it to meet EF produced Jon GD  Through I draw
H) || to GD, and mecting the O in J  Jon JB, and pro-
duce GD to meet JB in I  Now because BITas ff to LG, the
LCEG =CBII, but CBH=CAIIL (III xx1), OLG=CAI,
hence ECGA 15 a eyche quad , LF FG = AF ., FC,
but AF FCis gaven, since Fas a mvenpomt, EF.TFGis
given, but EF 15 given, FG1s given, G 13 & gtven pownt

Agam, the L ADJ = AHJ (III =xxt), hut AIIJ = AGI
d x=xm), ABY = AGI, hence BIAG 15 a cychio quad ,

GD DI=AD DB, butAD DBisgven, GD DI
given, DI 1 given, henco I 13 a given pomt. Now the
LINB=IGL (I xx1x,Ex 8), battho £ IG 18 given, smnce
the bnes EG, 1G are grven o position,  the 2 JIB s given
Henco the question reduces fo Ex 11

16 (1) Let R bo the radis of the 1m-O, X the vertieal £,
and P the L from the vertical £ onthobase Itis requared to
construet the &

Sol —With any point A a3 contre, and o radius equnl to I,
desenboa O Draw BO a dunmoter, and at the pomt A AB

R) (P
£

D
<
H

h L

make the L BAD =X. Throngh 0D dm'; T EG
¥ tangont
totho O  With E as contre, and o radius equal 'to r, desir:lb:
N
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10n tangent, touchmg the O*m K, L

v the ZELF 18 nght, EL 1s tho ! from
, and 1t 15 oqual to P (const.), and AD,
18 equal to B Agmmn, each of the
IT xvin), the L#* OAD, CED are
ght £s, and the £+ CAD, BAD are
it £, OED=BAD=X

\ of the sides, Y tho base, and R the

and from 1t cut off BC = § (X -+ Y) and
) AB, and makeit equalto B With E

o8 contre, and ED as radus, desombea O Draw BG, touching
this O at F Jom BE, and produce 1t Erect CH L to AB,
and meeting BE produced in H From H draw HG L to BG
With H as centre, and XC as radius, descibea O Draw IJ a
common tangent, touching the O* m X and L. BIJ 15 the
required A

Dem —ED, the rads of the m-O, 19 equal to R, and
(v, Ex 2) IJ 4+ BD =% (IB+ BJ + 1J), and (v, Ex 4) BC
=% (IB+BJ+1J), hence IJ = CD =Y Agam, BO =} (IB
+ BJ + I7), and BO = % (X + Y) (const ), hence (IB + BJ +1J)
=(X+Y), (@(@IB+BNH=X
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(2) Let X bo the base, Y the difference of the mdes, and R the
radis of the -0

Sol —With any pomt O as centre, and a radis equal fo R,
deseriboa O Inthe crcumderence takeapoint D Through D
draw s tangent BC  From DB cut of DG=Y Biscet DG n
H, and moke BH, CH each equal to 3 X Through B, C draw
AB, AC tangents to the O ABOC 1s the A requred

Dem —BC = BH+CH =X, and AB = AF + FB, and AC
=AE+EC HencoAB-—- AC=FB - EC=BD-CD=3D
~BG=DG=Y If wotale the radius of an ex-O the proofs
are axmilar to thote m {2), (2)

(3) (Diagram, Prop 1v, Ex. 3) —Let 0, 0", O ” bo the centres
of the ex-C* Join them, and let fall L* O'A, O'B, 0''C
Jomn AB, BC, CA ABCasthe A requred.

Dem —Produce AB, AC to F and H Lot O be the pont
where the L% infersect  Now beenuso ench of the £+ O CO™,
0AO0 1s nght, AOCO 13 a cychie quad , the £ ACO”
=A00’ Swmlarly the £ BCO' = BOO', but AOO '’ =B0O0O,
and ACO”=0CH, DBCO' =0'CH, hence CO 15 the external
bisector of the £ ACB  fimilarly, BO 1s tho external bisector
ofthe £ ABC Hence O 15 the centre of the ex-O touching
BC externally and the other mdes produced  In hike manner 07,
0 ‘ are the centres of the other ex-Or

16 (1) Dem —From D let fall L¢ DH, DJ on AC and CB
produced Join DA, DB, IUF, FJ, the pomis H, F, J are col-
Linear (III ~x1r, Ex 12) Jon DC, CE, and through F draw _

N2
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FG ] to DC Now because the Z ACUB 15 bisected by CD
HC=3(AC+CB) I xxx, Ex. {), and since the £ DHC 15
nght, DC CO =HC*(I xvvm, Ex 1), that1s, DC FG=HC?
Agmin (I xxx1), the £ DCE 1s nght, EGF 1s nght, and
CLD 15 nght, . EGF = CLD, and I xxix.) the £ EFG
= ILDC, - the A* DCL, EFG are eqmangular, hence (III
xxxv, Cor 3)DC FG=DL FE, - DL FE=HC

(2) From Glet f2lla £ CK on AB XNow (III, Ex 17%)
FM  FK 1s equnl to the square of half the difference of AC and
CB, that 15, equal to AH
E

Agam, the £ ELC = DFM, each baing nght, and becaunse
DCE s nght, the £ CED, CDE are together equal toanght £
and the £* LEC LCE areequaltoanght £, LCE=CDE,
hence theA* DFY, CLE are eqmangalar, ({IIL xxxv, Cor 3)
DF.LE=L0 FM=FK FM=AH?

17 Let the regular polygon of » sides be a pentagam ABCDE,
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P a point wathin it, and g, po, &c., the L from P on the aides
Let O be the eomtre of thean-O, nnd Rats radios It 15 reqmired
toprovethat {m + =4+ 2 ps)=6 R

Dem —Join AP, BP, &c, and let the mdes ho denoted by ¢
Now spy =twice the A APB, s =twice the & BPC, &e , hence
s{p1 + p2 + p3s + 1 + 13} = tnyee the aren of the pentagon
Agmn, Re = twice the A AOB, Lo, 6 Re=twice tho area
of the pontagon, #{m+ 243+ pi+ps) =56 Re Hence
(maprdpstpi4r)=51 Bumlarly for a regular polvgon
of anv number of ndes

18 Iet A, B, C, D, E be the angular pomnte of a regular
polygon of fiverides  About ABCDE deteribsa O, and throngh

A, B,C, D, Fdmw tangents to this O Tt is required to prove
that the sum of the L+ from A, B, C, D, E on any hne 1 equal
to five tunes the L from O, the centre of the O, an the same
line

{1} Dem —Leot tha hine be o tangent ot any pont P an the
arcumference From P, G let fail 1# PF, CG on the tangents
through Cand T Troduco CFio meet PGin X Now mn the
0 CGH, PFH, the £ CGII = PFI, ard PHC 1« romnmen, and
the ade CH = TH, hence (I xxw1) CG = PF  Sumilndy,
the t+from A, B, D, T on tle tangent at P aro equal to the
1rfrome P o the tenpente through thoss pomts, but (Ex 17)
the rum of the 1+ from I on the ndes of ABCDE 15 equal to
6 R, hrnee the sum of the Ls from A, B, C, D, E on PO
=5R, that 15, cqual to five tumes the L from O on PI, and
aumilarly for a regular polypon of any numler of srdes
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(2) Let the line not touch the O
Dem.~From A, B, 0, D, Elet fall 1= AA", BB", CC”, DD",
At 0', where 00 ' cuts
the O, draw a e || to O’ E*, and let the 1sfrom A, B, C, D,
Ecutthishmem A, B, ¢, D, B

EE” on the line, and from O let £all 00"

Now (1) AA + BB’ 4 CC’

TN

o
] F/
]
El U 0 Bl 0'
E" E’ gl lo" B” ic”

+ DD’ + EE' = 5 00, and A’A” + B'B” 4+ (0'C" 4+ D'D’
+ EE =5 00" Hence, by additron, we get AA” + BB
+ C0” + DD” + EE" =5 00”

0

o

19 (1) Let ABO be & A mscribed m & O  Bisect the base
AB m F, and erecta 1L DFE, meeting the Om D, E , then
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(III m) DE 18 the dimeter Jom CD, CE OD and CE
are tho external and internal bisectors of the £ ACB (Ex 10)
Produce AB to G, I  Bisect the £+ OBG, CAH by BO’, AD”,
meeting CD produced in O, 0  Produce O'B, 0”A to meet n
0" 0, 0”, 0" are the centres of the ex-Os (v, Ex 3)
Produce CE CE produced will passthrough 0"’ (I sxvr, Ex 8)
From 0" letfalla 1 0T on AB Jom AO’, mecting CEmm O
From O draw OK [ to 0" J, and from O " and E draw O"”'K
and EL] to AB  From 07, 0" let fall 1 O'G (), O"H (»")
on GH Jom BE

Now, mmee AQ’, BO’, CO’ meet 1n O’, and that BO, CO are
two external hisectors, hence (I xxvr, Ex 8) AO’1s the internal
Tiscetor of the £ BAC  Similarly, BO" 1s the internal bisector
of the £ ARQC

Agan, AG, BH are each equai to 2 (v, Ex 4), AH=BG,

HF = GF, honce HG 15 hisected m F, (I xu, Ex 8)

0'G+ 0"H=2DF, that1s, » 4+ +'=2DF And because the
L ECB=ACE, (III xxx) EOB = ABE, and CBO = ABO,
honce (I xxx1r ) EOB=EBO, EB=EO, butthe £ OBO*
1snght, (I xo,Ix 2), EB=EQ”, hence 0" 1s bisected m
E, and EL 18 parallel to 0"K, (I <r, Ex 8) OK 15 hisected
m L, and divided unequally mn M, hence KM — OM = 21M,
that 15, # — r =2 EF, and we have proved + 4+’ = 2DF,

747 49" —r=2DE=4R. Hencor +9" +r" =4R 43¢

(2) Ithasbeon shown that+™ —»=2 EF, but EF 1s=p, hence
r"—~¢r=2x Smilaly © —¢r=2p" and " ~r=24", hence
YA G —3r=2(n+pa + "), that 18, 4R 4 » ~ 3
=2{(u+pu' +p”") Andthereforo (n 4 o' +p")=2R —»

(3) Dem —~p + 5 =p'+ & = g’ + 8" =R, hence we have
p+p 4"+ 848 +8”"=8R, that1s, 2R —~r4 8 4+ 3" 4+ 8*
=3R Apdhenced+¥ 435" =R+~

20 Dem —Let G be the socond pomnt of intersechion  Jom
GB, GC, GD Now (III <xu ) the sum of the £» DG, DEC
18 two nght £*, but DEC = EAF + AFE, and AFE = BGD
(IIT xx1), BGC + BAGC 15 equal to two night £+, henco
BACG 15 o oychio quad ,  the O through B, A, will pass
through G And the locusof G1sa O

21 Let ABCD Ve the quad, B, F the middle pomnts of the
diagonals, and O the centre of the m~-O It 1s requred to prove
that the points E, O, F are collinear



162 EXERCISES ON EUCT.ID. Tnoox r1v.

Dem —Join EB, ED, and jomn O to the ponts of contact
G, HILJ

D

Now (I =xxvmx ) the A ABE = CBE, and the A ADE=CDE;

AEB -+ CDE =% ABCD, hence the snm of the areas of AEB
and CDE 18 gaven, and their bases AB, CD are given, (r,
Ex. 29) the locus of E 1s a straight line, and ¥ 15 a point on the
locus, smceit can be shown in the same manner that AFB+ OFD
=3ABOD Agam, the A OAG=0AH,and OIB=0BH, the
area of OAB 15 half the aven of the figure GABIO  Similarly,
0OCD =} GOIOD, hence OAB + OCD =3 ABCD, and  (r,
Ex. 29) O 15 a pomt on the locus, that s, the pomnts E, O, Fare
on the same straight line
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22 (1) Lot AB bo a given lino, C, D two given pomnts It 1s
requred to find a pomnt P on AB, 50 that 0P + DP = R (a given
line)

Sol —With O as centro, and o rading equal to R, deseribo a O,
and deseribe a second O DEF, having its centro on AB, passing

through D, nnd tonclung tho fist O mternally ;n E (TIX
xxxvit, Ex 8) Lot P boits contre I s tho required point

éﬁ
A P B
R /\/

c D -

Doem —Jom OP, and produco 1t, then (III xz) OP pro-
duced passes through E Jom PD NowPE = D, P
4+PD=0E=R

(2) It s required to find a pownt P, so that CP - DP =R

Sol ~With C as contre, and a radius equal to R, desersbe a O,
and describo a second O DET, having 1ts contro on AB, pasaing
through D, and touching the first O extornallymm B Let P be
its centre P 15 tho required pomnt
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Dem —Jom CP, DP Now OP = OE + EP, OP - EP
=CE=R, thatis, OP~DP =R

23 Let AB, AD, CB, OF bo the four lines About the
A* AFE, CDE desomibe Os, let them intersect n P P 13
the point required

Dem —From P let fall Lt PQ, PH, PI, PJ on the mdes of
the As AFE, CDE

Now (IIT xxm, Ex 12) the feet of the .Ls on the sides of the
A AFE are colinear Sumlarly the feet of the L* on the sides

of the A ODE are colinear Hence the feet of the L*PG, PH,
PI, PJ are collinear, and these are the .L* on the four given
Imes AB, AD, CB, CF

24 Bee ** Sequel to Buchd,” Book IIT, Prop xzv
26 Bee ““ Sequel to Euchd,”” Book III s Prop x1v, Cor
26 (1) See “ Sequel to Euchd,” Book IIT s Prop v

(2) Dem —Let AB be the diameter of the semzeircle AOB
Produce BA to D, and let & O whose centre 18 O touch ACB 1n
C,and BDin D Jom OD, 00’ 00’ passes through O (III xxx )
Produce 00" to meet ACB 1n E, and from 0, D draw OF, D@
tangents to ACB Now EO 0C = OF: (IIT xxxv:)=0D2
+ DG? (*“Sequel,” Book IIX, Prop xx1), sud 002 = QD2
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Sultraching, wo got (EQ — 0C) OC, tlst s, B0 00 =163,
thatay, 2 Rr= DG* = DA DB,

C o
\
N4

2%, Lenives =38 8 & ARC hsie o O incenbed m 3t, and
another ercumeenbed to ¢, the rectangle conthned by tho
diarorte of ho cartum-O end the radios of the 1n-O fnequal to
the rectangie coataned by the gegmreats of avy chond of the
currum-0 parnnp through the eentro ef the 1n-O

Dem It O be the ceatro of the i cnle  Jon AD, and
produce it to rect the arcem-Q i B T'rom D et fall a
1 DF o BC, end prodece 1 to me~ the arcumference in E.
Jen BQ, 06, OC, BD, CD  Now the are BD = CD, . the

o

&

™

thord BD = QD ; henes BY = CI',  DE s the diameter of
the crtam-0Q, = the £ DCE ¢ rieht, and (11X xvimm)
thy £ OGA s right, and (III xx1) the £ DEC = 0AG,
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hence the A® DEQ, OAG are equuangular, (III =xxxv,
Cor 3)ED OG=0A DC, but DO =DO (Dem, Ex 18 (1))
Hence ED 0G=0A OD

Tet ABC be the A, O, O’ the centres of the in- and circum-O»,
and p, p’ the radn of two O* touching each other at O, and

1
touchmg the crroum-O It 18 requred fo prove thnt:-:— + 7= %,

r bemg the radius of the m-O

Dem —Through O draw a common fangent to those O¢, meet-
g the cireum-O m D, E  Jomn the centres of the O* whose
radn are p, p’, and produce to meet the cwrcumferences in I, J

Through 0’ draw HF || to IJ, and outting DE m G Now
FG 2 = EO OD (*“Bequel,”” Book IIL, Prop vr1),

pg EO OD g oo mgoE0 OD o EO OD
2 2p 2p
+ E02 pOD Agam, 2 Rr=EO0 OD (Zemma), 2R=EO rOD’
E0 OD . EO OD _EO OD L, Lol
- T = , therefore é—P+§';,=;’
1,12
p

28 ZLemma —Lot AB be the diameter of & O, AD o tangent.
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From G, anv pont 1 the arcumierence, & L CD 1s lot fall on
AD, and AC joined It 18 required to pravethat AB CD = AC?

Deom —Through C draw CE { to AD, meeting ABin E Jom
BO Now (I xuvir, Ex 1) AB AE = AC?, but AE=0D,
. AB CD=AC.

Dem —Let the polygon be a regulnr pentagon ABCDE  Take
any pont F in the circumferenco At F draw a tangent to the O
Join F to the nngular points of the pentagon, and let the joining

Y

hines be denoted by 1, ez &¢  TFrom the angular points let fall
1t gy, po, &c, on the tangent, and let the radme be denoted
by B
yNaw (Zemma) 2Rpy = 6%y and 2 Rpm =%, &¢, 2R (p
+pr . pa)=(a? 4ot es%), but{p: + m )=6R
(Bx 18), 10R?= (¢ + &a® ¢’) And smmilarly for a
figure of any number of sndes

20 This 18 & speesal case of the next exercice

30 If any pont G in tho circumfereneo of any concentrie O
be jyomed to the angular ponts of an inscribed regular polygon,
the sum of the squares of the joming lines 1s equnl to » times
the squnre of tho radius of the concentne O, fogother wath
n times tho square of tho radms of the circum-O, that 1s,
pRtptt  +p?=6R*4+64°

Dem —Let O be the common centre  Through O draw the

duamcter From Aletfalla L g1 on 1J, and draw AX paraliel
to 17
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Now AG®=0G" 4 04 — 2 0G OK (IT xmx), thatis, pi®
=R?++"~ 2Ry Sumlarly, p*=R34 1242 Rpe, &0, the sign
of 2 Rpa bemg posiive, sinee the L 18 let fall from above the
lne Adding, we get, smce the terms by whach 2R 18 mulhphed
cancel each other, pi? + pa* + +ps® = b (R* +1%)

31 Let ABO be an equilnteral A msenbedmma O From P,
any pomnt 1n the circumference of a concentnic O, L* g1, 23, p3,

are let fall on the sides of ABC It 18 required fo prove that
m® + p:* + pa® = three tumes the square of the radius of the
-0, togother with three half times the square of the radius of
the concentrze O

Dem —From O, the centre, let fall .L* on the mdes of ABO
Through P draw PD ] to AC, mesting the L from O on AQ
m D, draw PE || to BC, meeting the 1. from Q0 on BC mn E
Produce the .L from O on AB to F, and draw PF || to AB
Jom OF Now, smce the £* ODP, OEP, OFP arc nght, the
O on OP as dinmeter will pass through D, E, F, and be-
couse PD 15 {| to AC, and PE | to BO, (I xxxx,Ex 8)the
LDPE=ACB = an Z of an equlateral A, DEus} of the
cwrcumference of DEF  Inlike manner, EF, DF, aro cach § of
the ciroumforence of DEF, D, E, F aro the angular pomts of an
equilateral A mseribed .n DEF, and  (Ex 28) OD? + OE? 4 OF?

2 2
=6 (%2) =2 gP Agom, p1 = {r —OD), r beng the radius
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of thoin-O, pie=s?=2r OD4 0D = (< oD3)
-2¢ (r — m) nmi.p;’::(r’+OE’)—'.’r(r-pz,undO;;_;,:

= (P 0 =2r(r—p), 0 +pitpt=iris ——
~2r 3r—{m+p2+p)}, but{p + 3+ pa}=3r(Ex 17)
Hentopi® + pa? o= 3%+ ) Andn general, in thecage

of n Sgure of  sides, tho sum of the squares of the L* will equal
nOP2

’”J + ...7,—--

32 & 33 Thee ~re specinl cazes of Ex 31,

35 IetA, B, C, I be the lour coneychie paate  From O, the
erntro of the O, Jet fall 1s O, 08, Oy, 03 on tho mdes of
ABCD, then (11T m ) tho mdes of the quad nre lasected in g,
B, 1. Troma,qltfrll LvaF, yF on AB, CD, and lot them
wfcrrertn O Jom O% and produrest tomeet ADIn G It
is requured o prove that G 1s L to AD

-
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Now (x1t ) the A AOP=BOP, the £ AOP=} AOB, but
40B=2 e, AOP=="“"‘6 £ In hle mammer tho
L A'0P=2”6 LY thes AOA'= 2";05

Let C bo the point where OA’ cuts the O Then 1if we divade
the are CP mto five equal parts m the ponts D, E, F, G, and
jomm OD, &e, and produce to meet AB m the pomnts I, E’, F",
G, the L A'OD’, D'OXE’, &0, will bo each +¥; of two nght £+
Apamn, the hine OA 1» greater thar OD’ (I xix , Ex 4) Cut off
OH = 0D’ Jomm A'H Then (I 1v) A'D' = A'H, and the
L OD'A’ = OIA’, the £ OD'E’ = AHA', but OD'E’ 18
greater than OAD’ (I =<vi), ANMA’1s greater than A'AH,
and hence AA’ 18 greater than A'H, that 1s, than A’D* Sim-
lmly, A'D’1s gronter than D'E’, D'E’ greator than E'F, &e ,
hence 6 AA’ 15 greater than A'P  To each add 5 A’P, and we
have 6 AP greator than 6A’?’,  6.AB 18 greator than 6 A’B’,
but 5 AB1s the perimeter of the pentagon, and 6 A’B that of the
hexagon Henco the permmeter of the pentagon 1s greater than
that of the hexagon, and 1 general the greater the number of
the sides, the less the perimeter

37 By tho last exercise the area of a pentagon 1s less than the
aren of a square, but the area of a squareis equal to the square of
the diameter Hence the aren of a pentagon 15 less than the square
of the dinmeter Similnrly for other polygons

88 Dem —Lot the fourconcychicpomntsbe A, B, 0, D Bisect
the jomung hnes mn E, F, G, H Jom BD, and hsect 1t m I
Then (v, Ex 4) the nine-points O of the A ABD will pass
through the points H, E, I Similarly, the mne-pomts O of the
A ABC will pass through I, F, and the muddle pont of AC
Hence two of the mme-points O¢ will pass through E  In hike
manner two of them wall pass through each of the pomnts F, @,
H From E, F, G, H let foll 1+ EE, F¥', GG, HH' on the
opposite mudes, these L* wall co-1ntersect i a pomt O (Ex 35)
Jon IF, IG Now, because each of the £* AG'O, AF'O1s rught,

tho £* F'AG’, F OG’ ure together equal to two nght £, and
the 4*BAD, BCD are equal to two night 25, the £ FOG’
= BCD, that 15, the £ FOG = BCG, but (I xxxiv) BCG
=FIG, FOG=TFIG, and hence the O through the points F,
G, I, must passthrough O  In hlomannereach of the four mmne-

0
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points O¢ must pass through O Now, since two of these O* pass
through E and O, 1f wo isect EO, and erect XX; L toat, therr
centres must bom XX; Similarly, the centres of each other pair
must be m the lmes XXz, X,Xs, X3X. Hence the pomnts X,
X, X3, Xs must be tho centres And because cach of the lines

XX, OD is L to EE/, thoy aro || to each other Bimlerly, the
remammng sides of XX;X,X3 are || to the remmmng sdes of
ABCD, hence the £* X and X, are cqual to the £* Aand C,
but A and C are together equal to two nght £, X and X.
aro equal to two right £* Hence the points X, X;, Xz, X5 are
coneyclie

39 Let AB, AC bo two fixed lines, having therr included
L BAC equal to an £ of an equlateral A, and let BC be a
third hine forming & & with AB, AC Biseot BC, AC, ABm
D,E,F Jom DE, EF, FD The O through D, E, F 1s the
nime-points O of the A ABC (v, Ex 4) It 1s requred toprove
that the locus of 1ts cenfre O 15 a right hne

Dem —Jom 04, OE, OF Now DE, DF aro respectively
JtoAB, AC(I <xu, Ex 2), AEDFixsard, the/FDE
= FAE, but FOE =2 FDE (IIT xx), TOE = 2FAE,
honco FOE 15 twice an £ of an equilatoral A, TORE + FAE
are equal to two nght 49, hence AEOF 1saoyelic quad  Agan,
because OE = OF, the arc OE = OF, and (III <xvi) the
L OAE =0AF, the £ FAE s isected Hence the ling QA
18 given 1n position, and smce O 18 & pownt on 1it, the locus of O
18 & night hine

41 Let AB, AQ be two hnes given i position, P a given
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pomnt, and let the lime FG bo equal to the given perumeter It 1s
required to draw a transversal through F, =o that the A formed
with AB and AC shall have 1ts penmeter equal to FG

Sol —Bisect FGm H  In AB take AD = GH, and erect DO
1 t0 AB  Bisect the £ BAC by AQ, and let fall o L OE on
AC Then (I xxvi)the A* ADO, AEO are equal i every
respect, OD = OE, hence the O, with O as centre and OD
as radws, will pass through E, and touch the limes AB, ACin
D, E Through P draw MN, fouching this O, and cutting AB,
ACmM, N AMN 1s the A requred. For (iv, Ex 4) AD
1s equal to half the penimeter of AMN Hence the perimeter
18 equal to 2 AD, or FG

42 (1) Let BAC be the verheal £, X its bisector, and FG the
penimeter

Sol —Basect the £ BACQ by AP, and make AP=X Through
P draw MY, cutting off a A AMN whose perimeter 15 equal to
F@ (Bx 41)

(2) Let BAC bo the vertical L, FG the perimeter, and X
the 1

Sol.—DBitect FG i H, 1 AB take AD =GH, erect DO L to AB,
bisect the £ BAC by AO, and from O let fall OE L to AC,
then the O, with O as centre, and OD as radius, will pass through
E, and will touch AB, AC, m D, E With A as centre, and a
radius equal to X, deseibe a O, cuttng AB, ACm P, @ Draw
& common tangent to the two Os, meeting AB, AQO mm M, N
AMN 12 the required A&

Dem —Jom AR, R bemg the pomnt where MXN touches the
OPQ Now (III xvnr) theZ ARN 18 nght, ARiss &,
and 1t 18 equal to X, and as i Ex 41, the penmeter of the
& AMN =Y¥G *

(3) Lot BAC be the vertieal £, FG the penmeter, and R the
radius of the - O

Sol —Biscct BAC by A0  Draw AD L to AC, and make 1t
equnl to R Through D draw DE {f to AO, and where it mects
ACdraw EH  to AD From Hletfall H1 L on AB Tale AB
=% FG, crect BO 1 to AB, and from O let fall a 1 OC on AC
Kow, as m Ex. 41, HE=HI, and OB = 0C, lence the Os mith
H, O as centres, end HE, OC as radu, will pass through the
pomts I, B Draw a common tangent, touching the O* 1n X and
L, and cuthng AB, ACm M, N  AMN 15 the required A

02
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For, ns before, the perimeter of AMN = FG And smnco
ADEH s a ), EH=AD=R

A

7

43 (1) Let ABC be the given O, D, E the points It 1s te-
quired to mseribe a A i ABC, so that two sides may pass
through D, E, and the third be o maximum

Sol —Descnbe a O pasang through D, E, and touching ABC
m A (IIT xxxvir, Ex 1) Jomn AD, AE, and produce to meet
ABCmu B,C Jomn BC ABC 18 the required A

Dom —Take any other point Fan ABC  Jomn ¥D, FE, and

produco to meot ABC1n GII  Join GII, JE, J bemg tho pomt
where FG cuts tho O ADE  Now the £ DJI 1s greater than
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DFE, the 2 DAE 18 greater than DFE,  the are BC1s
greater than GH  Hence the chord BC 1s greater than GH
(2) Let ADE be the gaven O, B, C the pomts

Sot —Through B, C desenbe a O ABC, touching ADEmn A
Jomn AB, AC, cuthng the O ADEmD, ¥ JomDE ADEis
the required A

Dem —Take any pomnt F in ADE  Jom BF, CF, cutting the
O ADEm GR Jomn GH Produce CF to meet ABOmn J
Jom BJ Now the £ BFC 1s greater than BJC, that 1s, greater
than BAC,  the arc GH s greater than DE, Henco the chord
GH 1s greater than DE

44 Let A ropresent the area of the tnangle

T, '-—9_. "g—-é— ’, ——A'——n
l\owr—‘__a(!v:Exm);" pony 1 "’""‘(,_a)(,..b)'

but A®=s s—a s—% s~ (rv, Ex 12), therefore vr’
Ll et gm0 Similarly, v ¥ =8 & —aq, and

(s~a)(s—-8)
r'r'=8 25 Hence#r" +1r"sr" 49" =3 {8s—(atb+0)},
=28{3s~238} = £=42

45 Let ABCbe o A msecribed ma O Draw the diameter
DE L to BC Jom AD AD 15 tho internal bisector of the
verfical L FromAletfalla L AT on BC From B and C let
fall 1*BG, CF on AD, and let H he the pomet where DE bisects
BC It 15 required to prove that the pomts ¥, H, G, T are
concyclic
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Dem -——Jom FH, GJ, CD Now, sinco cach.of the 22 BGA,
BJA 1s nght, BGJA 15 a cychie quad , the £ BAG =BJG

E

And bhecause DIIFO 13 & ¢yclie quad , the £ DOH =DFH, but
(III <xx1) DCH=BAD, DFH=BJG Henco the poimnts
F, B, G, J are concyclic

46 Let ABC be the A whoso baso AB and vertical £ ACB
are given

Deseribo o O abont ACB Lot O be ifs contre  Draw DE,
the diameter, L to AB Jomn CD, CE., CD, OE are the inter-

0"

ol'ff

nsl and external bisectors of the £ ACB (TII xxx, Ex 2)
Bisect tho external £ CAB by AO ', meeting CL produced  Pro-
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duce OD, 0”A tomeet m 0” Jom 0B Produce 0™B, 0"C,
to meet 1n O' OB 18 the oxternal biseotor of the £ CBA
(I xxvi, Ex 8), 0/, 0”, 0" are the centres of the ex-Or
Jom O'A, 0"B, mtersecing OD m F  Joa FO  Draw EG |
to CD, meeting FO produced 10 G & 18 the centre of the O
passing throngh 0/, 0"/, 0" It 18 required to find 1ts locus
Dem —Jom BD Now, because F 1s the orthocentre of the
A O 0”0 (IV 1v, Ex 6), O the centre of 1ts mne-pomts O
(IV v, Ex 5), and EG the ! from the mddle pomnt of 0’0",
OF = 0G (IV v Ex 4), and smce the £ GEO = FDO
(I xxx.), end GOE = FOD, EG = DF, but DF = DB
(Dem of Ex 27), and DB 1s given, EG 1s given, and the
pomt B 18 given Hence the locns of G 18 a O, having E as
centre and EG as radius

47 Let ABC be the A, 0 0", 0" the centres of the
ex- Ot

Dem —Desertbe a O about the A 0°0"0™ Let O be its
contre Jom O O, and produce it to meet the awrcumference m

0

D, and cuting AOmn E  We shall prove that 0”018 1 to AC
Jomn 0”B, and produce 1t o meet the oncumferencomm F  Jom
DF Now the £ 0”"FD 1s nght (IIT xxx1), and 0”B0" 1
right, smee 0"B s L to 0’0", 0'0"s[to D, (III
xxvr, Cor 2) the arec 0D = O'F, hence tha £ 0"0"D
= 0'0”F, end the £ 0”AE = 0”"0'B (r, Ex 36), the
L O"EA = 0"BO’, but 0"BO" 1s nght, 0”EA 15 night,
hence 00 18 L to AC Bumlarly, 1f we jom 00, 00,
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they will be 1 to BO, AB Hence the three L* are concur-
rent

48 Dem —Jomn BE, BQ, BD Now (TII xxxr) the £
AQB 13 nght, and EOB s nght (hyp), OEQB 15 n cycho
quad , the Z OQB = OEB, but 0QB = PAB (III xx1),

D

—y
N

OEB 1s equal to PAB  And henco the O through the pomnts
A, E, B will pass through D
49 Let ABCbea A whose sides 2, 5, ¢ are m anthmetica]
progression, a bemg the greatest, and ¢ the least It 15 requred
to prove that 6Rr = ac

Dem —Let p denote the length of the L from B on CA,
and R the radius of the aarcum-O  Now 2 BRp = ac (IIT xxxv.,
Ex 1), 2R ¥p=abc, but ipis equal to twice the area, that

15, equal to 2 A (suppose), 2R 24a=ate, Re z’%’ , and

since the sdes arem AP, a+¢=28, a+5+4+¢=35, but
(@ + 5 + ¢) = 25, therefore 25 = 856 Agam (1v Ex 9), =§-,

_a_b_c abe

and multiplying this and the equation R = Tk getRr = o

Rr=¢-;£2, and hence 6 Rr = ac

§0 Let A'BC’ bethe O, and AB, BO, CA three lines in the
formofa A It 15 requred to inscribe 10 A’B'C’ a A +whose
£1des shall be [} to the smides of ABC

Sol —Iake a pont A" 1 the arcumference, and draw A’B |} to
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! he thing
‘witoAC JomBC- HBC1sjoBO ¢
ﬁﬂiﬁe _ ¥ not, from the centre O letfullz L OD on

v

BC' With O ag centre, and OD 23 radiny, desenbae O. Do
EF, touching this O, and§ t0 BC (Il w1, Ex 9 Jur Uto
G, the pont of contact Dmw FH § to CA", and join HE
HFE 15 the A required.

Dem —Becavse 06 =0D, EF =B ¢ (I xiv), . thoare -
EF = B'C/, hence the are FC' = B'E, Int FC' = HA" {ILT
xxv1, Cor 2), BE=Hi, HEs{toAD'; thatsfto
AB, and FH1s 10 A’C, that is {0 AC, and EF 12| t0 BC
Hence the aides of the A HEF sre § to the ndrs of ADC

51 Dem -—Let Obethocentro of the cartcurn ©  Jom DA
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CE", 04, 0B, OC, & XNow the A A”0E" 4 DOC - (A"00
4+ E”0OD) =4 A'OF’ (Book I, Ex 52), that1s, AA"E’ + AOA”
+ AOE’ 4 DOO ~ (BOC + A”0B + EOD + EOE ') = 4 A'OF/,
but evidently AOA” = A”0B, AOE" =EOE", and DOC=XEOD,
AA"E” — BOC =4 A’0OE, and BOC = A’OE’ + A’AE’ Add-
mg, we get AVAE" — A’AE' = 5 A'OE’ = pentagon A’B’'C’'D'E’

52 (1) Dem —Let ABCDE be the equilateral isoribed
polygon

Now, smnce the mdes are equal, the arcs are equal, therefore
the whole arc EABC = DEAB, hence the £ ODE = BCD
Simlarly, the 2 BOD = ABC, & Hence the polygon 18
regular

(2) Dem —Let ABODE be the equilateral cwroumscribed
polygon, F, G, H, I, J the pomts of contact, and O the centre
Jon OA, OB, OF, 0G, OH

Now ID=HD, IE=HC JE=G0, AJ=3BG

AF=BF Now smnce AF = BF, OF common, and the £
AFO =BFO, the L OAF =0BF, the L BAE = ABC
Similarly all the Z¢are equal Hence the polygon 1s regular

53 (1) Let ABODE be the equiangular circumsceribed polygon,
F, G, H, I, J the pomnts of contact, and O the centre Jom. OA,
OB, 0G, OH

Now smnco the 2 CBA = EAB, ther halves are equal, that
15, the Z OBF=OAF, and the Z OFB = QFA, each bemng nght,
and the mde OF common, (I x<xvi) BF = AF, that 15,
AB = 2 AF fBumlarly, AE = 2 AT, but AF = AJ, AB
= AE In like manner all the mdes are equsl Hence the
polygon 18 regular

(2) Dem —Let ABCDE bo the wscnbed polygon, and O the
centre Jom OA, 0B, OC, OD, OE Now the Z ABC =EAB
(byp ), but the £ OBA = OAB, smnce OA = OB, therefore the
£ OBC = OAE, thatis, OCB = OEA, but the £ BCD = AED,

OCD = OED, thatis, ODC=0DE Now, 1nthe As0ODOC,
ODE, the £* OCD, ODC are equal to the £* OED, ODE, and
the side OD common , hence (I xxv1) DC=DE Sumlarly all
the mdes are equal  Hence the polygon 1s regular
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54 The sum of the 1 drawn to the sides of an equangular
polygon X from any pomt P inunide the figure 1s constant.

Dem.—Suppose = regular polvgon Y of the zame number of
sides as X vonstructed so s to include X, and have its mdes
parallel to thoce of X. Then, if Yhe L¥ from P on the
ades of X bs produced fo meet the sides of X, _ther sum 18
canstant {Bock IV., Ex. 17), but the execss of the Intter sum
over tke former 13 constant. Hence the former 15 constant

55 Dem.—Ifthe redunbe 7, r', v, we have, denchmg the
erea of the triangle by A (Book IV, Prop 1+, Ex. 10},

A A A

T L. -

8—a $—5 &—c _

A?

S fort "y Al .
i +'ﬂ)_(a-a)(s—b).!'(s-a)(c—c)’

but (Book IV, Prop v, Ex 12) A’=5 s~0 2~3 s~¢,

Y ~r")=s.0—crs s—b=sn,

-

and (Book IV, Bx. 44)v/7 7 5 7" 7 +r'r=z,

i {r'xsm)

& 0= -

Vr'r v 5 1o ¢
r'l(#' ""')

VY 1 f iy

€= ”'}(’!-Lf) .

Ve sr Y oy

Sumilarly,

-

«
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BOOX V.

Miscellaneous Exercjses.

1 (1) Let 6 be greater than & 1t 23 reqmred to prove that

fl—2x a
——zlsgrenterthnn Te

b~ b
ab—br—ab+az (a—8)z
Dem — —_— T,
em —Subtract, and we get 56=2) that is —— 55=2) 3

but since @ 18 greater than 4, gi(;—-_b% 18 posittve Hence 3 ::

15 greafer than ‘_‘.

(2) To prove ﬂmt 18 greater than —j:—:

a+x ab+ ar—ab - bz

Dem —Subtract, and we get FTiTas ]

_@-Y= 6=z

Ik but because a 1s greater than &, YY) is positive
Hence & 338 greater thon S s

2 The proof of this 1s similar to that of Ex 1
3 Leta, , ¢, d be tho four magmtudes, thenifa 3 ¢ 4,
1t 15 required to prove thnta+: :t:

Dem —Because @ & ¢ 4, wehavea+3% & c+d 4

(xvm),thntma'zb=°:d Agan, a—-5 & ¢—d d(xvi),
a-b d—4d n+b e+d
that 1s, =7 Dividing, we get, g e

4 Leta,b,c, d,and e, f, g, i, be the two sets of four magn-
tudes that are proportionals, thatis,a & ¢ d,ande f ¢ 2
It 18 required to prove that ae &f ¢g dh
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Dem.—Becausea 52 ¢ ¢ wo bave ;:% Similarly,

at
=% Multiplymng together, wo getzf =%, that 15, ac &f

sItxsreqmredtopmvethatg- .b? 5— %‘
Dem.—Asm(4?,wohuvo§=g—, und}=%, '%—§=EJ
Sgogefet-g wi-b-geid
g memd § 5

6 Let a, b, ¢, d be the four magmtudes

T 2 i
Pem—a b ¢ 4, %:%, %:E, that 13, 6% &°

¢ @ Smlmlye® ¥ & &£

7 Leta, bye,d, a b, ¢ d, be tho two sets of magmtudes
It 13 requured to prove that d=d’

Dem—a b ¢ dyande & ¢ o, %:%, nnd%—:

el

Henced=4'

e
Ryl

8 Dem —8mee the three magnitudes are continual proportions
& & &
we have % == nnd; =e Multiplymng these equahtics, we get

a B " b

=& thatss, ¢ ¢ & ¢ Agan, %=:, (%—-1)
b a=b beec 2— 82 (b—¢)*

= ;—1), == nndtherefore( 61) =€_.c_=l.,

thatis, (a—8)* (b-c)* ¢* ¢* Hencowehavea ¢* (a-0)

®- o

9 Dem—~AC CB AD DB(yp), AC-CB AC
A 0o ¢ Bd »

+0B AD - DB AD+DB, that1s, 200 208 20B
0D HenoOC OB OB OD
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Dem —Because CD 18 biscoted 1n O, and produced to O,
wve (IT v1) OD OC + 0'C*= 00", but OD OC =0B*
9), OB+ 0C*=00", that1s, 00" = 0B? 4 0'D?

' Dem—AC OB AD DB(hyp), AC AB-AC
\ AC ~ AD
D AD-AB, AB—A0 = 2D =A% +AC (AD - AB)

) (AB—AC), AC AD-AG AB=AD AB—AD AC

A c B D

sposing, we get 2 AC AD AB (AC + AD} Divide by

1
AC AD, and we have -— AB AD+ ie

Dem —BD BO AD AO (hyp) Working, as m
1

CD BDAD

Dem —AC CB AD BD(hyp), AC BD=CB.AD,
C BD+CB AD=2CB AD Agmun, AB CD=(AC
3) (CB + BD) = AC BD+AC CB 4+ OB*+ CB BD
5 BD+CB(AC+CB+3BD)=AC BD +CB AD
JB AD

1, wo get —
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F

C

D A E B

hence (Ex 1) D0 CE DB BE, DA AE DB BE
Hence AB 18 cut harmonically in Eand D

6 Let AB be the base, AC and CB the mdes

Sol —Bisect the Z ACB by CD  Produce AC to F, and bsect
the £ BOF by CE, meeting AB produced 1n E

Now AD DB AC OB(mr), but the ratio AC OBisgiven
(hyp), theratio AD DB 1s miven, D 1sa given pomt.
Agam, AC CB AE EB (Ex 1), the ratio AE EB1s
given, and AB 15 given, hence the pomt E 1s given And

because the £ ACD = BOD, and FOE = BOE, the Z DCE1s
nght, hence the O on DE as diameter will pass through C,
and because the pomnts D, E are given, 1t will be a gaven O
It divides the base 1n the pomnts D, E harmonieally, mn the ratio
of AO CB, and 1s the locus of the vertex It 1s called the
¢¢ Apolioman locus **

7 Dem—b ¢ CD DB(mt), ©&+4+¢ ¢ OD+ DB

DB, but CD + DB = (OB = «, b+ ¢ a DB

(6+¢) DB =ac, hence DB = —_:—a Similarly, D B = _6

, ae ac 2 abe
Adding, we get DD’ = b+o+b-—c L
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8 (1) Dem —In the last Exercise we got DD’ = 6-2:1-622

1 _g-a 1 -4t 1 -5

]Tl)—,.‘.-. S abo slmﬂuly,E“_'E—,=m, ﬂndF—F-=.m
1 1 1

Addng, wegetl-ﬁ)—,+ﬁﬁ+ﬁ§-=0

(2) Dem —From (1) wo have
1 B A a¥t - g
PD' " 2abe’ DD~  2abo

Sumlarly,
B BB a 3 c%a® ~ b2
EE =" Zak M FF T 2ako
Adding, we have
a® 2 2

LAY
oD YRR YRR

PROPOSITION IV

1 Dem ~—~Let O, O be the centres Jomn 04, 0'A’, and let
fall 1+ 0C, 0C’ on AA" From Tletfalla L TD on AA

Now 1n the A* ACO, ADT we have the £+ ACO, ADT equal,
and the £ QAT 1smght (III xvr ), and 1s equal to the sum of
the £° OAC, AOC Reject OAC, and we have AOC = TAD,

the A QAC, ADT ore equangular, hencs (rv) OA AC

AT TD, alternation, OA AT AC TD Simlarly,

0OA A'T A'C" TD, but AC = A'C, mnce AB, A’B are
P
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=AB BO, butAB BCO=D3D? thatis=to GH AH, JB BF
=GH AH, butBF=AH (const),. JB=GH, and JF=AG

J

D F

7

H A G C

Agamn, AC CE JF EF (v ), slternation, AO JF CE
EF, ut JF=AG Henco AC AG CE EF

PROPOSITION X

3 See * Sequel,” Book VI, Prop v, Beet m

4 Let the sum of the squares of the lmes be equal to the
squares on AB, and their ratio that of m g

Sol —On AB ns diameter desoribe a O ABO  Divide AB 1n
D,sothat AD DB m n(Ex 1) DBiseotthe arc ACBimn C
Jomn CD, and produce 1t to meet the circumferencen E  Jomn
AE, BE AE, BE are the required hnes

Dem —AB? = AE? + BES, and (III xxvix) the £ AEB1s
bisected, hencc AE EB 4AD DB, butAD DB m
Honce AE EB m n

6 Let tho difference of tho squares of the lines be equal to
AB?, and their ratio that of m #

Sol —Divide AB iternally and externally in O and D, m the
ratoof m #n (Ex 1) On OD as dinmetoer describe & semieircle
Lot O be its centre  Erect BE L to AD, mect the O m E, and
jom AE AE and BE are the required lines

Dem —Join OE, CE Now (I xrvu ) AE2~BE*=AB? Ang
because AB 18 divided harmonically 1n O and D, and CD 18 isected
m 0, OB, 0C, OA aroin geometncal progression (Book ¥ , Ex 9)
Henco OA OB = 0C? = OE?%  the L AEO s mght, the

¢ OAE = BEO, but ECO=CEO (I v) Henco (I <xxu)
P2
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the £ AEC = CEB, (mr) AE EB AC (B, thats,
m n
6 (1) Let AB be the base, s # the ratio of the mdes, and
the rectangle X the area

Sol —Divide AB anternally and externally :n C and D, 1n the

E G F

‘ X

rahom n(Ex 1) On CD as diameter desembe a O, to AB
apply a £3 AF, whose area1s 2 X  Let its side EF out the O1n
G Jom AG,BG AGBisthe A requured

Dem.—AG GB AC OB (Dem of Ex b), that 15 as
m u, and the CI AF =2 AGB, but AF=2X, AGB=X.

(2) Let AB be the base, m # the ratio of the sides, and R?
the difference of the squares of the mdes

Sol —Divade AB asm (1) On CD as diameter desenbe a O
‘Divide AB in F, so that AF? — BF2 = R? (‘‘Sequel,”” Book I,
Prop 1x) Erect FE L to AD, cutting the Om E Jom AT,
BE AEB s the A requred

\

A CF B n

Dem —AE EB AOC CB, thatisasm n, and AE2—~EB?
= AF? — FB® = R?

(3) Let AB be the base, m # the ratio of the mdes, and 2R?
the sum of the squares of the mdes

Sol —Divide AB as1n (1), and on CD as diameter describoa
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O ODE Biscct ABmm F  Erect FG Lto AD From A mflect
AG on FG, and cqual to B With F as contre, and FG as
radius, deseribe 2 O, cutting CODEmm E  Jomn AE, BE AEB
1s the A requred

Dem —Join FE Nowasm (1) AE BE @ #, ond
FG=FE (const), FG*=FE?, AF?+FG?, that1s, AG?
= AT?+ FE%, 2AG? thatis, 2R?=2AF2 4+ 2FE? Hence
(II =, Ex 2) AE?+ BE*=2R?

(4) Lot AD bo the baso, m # the ratio of the mdes, and X
the vertieal £

Sol —Divido ABasm (1) On CD as diameter describea O
ODE, and on AB deseribe & O AEB, contammng an L =X
Jom AE, BE AEB1sthe A required

Dem —AE BE m #,and the verheal L AEB=X
{6) Lot X bo the dufference of tho base angles

Sol —Divido AB as m (1), and on CD desenbo & O CDF
Ereet CE L to AD, and at G, in the line CE, make the £ ECF
=4X Jom AF, BF AFBisthe A requred

Dem —AF BF m n, and the differonce botween the
£* ACF, BCYF 18 equnl to 2 ECF = X, but ACF = (BE.+ OFB
and BCF = CAE. 4+ OFA, and CFA = CFB  Hence CBF
— OAF = ACF ~ BCF = X

PROPOSITION XI

1 Dem —Jom 0B, B'C, &¢ Now i the A*0AB, BB'C, we
bave OA AB BB BO, and the nght £ OAB = B’'BC, hence
(v1 ) the A*arcequangular, theZ ABO=BCB’, hence 0B, B'C
are f| Smmlarly BC, D aref| Now, sinco the ines AO, BB,
CC’ are ||, we have (1z, Ex 1) OB' B'C" AB BC, and
because OB, B'C, C'Daref}, 0B° B'C" BC CD, hence
AB BO BC OD InhkemannerBC CD CD DE
Hence AB, BO, OD, &0, are m contiued proporhion

2 Dem —Because B'M s || to A, the A OMT’, OAn are
equangular, OM NMB' OA AQ, but OM = 0A - AM
=AB -~ BB'=AB - BC, and MB' = AB, and OA=AB Hence
AB-BC«AB AB An
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PROPOSITION XIiI

1 (Diagram to Prop vmx)

Sol.—Let AB, BD be the two hnes On AB describe 2 sem-
eircle At D erect DC L to AB, and meeting the semcirele 1
C Jom BC BC 152 mean proportional between AB, BD

Dem —Jomr AC Now the A* ABC, BCD are equangular ~
(viu), AB BC BC BD Hence BC 15 a mean propor-
tional between AB and BD

2 Sol —Let O be any pont taken withina O ABC, 0’ the
centre Jom 00, and produce both ways to meet the circum-
ferencemm A, B Through O draw CD L to AB  CD 1s bisected
mO (IITI m) Through O draw any other chord FE OC 1s
2 mean proportional between OF and OE

Dem.—Jomn OF, DE Now, because the At OCT, OED are
equangular (III xxr), we bhave (rv) OF 0OC 0D OE,
but OD = OC, OF OC OC OE Hence OCisa
mean proportional between OF and OE

3 Let ABC be 2 O, O any external point From Q draw a
secont OAB, and a tangent OC to the O It 1s required to prove
that OC 1s a mean proportional between OB and OA

Dem —Jomn AC, BC Nowin the A* 0AC, OBC, we have
the £ OCA = OBC (III xxxmr), and the £ BOC common,
hence the A are equangular, BO OC OC OA Hence
0C 13 a mean proportional between OB and OA

4 Dem —Let AB be the chord of the are Joim AE, AC, CB
Now because the are AC = BC, the £ CAB=CBA, butCBA =
AEC(IIT xx1), AEC=CAD, andthe £ ACD 1s common,

the ASACE, ACD are eqmangular, EC AQ0 AC.CD
Hence AC 15 2 mean proportional between CE and CD

5 Let ACB be a O whose diameter 15 AB, FG, HJ two
parallel chords, CDE a O touchmg ACB mternally in ¢, and
FG,HImD,E From O, the centre of CDE, let falla 1 0K
on AB Itisreqmred to prove that OK 1s a mean proportional
between AG and JB

Dem.—Jom OD, OE, CD, CE CD, CE produced must pass
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F I
RZEN\N
_/
/
A ¢t K J B

~

throngh A, B (mx, Ix 61) Now (III <virt) the £ ODG 18
nght, and DGB 1s nght, OD1sfto AB Similarly OL 18
I to AB, OD, OE are in the same strught Jme Agmnb,
simio the £ AGD 1s nght, the £* GAD, GDA aro cqualto a
nght £ , and because ACB 18 nght (III x<x\r), the £ CAB,
CBA are equal to a nght £, hence tho £ GDA = JBEL, and the
L DGA=EIB, the &* ADG, JEB ar. eqmangular, henco
AG GD LJ JB, but GD nod EJ are each equal to OK,

AG OK OK JB Hence OK ;35 o mean proportional
botween AG and JB

¢ Lot ADB bo n semicairele whose dinmeter1s AB, CEFa O
touching ADBmn Fand ABmz C  Through O, its centre, drmw
the dimeter CF, nod produce it to mect ADB in D It 1
requircd to prove that CF 13 o harmonio mean between AQ
and CB

Dem —AB €O = CD? (“*Bequel,” 111, Trop v), but

AC CB
P—3 ¥ = L T et e
AC (B =0D3 \B CO=AC OB, + CO ACT TR’
2AC CB
2C0 = iGI 0B Ienco (V , Miscellancous, Ix 11) 2 CO,

that 1s CF, 13 & harmonic mean between AC and CB

7 Let ACDB be n O whowe dinmeter 18 AB, FG, IJ, two
paraliel chords mecting the O mn F, H, and the dinmeter in G, J
Desenbe 2 O CDE touching ACB externally m C, and GF, JII
produced in D, T From O, ats contro, lot falln 1 OK on AD
It 18 required to prove that OK 1s 2 mean proportional between
AJ and GB

The proof 1s the snmonsin Bx §
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PROPOSITION XVII

2 Dem —Desenibe a O about the A. Produce AQ to G, and
bisect the external £ BCG by CD, meoting AB produced mn D’
Produce D'C to meet the O 1 F, and jon AF Now the
L BOD' = GOD', and GOD' = FCA, BOD’ = FCA, and
gince the 2% OBD, OBA are together equal to two might £y,
and the Z* CFA, CBA are equal to two mght £s, the £ CBD’
= CFA, the A* AFC, BCD’ are equangular, AQO CF

D'O CB(xv), hence AC CB=D'C CF Agam AD’ D'B
=FD' DC, but FD' D'C=FC OD'-+CD% (Il m) = AC

CB4+0OD? Hence AD’ DB —CD3%=AC CB

4 Dem —Let O be the contre of the ox-O, touching AB
externally, and tho other sides produced Jomn O°C, cuttmng
the cireum-O 1 E  Through E draw EF, the diameter of the
circum-O Jomm 0B, EB, FB, 0'G, G bemng the point where
OB produced touches the ex-O

Now the £* 0’GO, EBF are equal, each being right, and the
L 0CG=EFB (III xxa), the A* O0CGR, BFE are equi-
angular, hence(av) FE EB 0C 0G, and EB=EO (Dem
of Iv , Ex 19), hence FE EO’ 0C 0G, FE 0C
=EQ’ 0°0C, thatis, the rectangle contmned by the diameter of
the circum-O, and the radius of the ex-O, 18 equal to the
rectangle contained by the segments of any chord of the
owreum-O passing through the centre of the ex-O

'« Dem —Produce AD to meot the circumference m G, then

“(Ex 6) wohave AB AE + AC AF=AG AD, but AG AD

=GD DA + DA? (Il mr),and GD DA = BD DO (III
xxxv) Hence AB AE+4 AC AF=BD DO+ DA?

9 Dem —Let ABC be the A, and FGG'F’ the inscribed
square, F and G bemng on AB and BC From Blet falla 1 BD
on AC, cutung the mde FG of the square n B

" NowAC FG AB FB(v),butAB FB BD BE
(), AC FG BD BE Hence, puthng 5 for base,
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p for 1, ond ¢ for mde of square, wohave & ¢ p p-s,
tp—~bts=sp Mencelbp=(b+p)s

10 Dem —Let ABC bo tho A, and FGG'F' the esenibed

G E ¥

AN

o A D ¥ c

squaro  From B ot falla L BD on AC, and produce 1t to meet
FGumE

NowAC FG+ AB BF(rv), but AB BF BD BE
{tr), AC FG BD BE, thatis, puttng s’ for the mde
oftheequare, b & p 2 ~p Mencedy -Ip=sp, ¥p
=2 {b—~p)

11 From Pletfalla L PC on the chord AB, and from A, B

let fall 1+ AD, BE on DE, tho tangentat P It 15 required to
provo that CP2 = AD BE

Dem —Jon AP, BP  Now n the A* APD, BPC, the £ ADPD
= PBC (III xxxn), and the £ ADP = BCP,  tho A" are
equangular, henco (rv) AP AD BP PC, alternation,
AP BP AD PC In hke monner for the As APC, BPE,
wehme AP BP PC DE, AD PC PC BE Hence
C*=AD BE

12 Dem —In the At AOD, BOC, the £ AOD = BOC, and
the £ OAD =OBC(III xxr), heneo(1v )AD AO BC B0,
alternation, AD BC - A0 BO Multiplying each by AB, we
get AD AB AB BC AO BO Sumilmly AB BC BC ¢D

-BO CO, &c Henco the four rectangles aro proportional
to the fonr hines
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14 Dem —Draw tho diagonals AC, BD Make the £ ABO
= DBC, eand BAO =BDC Jom 0C

B

Now the As ABO, DBC are equangular, AB AO BD

DC, AB OD=AO0 BD Agam,smececAB BO BD BC,
alternation, AB BD BO BO, and since the £ ABO=DBC,
the £ ABD = OBC, hence (xv) the A* ABD, OBC are equi-
anguler, (rv)AD BD OC BO, hencoAD BC=BD 0OC
Now wo have proved AB CD=A0 BD, AD BC=0C BD,
and A0 BD=AC 3BD, hence the three rectangles are propor-
tionnl to the mdes AO, 00, AC of the A AOC and since the
As AOB, ODB have been shown to be equangular, the £ AOB
=BCD, and because the A BOO, ABD are equangular, the
L COB=BAD Hence the £ AOC 15 equal to the sum of the
L*BAD, BCD

16 Let ABCD bea cychiec quad , AC, BD its diagonals At
P, any pomnt mn the circumference of the awrcum-O, draw a
tangent to the O, and let fall L+ PE, P¥, PG, PL on AB, BD,
AC, CD It isrequired to prove that PF PG =PE PL

Dem —From A, B, C, D let fall 1s AH, BI, CJ, DK on the
tangentat? NowPF:=BI DK (Ex 11), and PG*=1\H O7J,

PF? PG*=BI DK AH CJ Inlke manner PE? PL?
=BI AH DK 0, PF* PG*=PE* PL® Hence PF PG
=PE PL

16 Dem —The £ APB 15 mght (IIT xxx1), DPE 18
nght, and equal to ECB, and PED = CEB, PDE = CBE
Now smnce PDE = CBE, and ACD = ECB, the As ADC, EBO
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are equangular, hence AC OD CE CB(v), AC CB
=0D OE, but AC OB =O0F? (xviz), CD CE=CF?
Hence CF 15 a mean proportional between CD and CE

PROPOSITION XIX

1 Lot ABC, DEF be the two A* Now AB=3DE (hyp),
AB DE 3 2, AB® DE* 9 4, but ABC DEF
AB? DE?(xix) Hencothe A ABC DEF 9 4

2 Yet AB be a side of the 1msenbed polygon, O the centre of

the O Jon 04, OB, and hisect the £ AGB by OPP', meeting
the chord AB m P, and the are ABin P’ Through P’ draw a
tangent to the O, and produce OA, OB to meet 1t 1n A’B’, then
evidently A B 1s a s1de of the exrcumsenibed polygon

Now, if each of the polygons have s sides, and we denote therr

areas by B and §', we have the A AOB =%, and A'OB' = % ,

hence AOB A'0OB S8 &, but (xrx) AOB A'OB' AO

A’Q%, thatis, OF* OP'2(rv),or OP? QA2, henceS §’

“0P* 0A?, B5'-8 5 AP 0A?, that 1s, as 4 AP?

4 QAZ, thatis, as AT 15 to the square of the dinmeter, but 8§

15 less than the square of the diameter (rv , Ex 37) Hence 8'~8
{18 less than AB2

PROPOSITION XX

4 Dem —IL.et AB, BC, CA be three given hines m the form
of 2 A Inserbe 1 ABCQ & A A’B’CY siuler to the A FDE,
About the A* A'BC’, A'B'C deseribe O® mterseoting in O, then
the O about AB C will pass through O (nz, Ex 28) Jom oA,
0B, OC, OB', 0C', AA" Now (III xxr)the Z BOA’'=BC'A’,
and OOA'=CB'A’, the £ BOC 15 equal to the sum of the
L*BC'A!, OB'A’, but BC A’=BAA'+ AA C, and CB A’ = CAA’
+AAB, the L BOC =CAB + C'A'B’, but CA'B'=FDE,
hence BOO=0 AB’+ FDE, but the £ FDE 1s fnven, and (YAB’
15 given,  the £ BOC 18 given, and the base BC 18 given,
hence the O desoribed about the A BOC 1s given m position
Similarly, the Os about the A® AOB, AOC are given in posi-
tion, hence O 18 2 given pownt  Hence, 1f we inserihe another
A A"B"C" amular to FDE m ABC, the O* desertbed about the
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AsA"BC”, B"CA”, C’AB" will co-mtersect m O, and 1f we jomn
the engular pomts to O, the £3 00”A”, OA 'C" will be equal to

the £3OBA’, 0BC’, thatis, equal to the £*QC’A’, 0A’C’, hence
the A* OC'A’, OC A’ are equangular, and therefore (Ex 2) O
15 the centre of similitude of the A* AB'C’, A”B"Q"

5 Let ABCDE, A’B'C'D'E’ be two stmular figures, having the
sides AB, BC || to the sides A'B, B'C It 1s requured to prove
that the other homologous sides are ||

Dem —Join AA/, BB/, and produce them to meet m F Now
the £ BAF=B'A'F (I xxix ), but since the figures are srmlar,
the £ BAE=B A F’, hence the £ FAE=FA'E, and therefore
the line AE 18 || to A'E’ Simlarly, 1t can be shown that the
other homologous sides are ||

6 Let ABC, DEF be the homothetic figures Jom BE, AD,
and produce them to meet m G Jomn OF It 1s requured to
prove that OF produced wiil pass through G

Dem —If not, let 1t pass throngh H  Produce AG to H
Now the . GED = GBA (I xxrx ), and the £ GDE = GAB,
hence iv) AG AB DG DE, butAB AC DE DF,
AG AC DG DF, alternation, AG DG AC DF
Agamn, snce the A* HAQ, HDF are equangular, we have
AH AC DH DF, alternation, AH DH AC DF,
AH DH AG DG, hence(V xym)AD DH AD
DG, and therefors DH = DG, which 1s absurd Hence CF
produced must pass through G
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JL

B c

7 Dem —Lect ABC, DEF be the two mmilar figures, O thewr
tentre of enmhitudo  Jom 04, OB, 0C, OD, OL, OF ¥rom
/04, OB, OC eut off 0D, OF', OF' equal, respectnvely, to OD,
OE, OF, and joun E'F, F'D, DE Now snce OD’ = 0D,
OF' = OF, and the £ DOE = DOL (hyp), DE = D'E,

B c B c
and the £ OLD = OE'D’, but OED = OBA (byp), OED’
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=0BA, D'E and AB are parallel Similarly, D'F* 18 || to
AC and equal to DF, and E'F" 18 equal to EF and |l to BO,
hence the figure DEF may be turned round O so as to take up
the position D'E'F’  In like manner the figure may be turned
round m the opposite direction, as in the second diagram

10 Dem —Let O, O’ be the centres of the Q% and A one of
therr centres of smlitude  Jomn OO , and from A draw AB, AC,
AD, AE tangents to the O*  Jomn OA, 0B, 0’A, 0'D

Now smnee A 15 the cenfre of mmbhtude, the £ BAC= DAE,
thereforo their halves are equnl, that 15, the Z BAO =DAO’,
and the nght £* ABO, ADO’ are equal, the A* ABO, ADO’
are equangular, hence AO OB A0" 0D, slternation,
A0 A0 OB 0D, buttheratio 0B O'D 1s given, since

A

OB and 0°D are given lines, hence the ratio A0 A’O 15 guven
Now in the A OAQ’ we bave the base 00’ given, and the ratio
of the mdes  Therefore (111, Ex 6) the locus of A 18 & cwole

PROPOSITION XXI

1 Dem —Let AA’, BB', CO' be correspondmg sdes of the
samlar rectilineal figures, then mnce the figures are homothetie,
these sides are parallel Jom BA, B A’, and produce to meet
2 vy, then because AA’, BB aro corresponding gdes of the
homothetio figures, ¥ will be therr centre of smmihitude In
like manner, 1f we jom BC, B'C’, and produce to meetin «,
AC, AC tomeetn B, aand Bwill be centres of sxmilitude
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- Fy_DB .,
Now (v ) -;-'i =1 Eimilarly,

DL CC A,

g_ﬂ = g_q md A...B.. = é_‘.\-

ol DB’ aC ™ CC*'
ot tha prodact of v Ul M

f-i‘:. ;—;g 1 umity Asd beaes {0 Sequel,” Dok VT, Prop 1v,

Cor 1, p €9)theponts o, B, ¥ r76 collinear

fsomty, + the product of ;—"—Z,

PROPOSITION XXIN

1 Dem.~Irt ABC, DFF o the A< Fawng the £ ADC
= DEF Coxyhiintae = ARCG, DTFIT  Nowthe A ADC
DFF - ABCL DTFH, Lt ARCG DEFH AR BC
DE BF{gxm} HewerABC DRI AB BC DE ET

2 L,t APCD, EFGIT ke two gurds whove diagomals AC,
DD, EG, YHnte~cet in 1,3, rakimpthe £ CIB=GIT It
s required to prove that AYCD EFGH AC BD EG FH.

Dem.—The 1rea of ABCD 12 equal to the arca of n A haring
two fice cqual *0 AC, DD, and the cortaned £ equel 1o CIB
@ xxxv,Ex 7) =3 FFGH isenunl toa A having tao oides
equid to LG, FH, nrd the cortaned Zequal to GIT, Lot {Ex 1)
ther Avare 1o one anotberos AC BD EG FH Xew e ABCD

EFGIH AC WD EG FII



RCISES ON EUCLID [rooE v1

'OPOSITION XXX

Yt-angled A whose sides are in continned
ving AB BC BC CA From Clet
it 15 required to prove that AB 1s divaded
viom D

BC BC CA, AB AC=BC® Agam
BD=3BC2, AC=DBD,and AB AD
BD?* Hence AB 18 divided n extreme

e, wo can prove AC = BD and AD=3BC

seribe & O nbout the A FHD Let O be
md produce 1t to meet tho circumference
prove that DI = 6 FD?

roduce FH, and let falla L DJ on 1t
juare, AF=AH, the £ AHF = AFH,
s AHF s half a ight £, BHL s
Lisanght £, HLBishalfanght £,
' L DLI=BLI, DLJiimhalfanght £,
and DILisanght £, JDLishalfanght £, end JL=JD,
J12=JD3 and DL2 =2DJ?
Agam, smce AB=DB, and BI =BL, DL=AH, but AB
18 divided 1n extreme and mean ratw in H, BD s divadedin
extreme and mean ratio mm L, aud hence (II x1, Ex 4) BD"
4+ BI2 = 3DL*= 6 DJ", hence BD? + BH®, that 15, DH? =
6DF?  Agan (IIT xxu ), the £* FHD, FID are together equal
to two nght £s, and the £+ FOD, DHJT are equal to two
nght £+, the £ FID =DHJ, and the nght £ IFD = HID
the A+ IFD, DHJ aro eqmangular, ID DF DO
DJ, 1ID* DF* DB?* DI, but DH*=6DJ2 HenceID?
= 6 DF*

PROPOSITION XXXI
Dem —Let ABC be the somiaccle, of which AB, OB are

supplemental chords On AB, CB deseribe semacircles ADD,
BEC Now (xxx1) the semicircle ABC 18 equal to tho sum of
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the semeircles ADB, BEC Take away the common segments

A Cc

AFB, BGC, and we have the A ABC equal fo the sum of the
crescents ADBF, BECG

Exercises on Book VI,

1 Let ACB bonfixed Ay, DEa  to AB Draw the diago-
nals AE, BD, mtersectieg m O Jomn CO, and produce 3t to
meet ABm H  Itis requured to prove that CH bisects AB.

Dem.—Through O draw FG || to AB Now (I} AE EO
BD DO, but, by similar A*, AE E0 AB 0G, and BD
DO AB OF, hence AB OG AB OF, and therofore
0G = OF Now ACBigea A, and FG, = |} to the base, 18
bisected by CO  Hence AB 13 hisected by CO
2 Lst O be the centre of the O, and P the gaven point From
P draw PA to any pomnt A i the O Divido AP at B mn a given
ratio  Itas requred to find the locus of B

[ {Sol —~Jom OP, 04, aud draw BC ] te AQ

NowPFB BA PC CO (), but the aio PB BA is
gven, PO CO 1s given, and therefore C 1s a given point
Agan, by ssmalar Av, we have PA A0 PB BC, alternation,
PA PB A0 BC, buttheratioPA PBisgiven, AO-BC
1s given, but AO 18 miven,  BO1s mven, and the point C1s
given  Hence the locus of B 1s a O, having C as centre and CB
as radws

3 Dem —Through B, C draw BE, CD Jj to XY

Now, by mmilar A5, AC AD OB CE, clternation, AC

CB AD CE, AD CE m #,butAD = AL - AD
=AA'~ CC, and CE = CC’ —~ C'E = CC’ ~ BB’, hence AA’

Q
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—-C¢! CO'—BB ‘m n, nAA—uCC'=mCO~mBB,
and hence m BB’ + 1 AA" = (m + n) CC’

A al
D BB
X A C B Y

4 See **Sequel,” Book V1, Prop 1, Section 1
5 See ¢ Bequel,” Book VI, Prop 1v, Section 1

6. Dem —Let the rectangle AB  AC =4 Produce AB to
meot the circumferencein D Now, if £ denote the tangent drawn
from A tothe O (III xxxvr), AB AD =@, AB AD
AB AC £ J*, thatis, AD AC £ 2*, but the ratio
2 iRwsgiven, AD AC in a given ratio, and hence (Ex 2)
the locus of C15a O

Y Dem —Jomm O, the centre of the mn-O, to the pomnts
F, G, H, where the sides AB, AC, BC touch the O Jom OC
Now smee AF = AG, BF =BH, and CG=CH, AB-AC
=BF — CG =BH - CH=2DH Agam, AB? - AC?= BE?
~ EC? (I =uvm), that 13 (AB 4 AC) (AB — AC) = (BE
+ EC)(BE - EC), (AB + AC)2DH=BC 2DE, hence
(AB+AC) BC DE DH Agam(m)AB AC BL LO,
(AB+ AC) AC BC LC, (AB+A() BC AC LO
Agam, AC LC A0 OL(ur), butAO OL HE HL
(), AC LC HE HL, hence (AB+AC) BC HE
HL, that 15, DE DH HE HL, and hence DE HL
=HE HD
8 Dem —Let 0" be the centre of the ex-O, touchmg BC
produced :n X Now (AB 4+ AC) BOC AC IC(Ex 7)),
thatis,as AO OL, (AB+AC+BC) BC AL OL LE
LHE, 2BK 2BD LE LH, henceLH BK=BD LE
9 See Book VI, Prop xvir, Exs 3, 4

10 Dem —From Ex 9 we have d? = BR? — 2Ry, d'3=R2
+ 2R, @?*=R*+2R¢", and & 2= R:+ 2Re"”", 24 Q1
+d34+d"=4R+2R(r + "+ ¢'"~y), but (Book IV,

r
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Ix 19){F+r'+v'~r)=4R Henco @ + 4% + 344"
=4R*+2R 4R=12R?
11 (1) Dem ~~Lot the mdes of tho A bo denoted by @, 8, ¢

A
Now (IV 1v, Ex 8) =4, == Agamn, ap’ =24
2 24 2a
(X 1,Cor 1), a= -}-,-,e Sumlarly, b=-;-, ande= —,,
2A . 2A 2a A A A
e+ d+e)or2um= 7Tyt 1= +}—,-;+};..n
A 1 1 1
but s —, henee — = — b — b
*er FERTE b

() (s —a) 7" =4 {IV 1v, Ex 10), (.-a)=§ Agam,

24 2A 2A
from(l)rchnve(b-l-c-—a)z-l;-, +—--;-, but (b +c—a)

b4
A A a A A a
L] -— - —— ——— - i an— ——
ﬂ-(‘ a), (‘ a)=P +p Pv’tbntiq,ronpl-‘-Pu
....‘i. Hgnco-l.-g.}_.}..}' ....!...
b 4 r » ¥ b
(3) Subtret {2) fram (1), and wo gat%:::-;— b
{4) Interchangein (2), and wchnvo-—l- +—!--- 1.1 nter-
1] p . ’,l p P ?
b ats ool Age, and we get
change agun, and — +p el A we ge
2 1.1
yor o

12 Let ABC be n gaven 4, and P o given point 1n one of the
snides  Itis required tomseribe an ABC a A cquangular to DTF,
and having one of its angular ponts at P,

Sol ~From Plet fall a L PG on AB  Malo the £ PGH
= EDI, and GPH = DEF  Frcet 1 L to PH, meeting BC 1n
I, joun PI, and make the £ IPJ = GPH, ond jom IJ  JPX1s
the A required )

Q
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Dem —Because the £ GPH = JPI, GPJ = HPI, and the

night £ PGY =PHI, hence the A* PGJ, PHI are eqmangular,

GP PJ HP PI, alternation, GP BP PJ PI, and the
L GPH = JPI, hence (v1) the A* GPH, JPI are equiangular,
but GPH, DEF are equuangular Hence JPI 18 equiangular to
DEF, and it has one of 1ts angles at the given pont P

13 Let ABC be 2 given A, D, E, F three fixed pomts in
its sides, and BOO a A of given species described on BC  Itis
required to prove that the locus of O 152 O

Dem —Jon DF, DE Descnbe O* about the A* DBF,
DOE, cutting 0B, OCm &, H Jomn GH Now since the

pomnts D, F are given, the line DF 18 given, and the £ DBF
1s given (hyp ), henco the O about DBF 15 given, and the
L DBO 15 given by the given conditions, hence the arc DG
18 given, and therefore G 18 & given pownt. In hke mander H 15
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o gavenpomt, . the lme GH 18 given, and the L GOH 15 given
Hence the locus of 0182 O

14 (1) Dem —Let the pomnt B move along DE  From A let
falla L ADon DE Draw AF, mahing the £ DAF = OAB

C

From C draw CF L to AC, and let foll 2 L CGon AB Now
because the £ OAG 1z guven, and the £ AGC 1sa nght £, tho
A ACG 33 givenan species, therefore the ratio AC CG 18 given,
hencetheratio AC AB CG AB1s gaven, butCG ABisgven,
thoroforo AG  AB 1s given

Agam, sinco the £ DATF = BAC, DAB = CAF, and the
nght £ ADB = ACF, thercfore the A* DAB, CAF are egu-
angular, henceAD AB AC AF, AB AC=AD AF, but
AB ACisgien, AD AT 1sgven, and ADisgiven, AF
18 gaven , and smce the Z DAY 18 given, AT 1s given in post-
tion, and the £ ACTF 1anght Henco thelocusof C18a O

(2) Iat tho pomnt B move alonga O Produce AB to meet the
arcumferenco m D Let O bo the centre  Jom OA, OD  Mrke
tho £ EAO = CAB, and ACE = ADO

Now (1) the rectangle AB  AC 13 gven, and AB AD1s
grnen (III xxxvi), therefore the ralio AB AC AB ADus
given, the ratio AC  AD 1s given  Apgmn, since the A®
ACE, ADO are cqgunngular, AC AR AD AO, alter-
nation, AC AD AE AQ, but the ratto AC AD s given,

the ratio AE  AQ s mven, and AO 18 g1ven, smee 1t 18
drawn from n fixed pomnt to the contre ofa fixed O, AR 18
given i magmitude, and it 18 g1ven 1n posmtion, because it 18
drawn making & given £ wath a gaven hine § hience the pomt E
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1t gven. And because-tho A®* AOD, AEC ore equangular,
A0 0D AE EC, but the ratio A0 OD 15 gaven, °*.the

C

»

ratio AE EC 1s given, and AT 15 given EC 15 given, and
the porat E bas been shown to be fixed. Hence the locus of C 1s
a O, having E as centre and EC as radius

16 (1) Let the vertex A remain fixed Lot the locus of B bo
anght ne DB It 1s required to find the locus of C

Sol —From A let fall a 1 AD on DB, Make the £ DAG
« CAB Let fall CG L on AG, aud joun DG

Now because the £ CAB=DAG, the £ CAG=DAB, and the nght
L CGA=BDA, hencethe A+ CAG, DAB are egmangular, * AC

AG AB AD, altermation, AC AB AG AD, but the
ratio AC ABisgiven,sincethe A ABCisgiven m spees,  the
ratio AG AD s given, and AD 15 given 1n magnitude, because
itisa 1 from a given point ona given Ime,  AGisgmivenin
magmtude, and 1t 1s also given m posihion, snce the £ DAG 13
equal fo & given £ CAB, G 1s a fixed pont, and CG1s at
nght /% to a gaven hne at a given pomnt. Hence the Iocus of C
18 the line CG

{2) Let the pomnt B move along & O, let O beits centre  Jomn
A0, BO, and draw AD, makmg the £ D.-\O CAB Draw CD,
making the £ ACD =ABO  Now the A* ACD, ABO are equi-
angular, AC AD AB AO, alternation, AC AB AD

AO, but the rabto AC ABisgiven, the ratwo AD AQ1s
given, and A0 1s given, ADisgiven  And smince 1t makes
the Z DAO=CAB with a given lne A0,  AD 1s gaven n pou-
tion, hence the pomnt D 15 given  Agawm, m the A+ AOB, ADC
wehave AO OB AD DC, buttherato A0 OB1s given,
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the ratio AD DCis given, and AD s given, DO 18 gaven,
and the pomt Disginen  Hence the locus of C1s a O, having
D gs centre and DC as radius

16 (i) Dem ~—Bisect the sides BC, CA, ABmm D, E, F Jom
AD, BE, CF, lot them mtersecct mO  Produce AD to G, so that
DG=0D JomBG Draw EE | to AG, and produce BG to
meet 10 H

Now smee BD = CD, the A BDO = CDO, and the A BDA
=CDA, tho A BOA=COA Inlike manner, COA = COB,

the A* BOC, COA, AOB arcequal, AOB=3 ABC And
because OG = 0A, the & BOG = AOB, henco BOG =% ABC
And since the A* BOG, BEH are similar, BOG BEH O0B®
BE*(xtx), BOG BEH 4 9, that1s, 3 ABO BEHX

4 9, hence 4 BEH=3ABC, ABC=4BEH Agun,1t
15 evident that the sdes of the A BEH are equal fo the medians
of ABC, hence, denoting the medians by a, B, v, and their half
sum by a, we have (IV 1v, Ex 12) the A BEH

=y0r o0—a 0~BB o~
Hence the A ABC 15 eqiial to

4Vo o~a o~B a—7
(2) Dem —~Let A denote the area of the trangle, then (IV 1v,
Lx 12) A’=s s~a s-~b s—c, 164%=(a+b+0)(b+c~a)
{c+a-b{a+d—0)
Agamn, denoting the Lt by p', p”, »™, we have ap’ = 2 4,

dp’'= 2 A, and ¢p™" = 24, (a+b+c)-.2_é+2A+2'A.
2 7y

1 1 1
=2A (-; + ry + 5—,) , and, substituting, we get

P

16A==2A{-—+ + } {P+l'" _1_}

?
2Af,%+,%-;}2A{;+ -7

hence LA
1_ + 1
b G ko) (bred)

1 1 1 1
heio3) (o)

(P v » P+ F 4
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and hence

- 1
1

[ e e [
pl pl' P"’ 4 plll ‘p plll .pl p'l 4 p ’ p'"

17 Let the O* ABC, DBE touch at B Draw a common tan-
gent AD  Jom, AB, DB, and produce them to meet the O*1n
E, C Jomn DE, AC DE, ACQ are the diameters of the Os»
(III xm, Ex 4)

Now the £ ADC = AED (1II xxxi1 ), and the nght £ CAD
= ADE, therefore the A* OAD, ADE are equiangular Henco
CA AD AD DE, that s, AD 15 0 mean proportional be-
tween AC and DE

18 Let CL, OM, FN be the three || ines Take any pont
OmOM Jomr AO, BO, and produce them to meet FN, CL 1n
D,E Jomn AB, cutting the [sm L, M, N Jom CF, and pro-
duce 1t to meet AB produced in @ It 18 required to show that
@ is & given pomnt

Now in the A AOB the hne OFG cuts the thres mdes in
C, ¥, G, hence (‘‘Bequel,” Book VI, Prop 1v, Sect 1),

A 0 G AC AL

LM
gven, 55 18 given In like manner, g——,f—;m given, g-%

is given Hence the lme AB 15 divided externally in G 1 o

A L M N B G

given ratio, G isa given pomnt Hence CF passes through a
fixed pomt  Sumilarly, DE passes through a fixed pomt

19 Let a system of O® pass through two fixed pomnts A, B
From A draw any two seconts, cutting the O*m C, D, E,
C, D, E ItwrequredtoprovethatCD DE CD D'E
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Dem —Jomn BC, BD, BE, BC, BD', BEr

Now the £ ACB=ACB (III xxx), DCB=DC'B, and
CDB=C'D’'B, the A* CDB, 0'D'B are equuangular, hence

CD DB OCD' D'B In like manner, the A* DEB, D'E'B
are equangular, cad BD DE BD’ DE  Hence sx asguah
¢D DE CD' D'F

20 Let ABC be a A, the mdes beng denoted by 4, 5, ¢ It1s
required to find a pomnt O 1n ABC, such that the dinmetors of the
O+ about the A+ OAB, OBC, OCA may be 1n the ratios of three
given bnes J, m, n

Sol —Construct o A EDF whose smdes EF, FD, DE shall be

i

segment of o O COB contaming an £ = IDF, and on AC a
sogment AQC contmmng an £ =JEF O, where these segments
wmtersect, 18 the required pornt

in the ratios -E, ?;, :—‘- Produce ED to I, J On OB desombe a

Dem —Jom 04, 0B, 0C Produce AD, and draw BG |} to
OC From O let fall o L OH on BG Draw CR, CT, the
dumeters of the O* Jom BR, AT

Now the sum of the 2% AOC, GOOC 1s two nght £s, and the
sum of FEJ, FED 1s two nght £*, hence GOC = FED, but
GO0 =0GB(I xxix), OGB=FED Agun,the £°COB,



212 EXFRCISES OX ECCLID. [Eoox +1

GBO equsal two dght L%, 2nd IDF, EDF equal i~vorght L5;
> GBO =EDF Hence the £3 0BG, DEF ere eguiangelar.

PBecause the £s CT4, COA = ivo fdght /3 (I =<},
and COA, COG equel two 2ight /5 tse £ COG = CTA-
. OGH = CTA. 2rd OHG = CAT, exch belng right, .~ the

. €I oG -
As CAT, OGH are eguiangaler; . Ci=om Agam, the
Z+* COB, OBG egeoal two nght £%, z2d COB, CRB egral txo
nght £%, . OBH = CRBB, and the right £ CBR = OHB,

she L+ CBR, OHB e esuiergalar, .- g—g‘=% Henee

T2 o6 o0B.Wtog-0B: -5, .S CB
? a I m & c

28 O e CR-CT.-7:n Inke
I o f 4 4

mzrner it con be chown that CT 1s {o the dizmeter of the O
2t it OABacsmon

21. Sol.—Decribe 2 O zhont ABCD. Jox= CB, CD, BD.
Di-ide BD et E i 2 given ra'iv, zud 3em CE, AC.
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Now the points A, C are gaven,  AC1s given in poation, and
AD s gaven m position, hence the £ DAC1s gaven ; but (TIT xxx)
DAC=DBC, DBCisagwexs Inlike manner,theZBDC
1sgwven, the £ DCB1s given, hence the A DBC 1s gaven in
species, .DB BC is given, and DB BE 1s given (hyp),

BC BE 13 given, and the £ CBE 15 given Hence the
A EBCi1s given 1o species  Now EBC 15 2 A of given form
Oue of 1ts vertices, G, 1s fixed, another, B, moves along & lme
AB Hence (Ex 15) the locus of B 1s a straight Line

22 Dem —Prmduce CB, AD tomeet m H Drmiw DF [ to
BE, meetmg BHin F  Let CD and BE mtersect 1n G

Now, because DF 15 to BG, wehave DF BG CF CB,
but DF=BF, - BF BG CF CB

Agamn, since the hnes CA, BE, FD ere parallel, we have
{u, Ex. 1} BF DE CF AD, and, by sunilar A%, ED EG
- AD AC, hence, ex asqualy, BF EG CF AC, but AC
=CB, BF EG CF CB Butithas been proved that
BF BG CF CB, therefore BG = EG

Lsmma —Take any point O withma A ABC  Jom 04, OB,
0C, and produce AO to meet BC in A’  It1s required to prove
that the & OBC ABC 0OA° AA

Dem —From 4, O let fall 1+ AD, OFE on BC

Now the A ABC=1 BC AD, and the A OBC=1BC OE
hence ABC OBC AD OE, tutAD OE AA" 04,
ABC OBC Ay 0N

23 Dem —Ths AsOBC+-0CA +0AB=ABC Dinde by
ABC, and we heve

OBC 0OCA  04B O0BC 04
a8 * asc * aBo~ b M gpe = 1 (Lemma),
and simmlarly for the others  Henee
ox, o8 0o
AA "BB 'CC
24 Dem—AB BC A AOB BOC( ), and AB’° B'C’
4 A0 APBOC, (BookV,Ex 5)

AB  BC A0B  BOC

AB BC A0 ¥oc®




214 EXERCISES ON EUCLID [Book v1

but (xxmx, Ex 1),

AOB BOC A0 OB OB 00  AB , BC
Z0F BOC X0 OB BO 00’ AD BC
A0 OB BO OC  AB BC A0 0OC

A0 OB BO 00" A'B BC A0 0OC”

- AB 0C _BC OA
enee A8 OC BGC TOA

BO OA CA OB
Andamilaly,  po G =@AT OF

26 (1) Dem —Draw the dingonals AC, BD Bisect them m
F,E Jom FE, and produce both ways to meet AD, BC, nnd
DC produced m H, G, I Now, in the A BDC, the lne EI
cuts the three mdes mn E, G, I Hence (‘*Sequel,’” Book VI
Prop 1v, Sect 1)

BE DI CG_ L

ED IC GB
but
Z_B_]:_‘.=1 DI GG'__1 DI GB
ED " 1IC GB ' IC GG

In Iike manner, from the A ADC, we get

DI _HD Honco 5B _HD
icT 38 enet 66~ AE"

(2) Dem —Jomm O, the centre, to A, B, G, D And also to

' 3, K, where AD, BC touchthe O Now, snce 0K = 07, we
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have (1) the A OBO OAD BC AD Letfall 1*BL, DM
on 0G, OH, then (I xxvr) the A* BEL, DEM are equal,
BL=DMand theAOBG OHD OG OH Inhle
manner 0CG OHA OG OH Adding, wo have OBC OAD
- OG OH, but 1t was shown that 0BC OAD BC AD
Hence BC AD O0G OH
(3) Dem —Consider the A ECI It 13 intersected by AB,
hence (¢ Sequel,”* Book VI, Prop 1v, Sect 1)
EG IB CA CA EG IB
S 56 xm-h"™zE=? & st
Agamn, consider the A AEX, 1t 18 mtersected by CD,
EE ED AC_,
HK DA CE™ ™’
and, as before,
EH KD_.  EG IB_EH KD
HK Dia %' GI BC HK DA
Now AD, BC are opposite sides, and theyarecut by EFm K, I,
hence (1) they are cut proportionally,

CB_4D ., EG_EH
I Ddx GI " HK'
A

ol
B
D
H c

K

thatis, EG GI EB HEK, and the first 18 to the sum of the
first and second as the third 15 to the sum of the thurd and fourth
Hence EG EI EH EK

2‘(:'5’2 It 15 required to prove that AD DB AC OB ADS
A
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Dem —AD DB, AC CB are rectangular figures, and ence
AD DB AC CB (ur), these figures are similar, hence
(xrx )AD DB AC CB AD? AC* Inlike mannerAC CB

AD' D'B  AC* AD"

(1) Dem —If AD DB, AC CB,and AD’ D'B,aremA P,
the difference between AD DB and AC OB 1s equal to the dif-
ference between AC CBand AD” DB, but AC CB-AD DB
=0D” (svir, Ex 1), and AD’ D'B—-AC CB=CD%?, (D=
= CD3, CDh = CD;, the £ CDD’ = CD D, but the
L DCD 1s nght:  each of the 42 CDD’, CD'D 1s half a
nght Z , hence the 2 CDA1sa night £ and a-half Now the
L CDA = CBD + BCD, and CDB = CAD + ACD, hence CDA
—~ CDB = CBD - CAD, but the difference between CDA and
CDB 18 a nght £ Hence the difference between CBD and
CAD 15 a nght £

(2) Dem —If the three rectangles bem G P, the squares of
the ines DB, BC, BD arein G P, DB, BC, BD aremG P,
BO 15 o mean proporfional between DB and BD , but the
L 15 2 mean proportzonal between the segments of the hypote-
nuse (vrx, Cor 1} Hence BO 18 & I, and hence the £ ABC
18 nght
(3) Dem —1I1 the rectangles AD DB, AC CB, AD’ D'Bare
mH P,thelst 3rd difference between 1st ond 20d differ-
ence between 2rd and 3rd, but difference between 1st and 2nd
=CD? (xvux, Ex 1) and difference between 2nd and 3rd = CD"3,
AD DB AD' DB CD* CD'2, but, by smilar figures,
AD DB AD' D'B DB ©D'B?, henco CD° CD2 DB
D'B2, CD CD' DB D'B,and (ni)the £ DCD s
bisected, the £ DCBis halfanght £, but the £ ACD =DCB R
the £ ACB s nght. Hence the sum of the 4% CAB, CBA 15
anght £

28 Dem —Deote the radn of the Ot by p, p’, then (VI 1)
DC DC p ¢,andAC BC p p, DC DC AG
BC, DD DC AB BC (V xvir) Inlke manner
DD' D'C AB' BC, DD? D'C* A'B AB BO BGC,
but DC*=BC BOC (III xxxv1) Henco DD 2= AB' A'B
29 Dem.—Because A'O 1s [[to BO”, A0’ 00" AB A'B
(@), thit, R (R—p) AB AB Bmilaly, B (R—,)
AB AB, B (RB-p)(R-p) AB* A'B AP, but
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AB AR =DD7?(Ex 25) HenceR? (R-p)(R—p) AB?
DD”

30 Dem ~Let A, B, €, D bethe points i which the four Oy,
whoso radn are p1, p2, ps3, ps respectively, touch the fifth, whose
riiuszs R Jow AB, BC, CD, DA, AC, BD, then putting 122
for DD 2, wo have, from Ex 29, AB* 122 R* (R- mn)
(B ~ ¢}, heneo

1 Rt 12 R

rE e ABm—eme
A=mmE=m V& E-p
Simlarly,
CD = 3R 14 R
Y@ =p3) (B = p3)’ S VE= ) B
23 R
and

RYoarsries
Now, by Ptolemy’s theorem (xvir,, Ex 13) AB CD + BC AD
=AC BD Thereforo

T2 5 R 33.17 B2
VE=piiE=p)(B = ps)(K~ ps) +v/ (R = p2)(R — p3){RE~p1){R—ps}
13 21 Rz

VIR —p (R~ p)(R~p ) B —pi)’
and hence
12 36+23 T1=13 21

31 Dom —Bisect the mdes of the A ABC 1n the pomis D, E,
T Inscnbe o O m ABC, toucling the sides m G, H, I  Let
the g1des opposite the angular ponts be denoted by a, 5, ¢

Now 1f we connder the ponts D, E, F as anfimtely small O,
DE, EF, FG are o_common tangents to the O* 1, 2, 2, 3,31,
hence wo have 12 = DE = $AB = ¢ Similmly, 23 = % a,
3B=%%

Lot the msenbed O be denoted by 4 Now BD = } BC
=44 ad BG=(s~)(IV v, Ex. 2), DG= =}a~(s-1)
=34{8—c), thatis, 1i= E(b —c) In hike manner, 24 = 3(c - a),
and 38=4(c~8 Now if wo substitute theso values m the con-
dition of the last question, we find that 1t 18 fulfilled Hence the



218 EXERCISES ON EUCLID [Boox vi.

O throungh the middle pomnts of the mdes of the A touches the
m-0O Sumilarly, 1t touches the ex-O*

A

[

\\G-
G 2D B

32 IetA, B, C, D be the four points, jom them, and jom
AC,BD Biect BC, BD, CDmE, F, G Bisect AB, AD m
HI Describe a O through the pomts E, F, G, and another
O throngh H, I, F, let them interseet m J It 1s required to
prove that the Or through the mddle ponts of the A* ARBE,
ADC will also pass through J

Dem —Bizeet ACin K. Jom KE, KH, EH, GE, ¥, JF,
FH, H1, I¥, JK.

Now becanse CB, CD are buected m E, G, EG 13 [ to BD.
Simlarly, GF 1s {{ to BC, hence BEGF 15 a 3; the £
FGE = FBE, but FGE = FJE (T xxr}, FJE = FBE
Agan, as before, HIFB 15 a £, . the Z HIF =HBF, but



DOOR V1 ] LXERCISES ON LUCLID. 219

OIF =« OF (111 xu), - JJF = HOBT, the whole
L HJE = HDE, but HBE = HKF, since HKEB 18 evadently
a3, HID= HKE, hence tho four ponts I, K,J, E
are concyche, and the O through M, K, L will pass through ¥
Sitnslarly, the O through K, I, G will paes through §  Hence
the four mne-pmnts O+ have n common pont.

33 Dem ~~From A lot {all L+ AE, AF, AG on CD, DB, CB
Now beeauwre the £ ATD, AFD aro nght, ALDF 18 a oyche
quad , and AD 1= the dinmeter of its aartum O Draw another
dinmeter E Jom EF, FIT  About the & BDCdesinbe2 O
Draw ite diameter DI, and join IC Mow {IIT <xw ) the sum
of the £+ ERF, EDF 1s two nght £3, and the sum of EDB,

CDD 13 twa nght L0, hence the £ LHF = CDB, but (11X
xx<t ) CDB = CIB, hence EHF = CIB, and the nght £ EFIL
=1CB, the &* EFH, ICD are equangular, heneo L EF
IB BC, EH BC=FF 1B, thatis, z = EF IB

Sumluly, id = T'G IB, and DD = EG 1B Henco EF, I'G,
EG arc pmporlional to ae, 34, DD’

3t OLDI'ix n four-uded figure, OD, EF 1fs duagonnle  If
OF DE 4+ OF DF = 0D LEF, 1t 1 required to prove that
OEDT i 8 ¢y chic quad

Dem —~Producs 0D, OF, O, 10 B, €, A until cach of the
rectangles OD OB, OE 0OC, OF OA 13 cqual to tho square of
a given hoe, ray N Jon AB, BC, AC

NowQOD.0OB=0OE OC, OB OC OE OD, nndthe
£BOC 11 common to the two &* OBC, OLD, henco (v1) they
aro equiangular, and B¢ OB }D OL, alternation, BC ED

R
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0B-0E, .- BC.ED 0B OD'0E.OD, thati5, BC ED -

ED BC DF
=22 i T =37 NowED.OF-DF OE=0D EF
ED DF EF . .. BC AB
@) 55 op Y GD.OF_OE oF UM TR S
éﬂg; . AB <+ BC = AC, but this could not be true unless AB
B
D /
¥ ;B
[¢)

and BC cre m one strugh* ine,  ABC 15 s strmght line; o
the sum of the Z¢ ABO, CBO 1s two rght £*, but ABQ =DFO,
«nd CBO=DEQ, - DFO+DEO=twonght 2+, Heace OEDF
1s 8 ¢yclic quad. -

Altryma*ire Proaf —Grven AB . CD >~ BC AD = AC BD
1 1s requured to prove that ABCD 13 a evehe quad

B
A

Dem —If the £ CBD = CAD, then (III xxr, Cor 1)the
four poante.d, B, C, D are conevelie But af the Z CBD ke
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not equal to CAD, male OBO = CAD, and take BO =0 that
BO.AD = AC BO, jom CO, DO Now, sinco BC AD
=AQ0 BO, (VI vr)the &*BCO, ACD are simidar,  the
£BCO =ACD, and  the £ BCA = DLO Also DO CA
0OC CB, DC OC AC CB,and the A® DCO, ACB
aremmilar, OD CD AB AC, AC 0D =AB CD,
but AC OB = BC AD, adding we get AC (OB 3 ODy
=AB CD+BC AD=(hvp)AC BD, OB 4 OD=23D,
which (T xx }1s absurd, the £ CBD must be = CAD, and
- (I sx1, Cor 1) ABCD 134 cyche qued

ZLemma —1f C be the extornal centre of smkitude of two O,
CH any hne passing through C, and entting both O% 1 the pomnts
E, F, G, H, 1t 1s required 10 prove that CG FC=AC BC

Pem —Jom AG, DE

NowAC DC GC EC, « AC BC BC DC GC FC
EC FC, but BC DC=EC FC Henco AC BC=GC FC

35 (1) Let 0,0’ bethe centres of the given O% and P the point
801 —Jomn 00’, and produce  Let C bo the extornal contre of

sunilitude  Jom PC, and find the pomt Q, so that PC QO
n2
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=AC BC Desenbe a O pasuing through P, Q, and touching
the O whose centre 18 O mm @G (IXI xxxvir, Ex.1) Thisis
the requred O

Dem —Join GC, cuting the O whose centre 18 O’ m F
Now (const.) PC QC = AC BC, and (Zemmd) AC BC = GC

FC, * PC QC=GC FC Hence the O through the pomts
P, Q, G passes through F, and fouches the O whose centre
180

(2) Sol —Let 0, 0’, 0" be the centres of the given O  Draw
any two radu OA, O’'B  Cut off AG, BD, each equal to the radius
of 0. Tith O as centre and OC as radius, descnbea O With
O’ as centre and O'D as radius, desenbea O Now (1) describe

I

a O touching those twoin E, F, and passing through the pomnt O *

Let O "beatscentre Jom O "0, 0 "0, 0" O *, and produce them
to meet the axrrcumference of the given Os m the pomts G, H, I

The O through G, H, I will be the required O

Dem —Because 0G = 0A and 0E=0C, EG = AC, but AC
=0"I, EG=01, and O""E=0"0", hence 0 "G = 0™1
In ke monner, 0"H=0"T Hence the O descrnbed with O *

as centre, and O’ G as radius, will pass through H, I, and touch
the given O*1n the ponts G, H, I

36 Let 0, O be the centres of the fixed O3, and C their centre
of mmlitude, and let any vamable O 0” touch 0,0um @G F
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From C draw CD a tangent to 0 It 15 required to prove that
CD 15 of constant length  (See Dingram to Ex 35 (1))

Dom —Jom GF, and produce 1t to pass through O

Now CD? = GC CF (III xxxvr), and GC CF = AC CB
{Lemna to 35), henee CD? = AC CB, but AC CB s constant,
since A, O, B are fixed pomnts  Hence CD 18 constant

37 Dem —Dran DI a common tangent to the two fixed O*
Jom AD, BD, and preduce them, they must meet on the cir-
cumference of 0”  For, if not, let AD meet the circumference
of 0" mP, and BD’meet tm @ Jomm 0 'O, 0*'0’, and produce
them, 0°0, 0 O’ must pass throngh A, B(III ~1) Jom OD,
0D, 0 P, 0"Q Now the £ 0”AP = 0"PA, end OAD = 0ODA,

ODA = 0"PA, hencoe ODis 0o O'F Now the £ ODD 18
nght (I1I <xvir), hence 0”Pi1s L to DD’  Simalarly, 0Q 18
L to DYD', which 15 1mpossible, unless Q comcde wath P
Hence BI) must poss through P

38 Jon A’B’ Tale a fixed pomnt C 1 AC, and in BD find a

powmt D, so that as AA” AC BB BD Jom AB, and divite
1t Em a given ratio  Joun CD, and divide 1t 1n F 1n the same
ratio  Jomn EF, outting A'B'1n O It 18 required to prove that
A0 OB AL EB

Dem —Through F draw GH || to AB, and draw AG, BH,
oachffto EF Jom CG; DE  Draw AL §to AG, and B'J || to
BH JunlF,JF
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Now, by coastrnetion, AA': AC-: BB'-BD, .. AC:-AC
..BD.BD. And khence, by similar A%, GC . IC-- BH : DJ;
tctGC CF DH.DF HeaceIC CF.:DJ DF,and the
contamed £ ICF, JDF are equel, .-. the 2+ ICF, JDF are
eguizrguler, .. the ZIFC=JFD; ... IF, FJ are 1n the same
strarght hize

Agam, from smmiler A7, AG AT AC.AC, 2nd BH. BT

.BD BD, hence AG.AT BH BJ, bt AG=BH; ..
AY=BJ heneeITisftoAB,. A0-0B: IF:FJ;
tkatis, .CF FD, or. AB.EB Hence the locus of the
poxt m which A B’ 15 drmded m the retio of AR EB is the
righkt ine EF.

39 Dem.—It was proved in the last Bxercize that A0 . OB°
. AR EB In Iike mannes, E0.0OF -~AA_AC Now
potimg G, H for 47, B, we bave GO.0H .AF EB, and
E0:0F -AG GC.

Lremma —If 2 grven bme AC be divided m B, eo that AB BC*
is & maxminm ; 1t 1c required to prove that BC = 4AB

Derm.—Divide BC mto four equel pasts m E, P, G; then
each of the perts BE, EF, FG, GC 1= eq_naltoBc, hence

z
'L
BE.EF EG GC=%% Multrgly each by AB, and e get

A B E ¥ G H

AB BCs
AB BE EF TG GC = 555 sbut (hyp) AB.BC' is a

maximum, AB BE EF FG GC is 2 maximum, .-. AB,
BE, EF, FG, GC are 2l equsl {** Seguel,” Book II., Prop xr.,
Cor} Hence BC=4AB

Similerly, 1f 5t be required to drvide AC m B, so that AB BC®
ey be 2 mavimum, BC =nAB

40 Aralyns —Let ABC betherequired..  Biszet the verticeal
£ ABC bv BH. From A, C let f21l £+AD, CF oa BH, and
from Blet fall 2 L BEon AC. Jom DE, EF. Draw HI, the
%ter Jon Bl Drsw BEE to AC, and let 21l a 1 BG
on
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Now the £ ADB = AEB, cach bang nght, hence the four
pomts A, D, E, B am concyche, theZLDF=BAC Agam,
beeause cach of the £% BEC, BFC 15 nght, BFEC 18 a cyche
quad , the sum of the £*BT'E, BCE 3s two nght 4*, and
the sum of BFE, DFE 1s two nght £,  the £ DFE=BCA,
. the At ABC, DEF are ecquangular And smnce ther L¢

&\B
F
ANQ ~—
\n

aro BE, EG, ABC DEF BL* IG?, but BE* EG* -
HI* 1B% or HI IK, BE? EG* HI 1K, ABC

DEF ©l IK, ABC IK = DEF HI XNow DEF
1s ¢ meximum (hyp), and HI 18 a given hne, because 1t 18
the duameter of the O, ABC IK 15 o maximum Now
ABC = } base perpendicular = AL BE, or AT, XL, .
AL XKL, IX 35 2 maxaimum Now whatover AL 1s, the rect-
angle KL IK 15 2 meximum when IL 13 lnsected an K, and then

2
KL EI=1IL:, AL %mnmmmum, AL Il2isa

meximum,  AL3 ILS 1s & maximum, but AL*= HL LI,
OL IL® 13 2 maximum And {Lemma) 1L = §HL
Hence the method of construction 15 evident

41 Let AC, BD, the dizgonnls of the inseribed guad , mterseet
m O Atthe ponts A, B, G, D draw tangonts to the O Let
them meet mm E, T, G, H, then EFGH 18 a circumseribed
quad It 18 required to prove that ats dwgonals LG, FII must
pass through O
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Dem —If possible let EG not pass through O, but ent AC,
BD m I, K Produce AE, CF to meet 1n J (not represented 1n
tho dingram) Through E draw EL | to GF, and EM [ to GH
Produce DB tomeet EM  Now because JA=JC, beng tangents,
the ZJCA =JAC, but ELA=JCA(I xxix), EAL=ELA,
and EA = EL Inlike manner EB = EM, but EA =EB,

. EL=EM Now smnce the A* GCI, ELI are equangular,
GC GI EL EI, alternstion, G0 EL GI EI, but GO=
GD, and EL=EM, GD EM GI EI, and because the
A® GKD, MKE are equiangular, GD EM GK EK, GI
EI GK EE, which 158 impossible unless the pomts I, K
comoide Hence GE must pass through O In like manner FH
must pass throngh O

42 (1) Sol —Let A, B be the given pomts, W the given O,
and X the given hne Through A, B deseribe any O outting
Wm C, D Jom AB, CD, and produce them to meet n E
Through E draw EFG | to X, and cuttng Wi F, G The O
through A, B, F, G 1s the one requred

Dem —AE EB = CE ED,and COE ED = GE EF,

AE EB = GE EF Hence the four points A, B, F, G are
concyclc, and the common chord FG1s || to X
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{2) Sol —~Let O be the given point  Make the samo construe-
tion as before, and instead of drawing EFG {| to X, join EO,
and produce 1t fo cut W in P, G Then, asin (1), EFGisa
common chord, and 1t passes through O, the given pommt

43 Sol —Let O be the centre of the O, ABC the £, and DE
the given line  Produce AB, CB to meet DEm E, G Biseot
GEm?F Jom FB From O let fall 2 L OD on DE, and
meeting FB produced :x ¥ Through H draw 1J fj to DE,

A

B J\_/G
F
E

meeting AB, CBmn I,J Jomm O, OF Now because the lines
GJ, FH, EI pass through B, and are cul by the [# GE, 1J,
GF FE IH HJ, but GF = FE, TIH=HJ, end smnce
1J 18 |} to DE, and OD meets them, the L0HJ =0DE, OHJ
sanght £, OHIwisnght,and (I xv)O0J =0T, andthe
O, with O as centre, and 0F as radius, will pass through I, and
ats chord 1J 18 | to the given hre DE

44 Let ABCDE be a polygon of an odd number of mdes
Take any point O wathan 1t.  Joim AO, BO, €O, DO, EO, and
produce them to meet the opposite sidesin A, B, ¢, D, E It
18 required to prove that the product of AD’, BE', CA’, DB/, EC’
18 equal to the product of A D, B'E, C’'A, D'B, E'C

Dem —Join AC, AD Nowthe A AOD A'0OD A0 A0
(1), mmd AOC AOC A0 A0, AOD A0OD AOC

A’0C, altermation, AOD AOC A OD A'OC, but A'OD
A0C DA A'C Hence

DA’ _ AOD
ZCTR0C
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» BD, CE, OA, DB, DA, EC,

BD' _BOD CE'_COE
DA "DOA' EB BOE

ar, we find that the numerators of
10 denommators  Hence the pro-
15t terms 18 equal to the product of
» BE CA D'B EC=AC

let the mdes touch the O in the

' Now AB' = AC’, BA', =B(,
BA’=A'C C'B B'A, andhence
! are conourrent

ents AA’, BB', CC’, and produce
themm A’, B', 0 It 18 requred
C' aro collinear

Dow —luo £ b oo = v’ (IIT xx311 ), and the LBB'C1s
common, the A* AB B, BB C are equiangular, . AB’ AB

BB BOC, alternation, AB BB’ AB BC, AB"? BB*?
. AB? B(?, but BB2=AB' B C(III wxxvr), AB? AP
B'C AB* BC?, AB’ B'C AB* B0? Hence, denoting
the mdes of the A ABCby e, b, ¢, wehave AB BC ¢* a?
Interchange, and wo get B’ C'A  a? #, and CA’ A'B

% o8 Multiply these together, and we have AB’ BC' CA’,
BC OA AB %% a%%®, AB° BO CA'=BC.
CA A'B, and hence (Ex 5) the pomnts A', B’, ' are col-
lmear

47 Dem —Produce the sides, and draw AA’, BB’, CC', bisect-
ang tho external £* Now (ur, Ex 1)AB BC AB BC
Interchange, and we have BC' C'A BC CA Interchange
agam, and CA’ A’'B CA AB Now, multiply together,
and AB’ BC' CA BC COA A'B AB BC CA BC
CA  AB, but the third term 1s equal to the fourth,  the first
18 equal to the second, that 15, AB’ BO' CA’ = B'C C'A
AB, and hence (Ex 5) the points A, B’, ¢/ are collmear
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Zemma —Let two Or, whoso contres are 0, 0% cut in T  Jon

OP, 0T 7Produce O'P to E Dmw CP, DP tangents to the
©*  Itis requued to show that the 2 EPO = CPD

Dem —Produce CP, DI to F and G Now the £ O'PF 38
night (IIT <vir ), hence {I <v)} CPE 18 nght, and OPD 1s
nght, CPE=0PD Reect OPC, and EPO = CPD

48 Lct AB bo a given hne, P a miven pomt, O the centro of
the gaven O, end Xagiven £ It 18 required to describe a O,
touching AB n P, and cotting O at an £ equal to X

8ol ~Ercct PCL to AB  Draw DP, makang the L CPD =X
Produce DPto E, cut off EP equal to the radms of 0 Join EO

[
H

AE I==F B

Bisectatan ¥ Ercet FO L to EO, movtmg PG1n € With C
as contre, and CF as radius, desenboa O, outting 010 G This
18 the requared O
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Dem —Jom EC, CO, CG, O0G Now because EF = OF, and
FC common, and the L EFC=0FC, (I 1v)EC =00, and
CP = CG, bemng radn, and EP = OG (const), the £ EPC
= 0G0, but DPC and EPC are supplements, and HGC, 0GC
are supplements, HGC =DPC, but DPC =X, and HGC 1s
equal to the Z between the O® (Lemma) Hence the £ between
the Os1s equal to the given £, and the O PG touches ABmn P

49 See ** Bequel,” Book IV , Prop mx, Cor 2

60 See ¢ Sequel,”” Book I, Prop xvmx

61 8See «Sequel,” Book I, Prop x

§2 Let O be the centre of mean position of the feet of 1.s from
1t on the mdes From O let fall L= OA’, OB’, OC on the mdes
‘1ake any other pownt P within the A, and let fall Ls PA”, PB’,
PC” It 1s required to show that OA? + OB'2+ 0C'21s less than
PA"2 4+ PB 24+ PC 2

Dem —Jomn OP, PA/, PB’, PO’ Now, because O 1s the centre
of mean position of A', B, C’, we have (Ex. 51) A'P*4+ B P2
+ 0 P2= QA2+ OB'24 0072 4 30P2, but A'P2=A’A’ 24 A"P?,
B'P? = BB"2 4+ B P?% and C'P?2 = 0'C"2 + C"P?, A’AM
+ BB 4 0'C"24 A”P*+ B"P? + C"P*= OA”? + 0B 2 4 0C%
+ 30P?

From Plet fall 2 L PD on 0C’, then OP?1s greater than PD?,

that 18, greater than ('C’”? In Iike manmer 1t 18 greater than
A'A"2, and greater than B’'B"2,  30P21s grenter than A’A"2
+ B B"21 C 0”3, and hence A"P?+4 B"P3+ C P21s greater than
0A” 4 0B 4 0C*

63 (1) Let A, B be the opposte £, m, 1 the diagonals, and
C the angle between the diagonals
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Sol —Construet a & DEFG@, having two adjacent sides

G F
/ m| n
@__ A LA_ [—B...

DE, DG respectively equal to m and 1, and thewr cluded
£ =toC On DE descnbe o sogmont of a O contmmng an
Z equal to A, and on FG desenbo n segment contmmng an
Z cgunl to B, let them infersect :n I Joun HD, HE, HF,
HG Through H draw HK ] and = to EF Joh DK, EK
DHEX 1s tho required quad

Dem ~The L DHE = A, and EF=HK (I ~<xxiv), but
EFl'=GD, HK=GD,and atis[tont, HXDG a3,
. HOGsfto DK, and HF 1s [[ toa LK, hencoe the 2 GHF
=DEKE, but GHF = B, DKE = B, and (I <xxix) the
LHME=GDE, ut GDE=0, IME=C

64 Leta O, whose contre 18 07, roll insido another O, whose
centro 18 0, and whoso diameter 18 twico that of O' Takea fixed
point Pin the owrcumferenco of 0°  Itisrequired to find its locus

Sol —Let R bo the pont of contact  Join OP, OR, O P, und
produce OF to meet the circumferonco m Q, and biscct the
£ RO'P by O 8 meoting the O G'm 8

Now the LROP=2ROP (III xx), the z RO'S=ROQ,
ond thearc RS RQ  O’'R OR, but OR=20'R, RQ=2RS,

RP=RQ Now smco the are RP = RQ, the point P must
have comncrded with Q  Hence the hine 0Q 1s the locus of P

65 8ol —Take any point G in the are CD  Jon CG, DG
From the contro O let fall o L OE on CD, and on OF desorthe n
segment OFL contaimng an /£ equal to CGD Jon OC  Bisect
itin H, Through H draw HF || to AB, cutting tho segment
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OFEmF Jom OF, and through C draw CP[jto OF Puis
the required point

Dem —Let CPintersect ABmn KX Jomn PD, cuthing AB 1
J  Produce FH tomeet CPmI Jomn EF, and produce it to

meet CPin L  Jomn CF, FJ The ponts G, F, J are collnear,
if not, let CF, FM be 1 a strmght hme  Now (III xxu ) the
£*CGD, CPD equal twonght/+, OFE,CPD equal two nght
L* and OFE, OFL equal two nght /s, OFL = CPD, thaf
18, CLE = CPD, hence EL1s | to PD Agmmn, m the A COM,
snce CO 15 bisected m H, CM 15 bisected 1n F (I x5, Ex 3),
ond simlarly, i the A CDN, CN 15 lisected in F, FN=FM,
which 15 absurd,, hence CF produced must pass through J, and
OF =FJ Now, 1 the A CJXK, CJ 15 bisected 1n F, and OF 18
[ to CP,  XKJ 1s bisected 1n O, thatis, OK = OJ

66 Let ABCD be a polygon of four ssdes Produce AB, CD

C

L

toL, N, and draw 2 transversal LMON, cutting the four mdes.
From A, B, C,Dlet foll 13 ¢, » Y 2" 2" on LMON
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Now, since the A* Az'L, Bp”L are equangular,

AL p
3=y )
For the same renson,

B _p ON g . DO_gv
CM " DN p™ A0 ¥

Multiplymg together, we get
AL BM CN DO _ p'p"p"'p""'
BL CM DN A0 g’y
Hence AL BM CN DO=3BL OM DN AQO And smularly

for a figure of any number of sides

87 Let the transversal LMN cut the mdes of the A ABCm
the pamts I, M, N Bisect LN, NM, ML1n 0, P, Q. Join AP,
0B, CQ, and produce them to meet the sdes of the A ABCm
A’, B, O, respectively It 18 required to prove that the pomts.
4, B, U’ are collinear

Dem —The mdes of the A AMN are cut by OBB’,
AB' MO NB
BM ON Ba~ L@ 6
s , MB CB 1O _
And the A CLM 1s out by OB’, FG BL 0-—3-]-:.——1

AB' OB NB
Multaplyang together, we bave BG°BA BL™ 1, interchange,



284 EXERCISES ON EGCLID. (BooE vr

BC" AC LC CA" BA MA
andc—,z ﬁ -éTI-—l ’ mterchnngeagnm, andn E ‘AT=
Multiply these results together, and we get

AR’ BC' OA' NB LO MA_,
BGC CA A'B BL CM AN

NB L0 MA_ o o AR DO 0N
BL CM AN ! BC CA A'B
And hence the pomnts A’, B’, C' are collmear

58 Let ABCbethe A Jomn PA, PB, PC, and erectat P Ls
AE, BH, CG to PA, PB, PC, intersecting the sides BC, CA,
AB, respectively, m A’, B’, ' It 18 requred to show that tha
pomts A, B, ¢’ are collinear

Dem —From A, B, C let fall 15 AG, AT on CG, B'H, BD,
BF on A’E, C @, CE, CH on A’E, BH

1

but

Cl

Now, because each of the L®* APA’, BPB' 18 nght, the
L API = BPD, and AIP = BDP, hence the As ATP, BDP
are equangular In like manner, the A3 AGP, CEP are equ-
angular, and CPH, BPF are equangular
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Agnn, since the At OA'E, BA'D are equangular,

oA _CE
A8 " BD'
. AP Al B¢ BF
Sunlarly, 7o~ om ™M i =16
CA' AB' BC CE AI BF
therefore

4B BGC GA BD OH.,AG’

hence CA’ AB' BC CE AI BF PB PC PA
XD B0 CA BD CH AG DPB PC PA°

but AT BP=BD AP, mnce the As AIP, BDP are cqmangular,
and PA CE=AG PC, and PC BF=PB CH, therefore
CA’ AR BC=A'B BO CA Andhence (Ex 4) the pomnts
A’, B’, C are collinear,

69 Let ACB bo n given semuarrcle I 18 requured to divade it
mnto two parts by & 1 on the dinmeter AB, so that the radn of
the Ot nsersbed 1n them may have a given ratio DE , EF

D E F
8ol —On DF desenbe o segmont contammng an £ equal to half
anght £, Erect EGLto DF Jon DG, FG At the pomnt F
i FG draw FH, maling the LZHFG = HGF  In the semicircle
8
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ung the LABC = EFH  Let foll the L. CI on AB
wred line

the figures CIBM, CIAN describe O¢ touchmg

nd the ares B0, AC mn the pomnts J, X, I, M, N

their centres Jomn 0OJ, OJ, 0L, O'L, AL, LM

» L, M, are collmear (11 Ex 51) Jom BB,

vow the £ LIB 18 nght, and LMB 1s nght

R ILMB 1s a cyche quad , BA AI
mt BA AI=AC*(I xuvir, Ex 1), and MA AL
savr), AQ2=AJ?, AC=AJ, thesAOT
137 = JBC 4+ JCB, but ACI =IBC (vin), ICJ
ke manner, the £ ICK = ACK, hence the £ XCY

L Now in theAs EHT, ICB the £ BIO = FEH,

+H (const), ICB = EHF, but ICB =2 ICJ,

EGF, 10J=ZXGF, andCIJ=GEF, CJI

s the A® CIJ, GEF ure equangular And beeause

KCJ, and GFD =0JK, GDIF =CKJ, hence

GFD are equangnlnr, KI IJ DE EF,

OL OL HenceOL OL DE EF
A, B, C be fixed ponts, and P a vanable pomnt,
of P, af mAP? 4- #BP2 4 pCP? 15 grven

¢ AP, BP, CP, AB, B0 Diwmide ABin D, so that
mAD =a0B Jom DP Now mAP2+4 aBP? = mAD? 4+ nDB?
+ (m + #) DP? (Book II , Ex 12) Jomn DC, and divide 1t 1n T,
go that (m + n) DE =pEC Jom EP, then (m 4+ n) DP2 4 yP0
= (m+n) DE? 4 pEQ? + (m+n + p) LP2, and mAP? 4 4BP?

P

A D B
+ pPC? = mAD" + #DB2+- (m + ) DE? + pEC? + (m + 0 + p) EP?,
but mAP?+#BP2+ pPC? 18 gaven (hyp ), mAD?+nDB? 4 &o
18 given, but mAD® + nDB? 18 given, and (m + 2) DE?, and EC?
1sgwven,  (m+n 4 p) EP21s given, and (m + n + ) 18 given,



BOOK V1] EXERCISES ON EUCLID 237

EP*1sgven, EPisgiven, andE1sa givenpomnt Henco the
locus of P s a O, having E for centre and EP for radius

60 Dem —JLot P be the pomnt From P let fall L# PD, PE,
PF on tho sides of the A Jom DE, EF, FD, AP, BP, CP
Now betause the Z* AEP, AFP are nght, AEPF 1s a oytho
quad,, then AP 18 the dinmeter of the arcum-O  Draw FG,
enother diameter Jom GE Now the £ FGE = FAE (III
xx1), but FAE 1s a2 given £, FGE 15 2 gaiven L, and the

A

B D [¢]

L FEG 18 gaven, bemng nght,  the A FGE 15 given m species,

b 2
hence %m given, but FG = AP, i—%‘ 18 given, f;- 15
gven, let it bo equal to m, then EF? = mAP®  In like manner,
FD? = uBP? and DE? = pCP?, but EF? + FD? + DE? 18 gaven
(hyp), mAP?+4 nBP?+ pCP?1s5 given And hence (Lemma)
tho locus of P1isa O

61 Let tho O W make gaven intercepts DD', EE’ on two fixed
hnesPX, PY Itis required to prove that the reotangle CG CH
contamed by the 1* from the centre C on the bisectors of the
£ formed by the lines PX, PY 1s given

DPem —From C let fall L® CA, OB on DI, EE' Jom OD,
CE Now AC? + AD?=CD?, and BC? 4 BE*=CE?, AQ2
+ AD?=BC? + BE?, AD?-~ BE*=B(?~ AC?, but AD, BE
are the halves of DD, EE' (IIT 1), and are gven (hyp ),

BC? ~ AC? 15 suiven Now smnce the £* CAP, CBP are
nght, CAPB 15 a cyche quad Doseribe o O aboutit Jomn
AB, the ine bisecting AB perpendicularly will be the diameter
Lot it be GH Jomm GP, HP, these arc the internal and
extornal bisectors of the L EPD (IIT xxx,Ex 2) Jomm CP, CH

82
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aundlet fall 1* CF, CI on AB, GH Now BC* = BF* + F¢*
and AC* = AF* - F(C?, .-. BC?* — AC* = BF? — FA?; but BC
— AC*1s given, .. BF?—FA?1s given, that is (BF — FA) (BF
—FA) is gaven, but BF — FA = AB, and BF - FA=20F
. AB.OF is given, that 15, AB CI is given. And beczuse
the £ APB is given, the retio of AB to the diemeter is given

W

\'E

{Dem of Ex. 60); that is, AB : GH is given; .-. the ratio
AB CI GH.CIiegiven; but AB.Cl is gzven, * GH.CI
1= given. And smee the A* GCH, ICH are egwangalar,
GH.CIL = GC CH. Hence GC.CH is grven.

62 Let ABCbea A, whose bese and the difference of whose
base £*1s given Dmaw CE, CF, tke mfernal and external
Insecto™s of the verheal Z. Bisect ABm D, erd le* f21 1+DE,
DF on CE, CF It 1s required fo prove tnazt tne rectangle
DE . DF 1c given.

Dem.—Drewr BG, BH [ to CF, DF Produce CB to meet
DE producedin L. Drew IJ  to CR, and let f2ll 2 1 AK on
ID produced.

Nowtee £ NCB=ACK, end LOT=ICF, the £ NCJ:s
nght, and DFC1sright, DFisito CN, FCMGisar
Now the Z ANC = XCB -~ CBY, ard BNC = XCA — CAN;
<. {ANCG — BNC) = (NCB + CBX) — (NCA — CAN); but
NCB = NCA; .- (ANC — BXC) = {CBN - CAN}; but
{CBN —~ CAX) is gven (byp), - (ANC — BXNC) 15 given,
and ther sum 1s givea, heace each 1= given, but DNE = BXC,

» DXEis given, and DEN #s nght, . EDN1s given; hence
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tho hne IK 1s given an posion, PB L to KJ 18 gaven an
posttion  And beeause the £ QCE = ICE, and CLQ = CE], and
O common, EQ = EJ, and the 2z EQC = EIC, but LQC

=AQK, EICor BIP = AQK, and AKQ = BPI, each bang
nght, and the mde AR ={BP, EQ=IP To ench add QP,
ond we havo KP = QI, henco (Ax 7) KD=QE, KQ=DI,
DE = IP, henco the figure GC = BJ, but BJ = BE
(I xum), GO = BE, hence the rectangle DO=BD that
18, the reotangle DE DF = BD, but BD 13 a given rectangle
Nenco DE DF 13 piven
63 Lot ABC bo tho &  DBisect the £ ACB by CD  From
A, B lot fall 1+ AG, BFon CD Produce AC, and bisect tho

£BGJ by CE, meoting AB producedin E  Bisect AB 10 O, and
lotfalla L OH on €D It a8 requared to prove that AG FB
=0H CE

Dem —Now AD DB AL EB (mr, Ix 3), Honce
{(Book V', Ex D) OD OB 0B OE, that 15, OD OL
= OB?, but (II m1) OD.0E =0D?+ OD DE, and (II v.)
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0B?=AD DB+ OD2?, hence OD DE=AD DB, - AD
OD DE DB, but AD OD AG OH, and DE DB

CE FB, AG-0H CE FB And hence AG FB
=0H CE

64 The rectangle contained by the L from the extremites of
tho base on the external bisector of the vertical angle 1s equel to
the rectangle contammed by the internal bisector and the 1 from
the mddle of the base on the external bisector

Lot ACB be the A  Produce AC to J, and bisect the £ BCJ
by ECG, meeting AB produced m E  From A, B let fall 1*AG,
BF on EG Bisect the Z ACB by CD  Bisect AB 1n O, and

let fall a L OH on EG It 18 required to prove that AG BF
=0H 0D

Dem —AE EB+ 0B*=O0E?(II v1), but 0E2=0D OnL
+DE OE(II 11), hence AE EB+0B?=0D OE+DE OE:
hence AE EB=DE:QE (sce Ex 63}, AE DE OE EB
Hence, by smlar As, AG CD OH BF, AG BF
=0H CD

66 Dem —From Cletfalla 1. CDonAB Now the A* ACD,
BCD, ABC are similar (vix ), then, 1if R, R, p, are the radu of
the O* inscribed in these A%, AC, BC, AB are proportional to
R, R, p, but AC?+ BC*= AB?, R2 4+ R%=p% and p?
= (s ~¢)? (IV 1v, Ex 14), thatis, R? + R'2 = (s —¢)*

66 Sol —Through A, C draw two || lines AF, CE, and
through B, D draw two || nes BF, DE, meeting the || through
A, OmF, E Jom EF, and produce 1t to meet AD 1 O

Dem —Because BF 18 || to DE, the A* ODE, OBF are equi-
angular, hence OD OB OE OF, and since the A*OCE
OAF gre equuangular, OE OF 0C 04, oD 0B

OC 0A Hence 0OA 0D=0B 00

67 Bol —Let a, J, ¢, 4 be the four mdes  Find a fourth pro-
portional to (2¢5 4 2ed), {(c®+ @) — (6% + 6%}, and & Letat be
BE Produce EB to A, so that AB=a Erect E0 1 to AE
With B as centre, and a radiws equal to b, describe a O cutting
ECmO Jom BO, AC, and on AQ deseribe a A ACD having
its sdes CD, AD equal to o and 4 ABCOD 1s the required
quad

Dem —From A let falla L AF on 0D Now because BE1s a
foutth proportional to (2ab + 2¢d), {(0® + d?) — (a® + %%}, and 5,
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wo have (275 + 2¢d) BE = {2+ &) — (¢ + &)]% Now AC?
= AD" + BC'4 2AB BE (II xn), that s, AC" = a® + 2

D
¥

A B E

4+ 2 BE, aud AC*= c?4 "= 2¢ DF(II xm), &+ d°
-2 DF=d+4+2 BE, A+~ (a4 )y=2¢ BE
+ 2 DF, hence (2¢8 + 204) BL = (22 BE 4 2¢ DEF)&,

2%d BE=2.DF, 4 BE=) DF, 4 DF 1} BE,
thnt1s, AD DF BC DE, and the £ AFD = BEC the &
ADF, CBE are cquiangular the ZADF = CBE To cach
ndd ABG, and wo have the £ ADC, ABC equnl to ARG, EBC,
. ADC + ABC cqual two nght £+  Hernce ABCD 13 a eyche
quad

68 Let A, B bo the centres of the O  From o pownt C tan-
gents CF,Ch are daan ta tha O* A, B, 50 that CF CE  « b
It 15 required to find the locus of ¢

Sol —Jowmn AF, BE, AC, BC, nnd let the radu bo denoted by
R, R NowmneeCl CL « 5 CF* CE* o I, that
i, AC*= R” BC2 -~ R? o B, B5AC-~ R = ?BC?
—-a*k?, BAC-aBC'=IR*~4R2? Join AB, and pro-
duceit to D, and make AD BD  4* I3, then 12AD = a?BD.
Now, joning CD, and putting & for m, and & for #, we have
{Booh IT, Iy 13)2%AC% ~ a"BC? = 2AD? — DB 4 (3 =~ 17)
CD", and  (Ax. 1)*AD? ~ @DB? + (§* ~ o) CD® = §FR?
~ a*R 2, nud transpomng, we get {0 ~ 1) CD* = I” (AD? - R?)
—-a*{DB*~R"}, (*~8YCD mmpgiven, CDisguven, and
tho point Dasgnven  Hinee the locusof Cisn O

69 8ol —Desenbe Ot about the A' APD, BPC Draw OP
a tangent fo the O APD, meeting DA produced 1n 0 Now
the £ OPA = PDA (1IT xxxit}), and the £ ATB = OPD (hyp ),

the LOPB = ADP + CPD = ACP: hence OP touches the
OBLC Now (ITI xx<xvt)0A OD =072 and OB OC=0P2,

OA.OD=0F 0C, Oisagwvenpomt (Cx 06), and A, D
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are given pomts, .OA ODisgiven, OP?isgiven, OP

P

V) ' A B C D

1B given Henco the locus of P 1s a O, having O as centre and
OP as radius

70 Ifa O ACB be circumscribed to a A, and 2 O GBH be
mscnibed, touching the mdes AC, BC m D, F, and the cireum-
sorbed O in H It 1s reqmired to prove that CD 1 a fourth
proportional to the semi-perimeter of the A ABC, and the sides
CA, CB

Dem —Jom CH, and draw HJ a tangent to the O ABC, at
G draw a tangent A'Y to the O DFH  Jomm AH

Because JG = JH, the L JHG = JGH, but JGH = GB'C
+B'CG, JHG=GB'C+PB'CG,and AHJ=GCR (111 xxx11),
GHA=GB'C To each add GB'A, and we have GB C+GBA
=GIA+GHA, GBA+GHA equal two night 4+, henco
GB’AH 15 a oyclic quud, and therefore HQ CG=AC OB
but HC CG=CD? (III xxxvi), AC OB =(CDt Agam,
the £ OHA = A'B'C, but OHA = CBA (III xxr), - GBA,
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= OB'A’, and the £ A’CB’ 18 common, the As ABC, A’B’C are
equangular, and, denotmg thexr semi-pemimeters by s, &, wo
have (xx, Cor 1)s & BO ¥C, s ¢ OA BC
B'C CA, thatis, s & CA BC (D2, but CD? =42 (IV
w,Ex 4), & & CA BO &% Hences*0OA BCO‘¢,
or,s CA *+CB CD

7L Tt 1s an obvious modification of 70

+78 Lot the sides AC, BC of the A ABC, circumseribed to a
gven O, be given in position, but the third side AB varable
About ABC desennbo & O It 1s required to prove that the O
about ABC touches a fixed O

Dem ~—Descnbe a O touching the mdes AC, BC m D, H,
ond the O about ABC 1 I, Let O be ats centre Jomn OD, OH
Letfalla L AF on B0 Draw DE[ to AF, and let falln 1 OG
on DE

Nows OB CA OD(Bx 70), utCA OD AF DE,
therefores OB AF DE, 3.DE=CB AF =twico the aren

of the A ABC = 2ys (IV 1v, Ex 9), * DE=2r, but 2r1s
gwven, DE1s miven, and beeanse the £ EOD 1s given (hyp ),
and the £ B 1s night, the A ECD 1s given 1n species, . the rakwo
ED DCisgmven, but EDsgven, DCusgmven, Duwssa
given pont
Agan, because the £ ODO 18 mght, and = ECD + ODE,
ODG = ECD Hence ODG 1s given, and OGD 1s night,
the A OGD 1s given i species,  the ratio 0D D@ 18 gaven,
but 0D =0H =GE, the ratio EG GD 1s given, but ED 1s
given, * EG, thatis 0D, 1s given, 4nd the pont D has been-
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shown to be given  Honce the O, with O as centre, and 0D as
radius, 18 a fixed O, and the O about ABC touchestin L

74 Lot AC, BC be the two mdes given i position

8ol —Bisect the £ ACB by FI¥  In CF find a pont F, such
that CF2=CA CB ¥ 1s ono of the required ponts

Dem —Jom AF, BF, and let fall 2 L. BE on AC Now

B

beenuse the aren of the A ACB 1s given, CA  EB1s given, and
smee the £ BCE 18 given, and the Z BEC 1s nght, the A BCD
1s given m specos,  the ratio CB B 1s given,  the ratio
OB CA BE CA s given, but CB CA = CF? (const ), and
BE OCA 15 piven, OF21sgiven, CF 1sgiven,and F
18 o given pomnt  Agmn, because CA CB =CF? CA CF

CF CB, and the £ ACF = BCI', . (vt) the L CFA = CBF
To cach add the sum of the £+ CFB, BCF, and wo have {the sum
of the £* of the A CBF cqual to the £* AFB and BCF,
- A¥FB and BCF are equal to two might ¢, but the £ BCF
1sgven, AFDisgiven Hence the baso AB subtends a con-
stant £ ot 2 given poant ¥ In Iike manner 1t can be shown

that 1t subtends a constant £ at ¥, constructed by making
CF =F0

76 Lot ABCD be thoe cychic quad  (See Diagram, Ex 67)

Dem —Draw tho disgonal AC  Produce AB, and let fall the
1+ AF, OE on CD, AB

Now, sinco the sides AB, BC, CD, DA are denoted by a, 3,
¢, &, wo have (Il ar) AC? = a® + §" 4 2¢ BE and (II xux)
AC?=c? 4+ d*~2 DF, c*4+d2—9 DF=a%+§24+2¢ BE,
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. B4+A~(a*+5) =2 DBL+2 DF, and because the A*
BCE, ADT aro equengular, BO BE  AD DF, that 1,

» BE 4 DF, 5 DP=a BE, DF=" BE,md

b
hence we have ¢* 4 d2— {a®+ %) = 2a BE+.2_;.'.I BE
= 3 BE, BE= e .
* =10t . Bl d) - (a4 57))?
Agamn, CE'=DC%— BE?=/* ~ o
{2 a2 ~ (a2 4 19}
=bl{]_ 4(“5-{-!—"02 }
B 4 {ab+ed)~ {(e* + &%) — (a? + B)}?
= 4 (ab+ td):
L Lerdl=(a~bP}{(atBp—(e—dP)
4 (ad + cd)?
_p lerdrasbeta-asd)(atite—d)atb-otd)
- 4 (ab+edp -

Hence, putting (@ + & -+ ¢4 d) = 2¢, and substituting, we get

o =166'-' {t~a)(s—8){e—2c) (s~d)
4 (ab ¥ ed)? !

CE = 2/ (s—a)(s-2) (s ~¢) (2~ 4d)
ab +cd

Now AB=a,and AB CE=2A ABC

2ABC = 2aby/ (s~ a) (s —b) (s~¢) (2 — q)
(/b + ¢d) i

ADC _ab/(s=a) (s =5 B =c) (5= 1)
’ ab+od

Similorly, ACD = V(=) (6=0) (£ —0) (+—d)
(ab+ ed)
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Hence the quadnlateral ABCD

_ (@4 /GG =g G=a)
= (@b ed)

=y (s—~a) (s—b)(z ~c)(s—d)

76 Dem —Produce BC, CB' to meel 1m A” Let fall‘ 1
A 0", BO on A"C’ -

Now AB’ BC' CA'=A'B B'C CA(Ex 4),andAB’ BC’ CA”

s » CA'— A’B.’
=A"B B'C CA (Ex 5) Diwnide, and we get A= 17F

A”B A'C=A"C A'B, A’B A'C+A”C.A’B=2A"B A'Q,
that 15 (“‘Sequel,” Book I1 , Prop vir), A”A’ CB=2A"B A’C.

Nowthe A ABC ABB° AC AP (1), and ABB° BUB’

AB BC,andBCB’ ABC' BO AO BA' A'A”,

thats, BC 2AC,smceA A’,CB=2A"B A’C, A ABC
A'BC AB BC CA 2AB’ BC' CA

77 Dem —Draw the dismeter AE Join BE, and let fall
2 1l AD on BC Now (xvir, Ex. §) AE AD = AB AQC,

AE AD BC =AB BC CA, but AD BC = twice the A
ABC, 2AE ABC=AB BC CA, bence (Ex 76) ABC
A'B'C’ 2AE ABC 2AF BC CA, 1 A'BC .AE
AB BC CA’, AE A'BC'=AB BC CA » and hence

AB’" BO' €A’
AE= ABC

78 Dem —Let the mdes of the quad be denoted by 4, 3,
6 d Now (IIT xvix, Bx 3) (ete)=(b+a), 2(a+e)
=(@+dbtec+d Hence,puthng(u+b+c+d)=2a, we have
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2(e+c)=2, (a+o)=s, a=(s—0) Smmlarly, b=(s~d),
e=(s—-a), d={a—18), snd (Bx 76), we have aven of quad
=V(e—-a) (¢~ 0)(s~¢) (¢—4d), aren =y/abed Hence the
square of the area = abed

79 Dem —Jom BF, CF, BE Let the ratio BD AD be
denoted by n 2 NowtheAABC ABE AC AE(x) AB
BD (hyp ), that1s, as(m4n) m, and ABE BDE (m-+n) m,
and BDE BDF (m+n) m Multiplying together, we have

ABC m?

ABC BDF (m+n)® m3, hence BDF = TEAF In hke

manner ECF = ABC n Agon (xxur, Ex 1), ABO. ADE
(m + n) ! ?

* (m+n)? mn, ADE= Ht

Now the A BF0 = ABC ~ BDF -~ OEF — ADE =

md o mn 2mn
ABG{ 1- mtnp (mtnP (m+ n)’} - (m + n)?
Henca the A BFQ = twice the A ADE
80 Iet ABCD boaquad Jomn AGQ, BD, and bisect them i
E,F Through E, F draw EG, FG || respectively to BD, AC
Biseot AD, ODm H,I Jomn GH, GI It s requred to prove
GIDH =} ABOD

Dem —Jomm HF,IF, IR Now, because AD, BD are bisected
m H, F, HF 15 | to AB, and the A DHF = § ADB (I xu,
Ex 2) In hko manner, DFI=}DBC, DHFI=}ABOD
Agon, HIws || to AC, and FG s ffto AC, HIs)to FG,

(I <xxvi) the &4 HFI = HGI To each ndd HDI, and
HDIF = HGID, HGID=}ABCD In like manner, 1f we
bisect BC 1 J, and yjoin GJ, GICT =} ABCD, &c

81 Dem —Let0, O be the centres of the O*touching the sem-
arcle nternally and externally respectively, and also fouching
CE, DF Jom 00, and produce it to meet ABin G, 0’G1s
evidently 1 to AB  Complete the O on AB, and produce EC,
FD to meet 1t agan 1 H, I

Now AC DB=0G?(xur, Ex 5), and AD, CB=0'G? (xur ’
Ex 7), hence AC OB AD DB=0G* 0'G?, but AG CB=0E?,
and AD DB =DF?, therefore CE? DF?=0G* 0'G> And
hence COE DF=0G 0G
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82 Let ABCDE be the mnsenibed regular polvgon  Tako any
powt P 1n the circumference  Jow TA, PB, P0, PD, PE, and
let those lines be denoted by py, p2, ps, pss ps It 13 requared to
prove that p1 + pa+ps=pa + ps

Dem —Jan BD  Let the sides of the polygon be denoted by
s,and the diagonnls by ¢  Now, considering the polygon ABDP
formed by p1, p~, p1, Wo have (xvir, Ex 13) pid + pss = pad.
Simlarly, we have pid = pas + pys, and p.d + pss = pyd  Addmg,
we get (p1 + p3 + ps)d = (p2 + ps)d  Hence py + p3 + ps=p2+pt

83 Let O be the ecentre of the given O, P the given pomt,
AB any chord passing through P, PD, PE 1¢on the tangents
AT, BT It s requred to prove that the sum of the reciprocals
of PD, PX 18 constant

H

Dem —Jom OP, produce it, and from T let fall’the 1 TC on
OP produced Produce BA to meot 1C 1 H, and let'fall the
1+ AF, BG

Now (*‘Sequel,’”” Book III, Prop xxvir) CT 1s the polar
of P, and AT 1s the polar of A  Honce {** Sequel,” Book III,
Prop xxviL) since PD and AF are L*on the polars, OA OP

1 0A 1

AF — e e
PD, therefore D= 0P

1 0B 1

In like mann — e

T ke manmer, PE = OF TG

Hence, denoting the radius of the O by 1, and the distance OP
by d, we have

-

1 1 & 1 1
PPTPE=a (A—f*‘m)
\
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Agamn, snee P 1s tho pole of the Tne GH, the line HB1s out
harmomenlly,  HPis a harmonic mean betweon HA and HB,
but AF, PC, BG are proportional to HA, IP, HB, hence PO 1s
a harmome mean between AF and G,

2 1 1 1.1
FCTAFTEG PDIE
Hence the proposition 1s proved
84 It ABCD be n cychic quad, whoso smdes 4B, CD, AD
pass through three collimear poiots E, F, G Jom BC, and
produce 1t to meet EG m H It 15 reqmired to prove that Hsa
fixed point
Dem —~Through B draw BE | 0o EG  Join DE, and produce
it to meet EG
Now the £% ADK, ABK cqual two nght £* (T xxm), but
ABEK = AEG (I xxrx), AEIand ADI aro equal to two right
£*, hence AEID 18 a cyclic quad , EG GI=AG GD, but
AG GDisgven, ,EG GIasgven, and EG s piven, GI

r2,
4 ¥C

D

B X

L F I "H c

isgven, I1sagiven pomt Agmn, the L IDF = KBC {T11.
xxt), but KBC = CHF, IDF = CHF, and the pomts
D, €, 1, H are concychic, hence DF FC=HF FI, but DF FC
wowven, HF Flisgven,and Flisgven, FHisgven
And hence H 13 a given pomt

$5 (1) Suppose the polygon to be a A Let BCD bea A
whoso s:ides arc || to three given lines EF, GH, 1IJ, and
let the loct of 1ts angular pomts B, G, benght hines AB, AC It
15 required to prove that the locus of D 15 a raght lime

Dem —Jom AD  Produce CA to meet LF in F

Now the £ BCA = FEA, BCA 15 a prven £, and the
£ BAC1s gaven, snco the hnes AB, AC are given 1n position,
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aenco the A ACB 18 given 1n species,  tho ratio AC CB ia
Jiven

E F
A
B C
1 (¢
D
H

Simlarly, the ratio BC CDis given, , the ratio AC CD
1sgiven, and the £ ACD 13 given, henee the A ACD 1s given
in species, the £ CAD 1s given, nnd the ine AC is gaiven in
poation, therefore the line AD 1s given 1n pomtion  Hence the
lime AD 1s the locus of D

(2) Let tho polygon be the quad ABCD, having its sides || to
four given hines, and the loc: of the /* A; B, D night lines

Dem —Let the loor of A, Bmeetm E  Produce DA, CB to
meetm ¥, Jom EF

Now AFBisa A, whose three sides are il to three given Lines,

c
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and the loca of A, B are nght hnes Hence (1) the locus of F 18
the line EF, which 18 thersfore given in posifion

Agun, DFC1s 8 A, having its sides |} to three given lmes, and
baving straght hines for the loar of D and ¥ Hence—(1) the
locus of C1s a night line  In like manner it can he proved for a
figure of any number of sdes

86 Let BAC be & A whose vertiecal Z BAC and 1ts bisector
1,1
AD ave given  It1s required to prove that 16T 1R e even

Dem —Describe 2 O about ABC Produce AD to meet the
circumference m E  Jom EC, and let fall a 1. EF on AB

Now AF =% (AB+4 AC) (IIT xxx, Ex 4) .And since the
£ BAC 18 bisected by AE, FAE 15 a given £, and the £ AFRE

18 nght, the A AFE 1s given m species, % 18 given,

%E, that 18, _A_I%E___-!-M)
%%iif‘_% 13 given Agun, the £ ABC = AEC (III xxi),
md BAD = CAE, the As BAD, CAE are equiangular,
AB AD AE A0,henccAB AO=AD AE, 220
18 given, that s, A];ABAC + AI;“LO 18 given HenceA—lc + —AI_B'

18 given -

87 (1) Let the polygons be the A+ A’B’C’, ABC Bisect the
ercs A'B’, B'C, C'A 1 the pomnts D, E, F Jom A D, DB/,
BE, EC', C'F, FA’ This hexagon 1s the corresponding polygon
of double the number of sides It 1s required to prove that the
hexagon 18 a geometric mean between the A* ABQ, A’B'C’

Dem —Jom AQ, A'Q, B0, BO, CO, CO Let OC intersect
A'B 1 N

Now we have the A OB'C OBD OC OD (1), and
OB'D OBN OD ON, butOC OD OD ON, hence OB'C

OB'D OBD: OB'N, that 15, the A OBD 18 a geometne
menn between the AsOB'C, OB’N, but the hexagon 15 six times
OB'D, ABC mx times OB’C, and A'B'C’ mx times OB'N  Hence,
denoting the arcas by P, P’ IT, we seo that IT 15 2 geometric mean
between P and P’

15 given, and AD 18 given (hyp),

T
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(2) At tho pownts D, E, T druw tangents to the O, the figure,
thoso mded are thoso tangents, and the parls cut off by thom

from the mdes AC, OB, B4, 15 a circumscnibed polygon of doublo
the number of mides

Dom —Join OK  Now, since A’C 13 || to OK, A0 0A’

AK KC, i OA’=0L, A0 }0- AK KC Agmun
(1), thos AOC LOC A0 LN,andALE LKC AK KO,

AOC LOC AKE LIKC' Now conmder the figurcs
AOC', OLLC’, and OLC  AOC 1s tho first, OLC’ the thurd,
md OLKC tho sccond, and wo have shown AOC  LOC
AKL. LKC, thatis, tho 1st 3rd  (lst —2nd) (2nd - 3rd),

OEKC' 12 & hrrmome mean betweon O1 ¢ and AOC, bhut
OLKC 1s}of I, OFC’' 183 of I, and AOC" 2 of P Ilenco ' 18
a harmonmie muan between I and P In the snme manner the
Pproposition mav bo proved for a polygon of nny number of ndes

88 ZLemma —If upon tho base BC of 8 A ABC two equilnteral
4A* BCLE, BCE be desersbed on oppoate sdes, and their sertices
L, L jomed to A, then (1)1f S denoto tho area of ABC, AL~ AE"?
=4 5V3, (2) AE* + AL?= AB® + BC® 4+ CA? .

(1) Dem —~Join EE, imntersecting BC 1n 0 Join AQ, and
draw AM, AN 1 10 BC, L' Now A’ = A= = ENT -~ NE?
=4L0 ON=4V3 0OC ON, but 0OC OX = area of the A
ABC=S, AE -AE"=4Vvi §

(2) AE? + AL = 270" 4 20E* = 2407 + 6 OC? Agun,
AB? + AC? = 24024 20C? and BC2 = 4 0C3, AB4 BC?
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+ OA® = 2A0% + 6 0C* MHonco AE? 4 AE? = AB? 4 BC?
+ QA2

E

Lot ABCbethe A G, H, J the circumeentres of the equ-
lnternl A contirucied ontwards mmxis mides  Jom AG, AJ, BG,
BII, CJ, CH, and GH, HJ, JG

Kow the £ EBH = ABG, because each 15 holf an Z of,an

equilateral A, to each add HBA, and we have the £ EBA
= HBG
Agmn, EB*>=3 BH? and AB?=3BG3*, EB BA BH
BG Honcothe A* EBA, HBG are equiangular, EB? EA?
BH? HGZ, but EB*=3 BH?, EA?=3 GH?
T2
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In hike manner 1t may be proved, :f G, T, J° bo the cureum-
centres of tho equmlateral A construetrd wnwards on the sdes
of ABC, that AL? = 3 GIH % Hence AE? ~ AE? = J (GI®
-G H")

Agun, denoting the areas of the cquitateral 4* GHLJ, G'TLY

- T 2 /" "
by X, =, we have !:Gn‘lﬁ, b 8 ﬂ" v 3, - 4V3(z -2}
= 3 (GH? ~ GTI?), but 4 V3 B = AE? — AE? (Lemma),

E-2§

89 Trom last demonstrztion we have AE™ + AF’ == 3(GTI?
+ G'H'%), but AE? + AE® = AN? 4 BC* 4+ CA? (Lemina),

3(GH* 4 GIH3) = AB? 4 IC” 4 €A%, or the sum of the
squares of tho rides of the two cquilateral A+ G, GILY 18
cqual to the sum of the squares of the sides of the A ABC

90 (1) Let ABC bo a regular polygon of three mdes, the mdn
of whose circumzenbed and mzenbed Os are dcnoted by R, r,
AB'C’'D E'F’ a regular polvgon of the samo area, and double the
number of sides, the radn of whore cireumsenbed and inscribed
Ovaro R, r Tt1s requred to prove that R’ = /' Rr

Dem —Join OA (R), 0°A’ (R’), and let fall 2 1L.OI () on AB
Produce OI to meet the O D Join AD, BD, OB Now
{r) the A OAD OAI OD OI, that 15, as R r, but DAI

Q C R

M D L

=9'A.’B', OAD O'AB R r, but (xix) OAD 0O’A'B
c0A® O'A’%, that 1s, ns B2 R?, kenco R » R2 s,

RRZ?=R"r, R?=Rr AndhencoR'=VRr
(2) It 13 required to prove that » = ,\/ '%_’L).
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e SELNQUER. Fel= DL

Novr 0L:0I:: OE-0D: = OK-0D :z: EL:LT;
SOl EL LD G, B2~ (EL:LD, -~ 27t
~::ED:iD; =2 E0.1LD:: L OED GLD; . B~r,-
-~:DED. OL.D;- B~y Oz OED:20LD, o OALD.
Aoie tyex ] FSL E‘.‘-‘::G.l DXL Ee::.-'-e,::::f—"'i:zttme
1::':';r*-‘...-:,s':.t.-‘regv= Ber, r: 88708 OALD, ':OAI'
LI Do ATC-LUNQRS tfarm, 0AT:0LED: A’B’C’D’E
JIMRGES; Satie me T B, S B-rr 3R 3 0 BE
S Berr=%27 Esmre = ;—E-a—:—;f-’:.

ﬂ r

Is e wyme vz B propeeiios o be roed feva zo'rr
rfn’:::’;w.:cfs:'ia-

Cl. Dem —Fat 80 2 L CE ez 2B 2en CE=AB (Fr3).
Dessltea T atet A2C, miprdo OB to et £ 5= Let
0 tethe critvemmae. CeieS BP=0E. B LB D. Jetn
0D, Xz By =08, 12523 =CE, - 2F=C0 Xovr
AP FE+ D =05 Tl v,; tatis, CO.0E ~DF3=DE"

.::::.,1“2":1 DEA= D“--C"E"‘ DE? = DE*;

- CE.EG - TEr=023; .. (0O -~ OE, E0 - DET=1DB":

SO EN-TR o DE =DES, .. COEG — GF = DB::
< OF =D0F*, .-. 00 =DF, 2:2 OE=F3 {eeors] Hezee
09 -0 =-0HF -FB=DBE.

F. It SBCtnan- £, Deocife 2 Calrmm B, Drrwiks
€ixmater EX L o0 AR, Join CE, CF- e ave the fnterrat



256 EXERCISES ON EUCLID [moox vI

ond extornal bisectors of the £ ACB  Produco 0, AB to mect
mG Letfalla L CH on AB, 1t 1s cvident that the O on DG
as digmeter wall be the locus of O when the base and ratio of the
sides are given  Let O, O’ be the centres Join OC, O'C  Itis
requred to prove that AC* - CB? 4 timesarea OC 0°C

Dem —Through O draw OI || to AB
Now the £ FOO = 2FEC (III xx), but FOC = O0I;

3}

OCI = 2FEC, and CO'D = 2CGD Now the £ KDE = CDG,
and DKE = DCG, KED=CGD, OCI = CO'H, and the
nght £ OIC=CHOQ', the A* OCI, O'CH are equangular,

OC 00 OI CH,thatis, 0C 0'C EKH CH Agun,
AC2-(CB?=AH?- BH?=(AH + HB)(AH ~ HB) = 2AK 2KH
= 4AK KH, but area of ABC=AK CH, four times arca
= 4AK CH, hence AC? — CB? 4 times area @ KH OCH
butXH CH OC O0'C Hence AC*—CB" 4 times area
0C 0'¢C

Lemme ~To construct a £33, bewng given the diagonals and one
of the £

Sol —Let AB, CD be the diagonals, and E one of the 2*
On CD describe a segment CFD contamming an £ equal to E
Bisect CDin G With G as centrd, and a radius equal to 4 AB,
desenbe a O, cuttmg CFDm F Jomn FG, and produce it to H
Cut of GH = GF Jomn CF, DF, CH, DH CFDH 1s the
required [, for 1t has the £ CFD = E, and 1its diagonal FH
= AB

93 Let BAC bo one of the £s, and AB the difference between
its dingonals
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Sol —Erect BC L o AB, to AC apply a ©3 ACED equal to
four times the gnen aren, and having BAC one of its 2«
Biscct BD i F Construct 2 I3 AHIG, having one of 1ts dia-
gonals, Al = AF, and the other, HG = FD, and the £ BAC for
one of its £ (Lemma) AHIG 18 the required 3

Dem —Through I draw IJ § to HG, and let fall & L IK
on AD
Now AI? = AG? 4 GI? 4+ 2AG GEK (IT x1x),and (I xmr)
I3 =JG%+ GI*- 2JG GK=AG?+ GI*-2AG GK, AI®
~1J2=4AG GK Agun, AB=AF-FD, and AD=AF+FD,
AB AD = AF? —~ FD?, but AF = Al, end FD = IJ,
AFP-FD*=AJ2-1J2, AB AD=4AG GK Agum,
sinco the A% ABC, GKI aro equangular, we have AB BC

H, I

N

AVl

A B G XK Fr7J D

2

- GK KI, AB AD BC AD 4AG GK 4AG KI,
hence BC AD = 4AG KEI  Now BC AD = .3 AE, and
4AG KI=4tmes (3 AT, [ AE =4 times 3 AI, but AR
= 4 tunes the mven aren (const ) Henece AT 18 equal to the
given area

94 Let A, B be tho centres of two equal Os, C the centro of
a vereble O, which 1z touched externally by A i D, and
mtunally by Bin E Let O bo the pomnt of imtorsection of two
transverse tangents PQ, RS  From C let fall 1+ CK, CK on
PQ, BS Itis requred to prove that 0K OK 15 constant.

Dem —Jom CB, and produce 1t to B Join CA, Deseribo
o O pasying through the ponts C, A, B Draw the diameter
I'G, passing through O, L to AB Yot fall o L CH on FG.
Produce CK, and draw HM [ to PQ Let falla I HL on PQ
Jom BN, and let the mdes BN, ON, OB of the A ONB be denoted
bya, & ¢

Now AC=AD+DC, and BC=CE-BE, AC~BC=2AD,
« AD=3}(AC ~ BO), that 18, @ = 3 (AC — BC), hence (1v,
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Ex. 16)a?= OF GH, and since AB 15 busected 1 O, AO=0B,
and A0 OB = OF 0G, O0B?, that 15, *= OF OG, and

ON2, thetis, 52 = OF OH Now since the At ONB, HMC
are equangular, and that HM = LK, wehavee¢ & HC LK,
LEK= 4 ?C In like manner OL = l ?H,

. ot HC o OH
[ ]

Smularly, oKX = ?_THE -8 :)H .

0K OK'< 5 IzﬂZC’_a’ 0H==OF OH FH "HG-—a‘ OH*
c et c®

_6® OH FH- «* OH® ¢ OH(FH-OH) a2}

- ¢ n c? =
but 4% 15 constant, smce a 18 the radius of the O, and ¢? 18

2

constant, because ¢ 18 half the base of the A ACB, %' 18
constant Hence OK OX’ 1s constant

95 Analysis —Let ABC ben A whose base AB 1s given m
megmtude and position, and vertical £ C1s gaven 1n magmtude,
and P the given pomnt in AB, whose distance CP from the vertex
18 equal to } (AC + OB) Descrabe 2 O about the A ACB
Bisect the £ ACBby CD Letfalla 1 DE on AB, then, be-
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cavise AB and the £ ACB are given, tho O 1s given, and mnce
the £ ACB 18 bisccted by CD, the are AB 15 bisected 1n D,
hence D 16 & gaven point.  Agam, beeause the £ ACB 1s given,
its half, tho £ DCL, 18 pwven, and the 2 DEC 1s nght, hence
tho A DCE 18 gaven 1n species,  the ratio of DC  CE1s gaven,
but CE = CP, because each 1s equal to } (AC + CB), henco the
ratio of DC  CP1s given, and tho ponts D, Pare given  Hence
tho locus of the pownt C1s n circle, and therofors the pomt C,
where this locus cuts the O ACB, 18 given

96 Let O be the mddle poimt of the base, ¥, H the pomts of
contact of AB, AC with the O Jomn OF, OH, Produce FO to

meet the Om G Jomn GG, then, snce 0C= 0B, and 0G = OF,
and the 2 COG = BOF, CG 1s equal to BF, and the £ 0GC = OFB,
and 18 thereforo a nght £ , hence CG1sa tangent  Agan, because:
the £ AOC1snght, and OH s 1 to AC, AH HC=0H?, butAH
= AF, and HC=CG, hence AF CG=0H? In like manner, 1f
I bo the pont of contact of DE with the O, DF JG =012,
but OH? =012, AF CG=DF JG, hence AF DF JG
€3, AD DF JC CG, AD JC DF CGorFB,

but, by mmlar A*, AD JO AE EC, AE EC DF ¥FB,
hence, componends, AC CE DB FB, hence AC BF
=BD CE, but AC and BF are each given,  the rectangle
BD GE s given

97 Let AB equal holf the sum of the opposite sides, and the
arca cqual tho rectanglo ABCD

Sol —Jomn BD, and wmn the O place EF =BD At the pomt
F 1 EF make the / EFG=ABD Jomn EG, and draw EH |} to
FG EHFG 15 the required trapezium
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Dem.—From the centre O let fall & 1 OI on F@, and produce
omeet CHinJ Let foll 2 L EK on FG  Produce EII,
+ draw FL | to EK Becauso EF =1BD, and the £ EFK

-

IBA, and the nght £ CEF =DAB, FK=AB, 2AB=
' + 21K, that 18 = FG+ EH Agam, the £* LGF and
11 F equal two nght £+, and EHF, LHF cqual two nght 3,
EGK = LHF, and the nght £ LKG = HLF, and the side
1. =FL, the A* EGE, FLH arc equal To ench add
figure EHFK, and EHFG = ELFK Hence EHFG =

' CD

8 Analysis —Let the polygon be the A ABC, whose sides
3 through the pomts D, E, ¥ Jomn EF, and produce it

ough B draw BH || to EF Jom AH, and produce it to
tEFin G Now the £ GACO=HBC (III «xx1), and HBC
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=GEO (I xxrx), GEC=GAC, GAEC isa oychequad,

LF FG=AF FC, but AF FC s miven, EF FG s
gven, and LF 15 miven, hence G 15 a givon poant  Jomn GD,
and produceat. Throngh Hdraw HI {to GD Jomn JB Now
the Z AHY = ABJ, and AHT = AGI, ABJ=AGI, AGBI
18 n oyche quad , hence GD DI=AD DB, and 18 mven,
but GDiwgivon, DIaspgnen, and  Iisagiven pownt, and
gince JT, BH aro respectively | to IG, EG, the £ JHB = IGE,
but IGE 18 mven, mnce the hnes IG, EG are grven 1n pontion,

the £ JHBisgiven, thoareJBisgiwven, the chord JB
15 gaven, and we heve shown that I1s a given point  Henco the
questton reduces to ITL <xv, Ex 2  Sumilarly for a polygon of
any number of sdes ‘

99 Let the O*X, Y be so related that the rectangle contmned
by the dumeter of X, and the radius of Y, 15 cqual to the rect-
angle contmned by the segments of nny chord of X passing

through the contre of ¥ ,-then, 1f from any pomt 1 the eircum-
ferenco of X we draw tangents CA, OB to Y, and jon AB, 1t 15
required to prove that AB touches ¥

Dem —Lot O bo the centre of Y. Jomn CO, and produce 1t to
meet X E  Through E draw LF the dinmeter of X Jom
BE, BF, BO Join O to G, the point of contact, and Jet fall
2]l OO on AB Now the £ EFB =ECB (III xxt), and the
nght £ EBF = 0GQ, the A* EFB, 00G are eqmangular,

EF EB 0C OG, EF 0G=XEB 0C, but (hyp)
EF 06=00 OE, EB=0E, theZEOB=EBO, EDIO
= QCD -+ OBC, that 15, LBA 4 ABO = OCB + OBC, that 1s;
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ACE + ABO=0CD + OBC, but ACL=0CB, ABO=0BC,
and the nght £ OXIB = OGB, and the side OB common, O
= 0G, but OG 1s the radits, OH 14 the radius, and hence
AB touches Y  Similnarly, wherevir we take the pont i the
circumfercnce of X, and draw tangents to Y, tho baso wall
touch Y ’

Jemma~If any point A 13 taken in the circumference of 0 O,
and A joned to O, the centre of another O, andf we divide AO
G, sothat OA OC=14, rbeng the radiusof O It 1s required
to prove thot the locus of C1sa O

Dom —Suppose one O insida the other Yet O be the contre
of the larger O Produce AQ tomeet O i D Jan DO,
00', and produce 00’ to meet O m L, I' Through O dmw
CG {j to DO’

Nown OA OC =% and OA OD = OE OF, .0D OC

OE OF 12, but tho ratio OE OF %15 given, sinco ris the

D

rdins of n given O, and OF  OF 1sn gmaven rectangle, . the mtio
OD OC 1s given nnd becauso the A+ ODO, OCG are equi-
angular, OD OC 00 0G, themtin00 0G1s given,
but 00’ 1s gaven,  Ob 18 given, henee G 13 0 given pont
Agan, OD 0OC O'D GC, therntinOD GC 1 given,
but O'D 1s given, since 1t 18 tho radius of n gven O, GC
1s given, and wo have shown that G s n given pont  Henco
the locus of Cisn O
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Def —The pomnt C 15 called the tnrerse of the pomt A, and the
O through C the wneerse of the O through A with respect fo the
O through B

100 Lot G, H, T be the pomnts where Y touches the mdes of
the A ABC Jomm HG, GJ, JH It 18 requred to prove that
the O mnzenbed mn the A GHJ touches a grven O

Dem —Jor 04, OB, OC, cutting JII, HG, GJF mm L, [, N
Then since L, M, N are the middle points of the sides of the
A GHI, the O through these ponts will be the mmne-pomnts O
of GHJ, and waill (Ex 31} touch its in-O Agnmn, the O
through LMN wall evidently be the mverse of X with respect to Y
{Zemma), and will bea grven O Henee the1n-O of the A GHY
touches a given O

101 8eo “*Sequel,” Book VI, Prop xir, Sect v, Cor 2

102 8ol —Let A, B, C be the given pomnts, join them, and
on AB, AC descnibe segments of Of contmuming £¢ equal fo one-
third of four nght £+  Let them mtersect :n D D 28 the pomnt
requred

Dem —Jom AD, BD, CD, ond through D draw EF L to CD,
meeting AC, BCm L, ¥ Now the £ ADC=BDC, and EDC
=FDC, ADE=BDF, hence(*‘Sequel,’ BookI, Prop %xz,
Cor 1), the sumof AD and DB 18 2 mmmum , and CD, bemnga 1,
18 less than any other hine from G to EF  Hence the sum of the
hmes AD, BD, CD 1s a mnimum

103 Let AB, AC be the tangents, and O the centre Jown BO
Jom AQ, cuttmg BCin F  Through A draw AD, cutting the O
mE, D,and BCin H It 1s requured to prove that AD 18 divided
harmomeally

Dem —Jom OC, OD, O, OF Jomn DF, and produes 1t

Now (I xtvir, Ex 1) AD OF=00*=0D2, .A0 OD
. OD OF, and the £ AOD common, hence (v1) the Z ADO
= OFD, but because 0D = OE, the £ ODE = OED, OFD
=0ED, OFEDisccychequad, the £%» EDO and EFO
equal two mght Le, but the 4¢ EFO, EFA cqual two nght

L*, EFA =EDO, and EDO=0FD, EFA =OFD, and
AFB=0FB, DFH=EFH, hencetheZEFD 1s bisectodnter-
nally by FH, and the £ OFD = AFG, and OFD=EFA, EFA
=AFG Hence EFD 15 bisected externally by FA, and therefore
ED (ux, Ex 3)1s dinided harmomeally 1n the pomnts H, A
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104 Let A, B, C, D bo the four points, and EFGH the piven
quad It 18 required to construct a quud smilar to EFGH
whose mdes shall pass through the pomnts 4, B, 0, D

Sol —Jomn AB, and on 1t describe a segment AIB, contmning
an anglo equal fo FEH Jomn CD, and on it describe a segment

b F
FEEN

M DN J

CJD, containng an £ equal to FGH Jomn EG At the point
A in AB make the £ BAL = FEG, and at the pomnt D 1n DC
moke the 2 CDK = EGF  Join KL, and produce 1t to meet the
Ot mn I, J Jom IA, IB, and produce Jomn JC, JD, and
produce INJM 15 the required quad

Dem —For the £ BIL=BAL=FEG, and the £ CJK = CDK
=EGF, the As INJ, EFG are similar And because the
L BIA = FEH, MIJ = HEG Smmlarly, MJI = HGE,

the A* MIJ, HEJ are stmalar  Hence the quads are similar
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.105 Let ABCD be the given quad , and EF, FG, GH, HE
the paven lines

Sol —Construct tho quad E'F G'H’ similar to LFGH, whose
sdes pass through the ponts A, B, C, D (103) Diwvide EF 1
A’ so that EA" A’'F EA AF, and divide EHin B, g0

that EB BII EB DI, and sinilarly for the other sides
Jom A'B,BC,CD, DA It 18 evident that ABCD 18
mmlar to ABCD

106 Let AB be the baso, and DCE the difference of the base
angles

Sol —Bisect ABmF  Draw BG, makung the £ FBG =DCE,
and the reetangle FB  BG equal to the rectangle under the sides
Jomn FG Disect the £ BFG by FH, and make FH a mean
proportional between ¥G nnd FB Jon AH, BH ABH 18
the required A.

Dem —Produce H¥ to I, eo that IF=FH Through G draw
GJ || to HI, and produce BA tomest it JonIJ,IB,GH  Now
{I xx1x )the L BFB=GJF, and GFH=FGJ, but HFB =GFH
{const), GIF=FGJ,and FG=FJ Nowthe/GHI=JIH
To each add HGJ, and we have GHI+ HGJ =JIH 4+ HGJ;

JIH + HGJ are equal to twomnght £+, hence HIJG 13 o
eyche quad  And smee TG FB = FH? (const ), and FG = FJ,
and FE*=FH FI, - FJ FB=FM FlI, JIBH sa
cychc qued Hence the five pomts ¥, I, B, H, G arema O
Now the £ HBG ~IBJ, but IBY =BAH, HBG=3BAH;
. FBG, that 15 DCE, 13 the difference between HAD and HBA,
Agawn, the A+ IBY, GBH are equangular, IB BF GB
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BH, IB BH=BF BG, thatis, AH BH=BF BG
This construction 18 due to HasrrroN

107 Let the lme EF produced meet AB produced in G, cut
of GH=EG Jom EH, and let fall the L EN Now snce
(byp ) the Z AEF=EAB, the A ARG 181z0sceles, AG=EG,

D E c
\F\\
ATTN 3 G H

and EG=GH, hence the 2 AEH 1snght, AN NH=EN?,
but EN =2 AN, since CD 18 bisected, . . NH =2EN=2A4B,
. AE=22% pence 46=22F, Be=AP Heneo EC

4
=2BG, CF=2FB

108 et C be a fixed pomnt in the diameter AB, DE a chord
pasang through C  Jom AD, AE At B draw FG a tangent to
the O, and produce AD, AE to mest 1t m Fand G It s
required o prove that BF BG 1s constant.

Dem —Through C draw HI || to BG, meetmg AF, AG m
LA Jom BE,BH Now the £ BCH 1s nght, and BEH 18
night, CBEH 1s & cyche quad, the £ BEC = BHC, but
BEC=BAD (III xx1), BHC = BAD, the four pomts
B, H, A, I are concychic, hence I CH=AC CB, and he-
cause the A* ACI, ABF are equiangular, AC AB IC BF,
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and amnce the Af ACH, ABG are equiangular, we have AC AB
CH BG, AGC* AB* IC CH BF BG, that s AC?

. F
x/

B F-e

AB: AC CB BF BG, but the first three terms of this
proporhion arc constant  Hence the fourth, BFF BG 15 constant

109 Let O, O" be the centres of the O¢, and C the pont of
contect

D

Dem —Jomn 00’, and produce 1t , DO’ must pass through G
Let E, D be the other pomnts in which it meets the QO Jein
AD, BD, AE, BE, and let AE, BE meet BD,ADm F, G
Now cach of the £# CBE, CBD 1s mght (III xxx1), BG
15 to B'D,and BB'=GD In ke mammer A" =GE, AA"
4+ BB? = GE” + GD® = DE", but DE®1s constant, since 1t 18
equal to the square of the dufference of the dumeters Hence
AA"™ + BB %13 constant,

v
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110 Let & be the pomt of infersection
Dem —Jom az, bb’, those lines must pass respectively through

the centres o, o (hyp ) Now the sudes of the A 345’ are cut by
c¢ 1m the ponts ¢, 0, ¢, hence (v1, Ex b),

de bo U0 , de ¢ de dd

E o’ E?=1’ butba-—:ob, CT ;Ti= » ch:-b-,:;
In hike manner, from the A ada’, we get

de dd ca _a'd
ca ac b be’

thatis,ac ¢& ad bc Hencead cb ¥ o

111 ¢¢Bequel,” Disgram, p 32 By ¢ Sequel,”” Prop vi,
Cor 3, p 32, we have AB QR = EP?2 Similarly AB, mul-
tiphed by the diameter of the O touchmg EP, the semmecircle
ACB, and the semicircle on AP as diameter, 18 equal to P2
Hence the O are equal

112 Let P be the given point, AB the chord, and CA, CB the
{angents

Dem —Let O be the centre Joun OA, 0B, OP, OC, PE
Bisect OPain D  Jom DE

Row because 0A = OB, OC common, and the base CA. = CB,
the £ AOC = BOC, and smce AQO = BO, OE common, and
the £ AOE = BOE, the base AE = BE Now AQ? = AR?
4+ EO0?, but (I ~ix, Ex 2)the hnes AE, EB, EP aro equal,

AO0? = OE®* + EP? =2 OD? 4+ 2DE? (II x, Ex 92),
but AQ? 18 given, 2 OD? + 2 DE? 18 gaten, and 2 OD2 18
given, since OP 15 ;iven, DE1s given, and D 1s a fixed pomt
Hence the locus of E 18 o O, having D as centre, and DE as
radws  Now (I xuv,Ex 1) CO0 OE=0A?=R?, G, E
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(a—8 or 26D =BH =2GE, GD=GE In like mon’
GD = GF, and GD = GI, hence the lnes GE, GD, GF, GI }
equal, rmnd the O, with G as centre, and GD as radws, will ¢
through E, F, I Let it cut BD m K Now (III xxxv
BD BE=BF BI But smce AG =GB, and DG = GK, #
=KB AloBI=HL=AE Hence BD AD=BF AB '
114 Sce * Sequel,” Book VI, Prop <, Sect 1, Cor 1 ¥
115 See ‘¢ Sequel,” Book VI, Prop x, Sect 1., Cor 2
116 Analysis —Let P be the required pont  Jomn AP, B
CP, DP Now (hyp) the £ APC 1s bisected, AB 1
AP PC(nr), but the rato AB BC 1sgiven, AP 1
1s miven, and the base AC 1s gaven, hence (111, Ex 6) the loc
of Pisa O Sumlaly for the A BPD, the locus of P
another O Hence the point m whach these O+ intersect 15 t
point required
117 Let ABC be a A whose sides are deuoted by a, 5,
Bisect the L ACB by CD, and let CD be denoted byy Now (n
wo have « & BD DA, {e+8 b BA AD, that

be ac
{(a+8 b ¢ AD, AD=;—-—- Sumilarly, BD=a—_‘_-

+4
BD DA=G"—:56—)-,_,, but ab=BD DA +CD" (svm, Ex 1
abe® " abe? -
ab=m¢CD , that 1s, rzb--(-a:-z‘-)-2 = CD2, that
P _ o2 o (a+8)2—¢?
ﬂb{l (ﬂ+ b)z} =CD ’ hence'r-—ab {T-{-_b)?—}
=nb(a+b+c)(a+b—c)_4nb & s—¢
(a + B)2 T {a+dp

In hike manner, denoting the bisectors of the Z* A, B by q,
respectively, we have

4bc s s8-a den s 20
2 2 .
A Fy 2 R (N
hence
2= 64a’6%* £(s s~a s~b s—c) 64a"F°c® & (aren)
@t G+ e+ ar @+ Fleta
Hence, afty = 8abe s area

@I raETa

118 Tet Ad’, Bb, Cc bo the bisectors of the £+, then (n
wo have 3e

c a Ab 5C, ¢ e+a AV 5, Ab=
ct+a
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In lils manzer,

, 1 e’
Be -—m, end Cﬂ—-m-
a"$d

* AV B C =

EeHE+alra)

119 Lot ABC be n A Driw ony three hines Aa, B3, Ce,
intereccting n D Deseribe o O, passing through the pomts
2 b, ¢, and cutting the nudes of the & \BCn A, B, C It
required to prote that the lmes LA, BB, CC are concurrent

Dem —Now we bave A2 AB'=4¢ AC, Be BC =Bs BA,
andCa CA =Ct CB', (Ab Be Ca) (AB BC CA)=
(«B I8 cA)(AB B'C CA), butAs Be Ca=aB 8C ed
{(Ex4) AB' BC CV=AB B'C CA Andhenecetholines
44, BB, CC are concurrent

120 Dem —Desenbe 2 O about ABC It O be the centre
Jom €O, and produce 1t to meet the awrenmfervacen D Jon
DA, DB, and from A letfalla L AE on AR

Now 1f we denote the des br g, 8, ¢, and the parts A B, B,
CA by oz wehave (g 1) (B~ y) e~ 2) = AR’ BC' CX’,
andxwz= AL BC A abe ~ {abz + bur 4-cay) + aus + bz
+eay=AB BC CA'+AB BC CXA Agum, mnce the A*
BAT, ACD are equangular, we have BA° AE CD CA,

that 15 (denoting CD by 8), = A'E & &, Obr=35. A'E,

bz BC'=3 AE.BC =35 2ABC, that 1s, bz fe-2)=
3 2A'BC', (fex—bx3)=8 2A’BC’ imlile manner (cay ~ exy)
=35 2B'CA and (abs — ayz) = 5 2C°AB, and Sequel,”
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(Book VI, Prop v, Bect 1) abe =5 2ABO, , abec—~(boz+cay
+ abz)+ (ayz+ bzx+cxy) =3 2A'BC’ Hemce AB' BC' CA
=A'B B0 CA=352A4'BC

121 Let A, B, O be the fixed points, and the given ratio that
of2 1

Sol —Take anvpomnt 0  Jomn OA, and produceit io D, sothat
OA=2AD Jom DB, and produceto EuntiiDB=2BE Jom
EC, and produceit to F, so that EC=2CF Jomn OF, and divide
it n @, so that 0G = 8FG Jomn G4, and produce 1t, and
through D draw DH [ to 0G Jomn HB, and produce 1t, and

through E draw EJ || to HD Jomn JC, GC GHJ 1s the
required A

Dem —The As 0AG, DAH are equuangular, OA AD

0G DH, O0G=2DH, hutOG=8GF, DH=4GF
SBumlarly, from the A* BDH, BEJ we got DH=2JE, JE
= 2GF, and EC = 2CF (const ), and the ¢ JEC = GFC,
hence (vi) the £ JCE = GCF, and therefore JC and GC are
in the same strmght hine, and evidently the sides are divaded
1 the pomnts A, B, C m the given ratio Similarly for any
polygon of an odd number of smdes, and for any gven ratio

122 Let ABCD be a cyhe quad whose third dingonal EF 15 &
chord of another given O Buect EF 1n G It 13 required to
prove that the Iocus of Gsa O

Dem —Let O, O’ be the centres Jom OG, 0G, O'E
From E, F draw tangents EH, FK to O Jom OH, OK,
X0, Fo, 00’

Now ¢ EG®+ 4 GO 2= 4 EO"3, that 18, EF? + 4 GO =4 E02,
but EF? = EH? 4+ FX? (III , Ex 19), and OH? + OK2 = 2002
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Adding, wo got L0? 4 OF? +4G0O’? = { RO'2+ 20H?, that1s
(IT x, Ex 2), 2EG2+2G0%+4G0% =410~ +2 0H?, and
2EG*+26G02=2E0" Subtracting, wo have 2 GO®* + 2G0"

=2E0% + 201}, GO? 4+ GO? = EO07 + OJI2, but EO™
and OI? aro gmiven, GO® + GO'2 18 given  Thoreforo
0GO 1sa A whose bage 18 given, and the sum of the squnres of
its mdes  Mence (II <, BEx 3)tholocusof Gisn O

123 Let X, Y be the Os, and lot AB, a chord of X, touch Y

A

mnC Bisoet thearc ABinD  Join DO It 1s requured to prove
that DC passes through & given pomnt
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Dem —Join 00, and produce 00’y DCtomeet :n E E 18
the ginen point  Jomn 0A, OB  Now OA = OB, OF common,
and the £ AOF = BOF, henco the Z AFO = BFO, the
L AFO 18 nght, and FCO’ 13 night, OD1s ] to 0 G, hence
(1) the A* DOE, CO'T are cquangular, DO CO' OE

O'E, honco the ratio OE O Eusgiven, theratio 00 OE
18 guven, but 00 18 gaven, O'E 15 given, and O 15 & gaven
pommt, Eisa gven pont

124 Lot ABC beagiven A From a pomt P, within 1t, let
fall L* PD, PE, PF on the sudes BC, CA, AB  Jomn DE, EF,
FD, and let the area of DEF bogiven It 15 requred to prove
that the locus of P1s 2 O

Dem ~Jomm AP, BP, CP Becauso each of the /s AEP,
ATP 18 nght, AFPE 15 a cyche quad Diseet APmmG G
the contre of tho O Similarly, BDPF, CDPE are cyclic quads ,
and H, J, the middle points of BP, CP, are tho centres of thar
crroum-O*  Jomn DH, HF, FG, GE, IJ, JD Produce F@,
and let fall o L EK on it  DBecauso AG = GP, the A AGTF
=PGF, AFP =2PGF In hke manner, ALP =2 EGP,
hence the quad AEPF =2 EGFP Similarly, BFPD = 2 FIDP,
and,CDPE = 2 PDJE, hence the area of the figure LGFHDJ 18
gtven, but the area of FDI 13 given (hyp ), hence the sums of
the areas EGF, FHD, DJL 1s given Agamn, the £ FGE
=2FAE (11T xx), the £ FGEisgen, the L KGE1s
given, and the £ GKI 15 night, hence the A EGK 1s given
spectes,  the ratio EG LK 1s given,  the ratio EG FG

EK FG 18 given, but EK FG =2 A EGF, and EG FG
=FG*, the A EGF hasa given ratio to FG2, and FG* has o
given mtio to AP? since AP =2 F@G, -];:T(;,-I:-‘ 1s given  Sup-
pose 1t equal to 7, hence EGF =7 AP* In hiko manner, FHD
=m BP? and DJE =#u CP?, but we have shown that the
sum of EGF, FHUD, DJE 1s gtven, honce 7 AP-+4+m BP*+a

CP" a8 given  And hence (Zemme to Ex, 60) the locus of P 18
a O Smmlarly, the propositon may be proved for a figure of
any number of mides

THE END
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OPINIONS OF THE WORK

The following are a few of the Opumons recerved by
Dr Casey on this Work —

From the Rev R Tow~senp, FTCD, Sa

“I have no doubt whatever of the general adoption of your
work through all the echools of Ireland immediately, and of
England also before very long *’

From the * Pracrican Teacner *

“The proface states that this book ‘1sintended to suppiy a
want much felt by Teachers at the present day—the production
of a work winch, while giving the unrivalled enginal in all ats
mtegnty, would also contain the modern concoptions and de-
veolopments of the portion of Geometry over which the clements
extend ’



(2)

¢ The book 18 all, and more than all, st professestobe . The
propositions suggested are such as will be found to have most
1mportant apphcations, and the mothods of proof are both mmple
and elegant We know no book which, within so moderate
a compass, puts the student 1 possession of such valuable results
¢ The exercises left for solution are such as will repay patient
study, and those whose solution are given in the book atself will
suggest the methods by whch the others are to be demonstrated
We recommend everyone who wants good exercises in Geometry
to gct tho book, and study 1t for themselves ”
L
From the ¢ Epucarionar Tives "

¢The editor has been very happy mn some of tho changes he
hags made The combination of the general and particular enun-
ciations of each proposition mto one 1s good, and the shortemng
of the proofs, by omitting the repetitions, so common 1n Euclid, 18
another xmprovemont The use of the contra-postive of a proved
theorem 1s introduced wath advantage, 1n place of the reductio ad
abswr dum , while the alternative (or, :n some cases, substituted)
proofs are numerous, many of them bemg not only elegant but
emmently suggestive The notes at the end of the book are of
great mterest, and much of the matter 15 not easily accessible
The collecthon of exercises, ‘of which there are nearly eight
hundred,’ 13 another feature which will commend the book to
teachers To sum up, we think that this work ought to be read
by every teachor of Geometry , and wo make bold to say that no

one can study 1t without gaimng valuable information, and still
more valuable suggestions '’

Fiom the ¢ Journax or EpvoaTron,’! Sepi 1, 1883

¢¢ In the text of tho propositions, the author has adhered, m all
but a fow instances, to the substance of Euchid’s demonstrations,
without, however, giving way to & slavish following of lus ocen-
sional verbiage and redundance The use of letters in brackets
m the enunciations eludes the necessity of giving a second or
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particular enunciation, and can do no harm Hints of other
proofs are often given i small tvpe at the end of & proposition,
and, where necessary, short explanations The defimtions are
also carefully ennotated The theory of proportion, Book V', 18
gaven 1 on aigebrateal form  This book has always appeared to
us an cxquately subtle example of Greek mathematieal logre,
but the subject can be made infinately stmpler and shorter by a
httle algebra, and naturally the more difficult method has yielded
place to the less It 1s not studied in schools, it 15 not asked for
even 1n the Cambndge Tripos, o few years ago, 1t still survived
i one of the College Examinations at St John’s, but whether
the reformung spint which 1s dominant there has left 1t, we do
not know The book contamms a very large body of nders and
independent geometrical problems The simpler of these are
given 1n immediate connexion with the propositions to which
thev naturally attach, the more dufficult nre given 1n collections
ot the end of cach bool.  Some of these are solved m the book
and these nclude many well-known theorems, properties of or tho-
centre, of nme-pomnt circle, &¢  In every way this edition of
Euchd 15 deserving of commendation 'We would also express a
hope that everyone who uses this book will afterwards read the
same author’s * Sequel to Euchid,” where he will find an excellent
account of more modern Geometry
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EXTRACTS FROM CRITICAL NOTICES

From the * Scnoon Granpiax "

¢ This book 13 2 well devised and useful work It consists of
propositions supplementary fo those of the first six books of
Euclid, and a senes of carefully arranged exercises which follow
each section  More than half the book 13 devoted to the Sixth
Bool of Euchd, the chapters on the ¢ Theory of Inversion” and
on the “Poles and Polars’ being especually good Its method
skalfully combines the methods of old and modern Geometry,
and a student, well acquainted wath ats eubject-matter, would be
fairly equipped with the geometrzcal hnowledge he would requure
for the study of any branch of phystcal ecience.”’

From tke “Pracmicar Teacner '

¢ Professor Cnsey’s aim has been to collect within reasonable
compass all thote propositions of Modern Geomctry to which

reference 15 often made, but vhich are as yet embodied nowhere
We can unreservedly give the highest praize to the matter
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of the bookh  In most caces the proofs are extraordmanly neat
Tho notes to the Sixth Book are the most satisfactory

Feuorbach 5 Theorem {the mine-pants circle touches inseribed
and esenibed circles) 1s favoured wath two or three proofs, all of
which are clegant  Dr Hart's extension of 1t 15 oxtremely well
proved . We shall have gven sufficent commendation
to the book when we say that the proofs of these (Mnlfatity’s
Problem, and Miquel’s Theorem), and cqually complex problems,
which we u ed to shudder to attack, even by the powerful wea-
pons of analyas, are casily and tnumphantly accomplished bv
Pare Geometry

“ After showing what great results {hs book has actomphished
n the mimmum of space, 1t 13 almost superfluous {o zay more
Our authoris almo-t nlone in the field, and for the present nced
scarcely fear nvals M

Tront the © Journat or Epvecation ™

#Dr Casey’s ¢ Sequel to Euchd* will ba found n most valuable
work to any studeat who has thoroughly mastered Luchd, and
imibed 2 real inste for geometneal reacomng The
lugher me‘hols of pure geometrieal demonstration, which form
by far the Jarger and more :mportant portion, are admirable, the
propozitions are for the most part extremely well mven, and will
amply repay a careful perusal to advanced students ™

Fiom ¢ Marurss,"” dpril, 16856

‘4 Seguel to Buchd de MU T Cnsev est un do ces livres clns.
siques dont lo euceds n'est plusd fure La premadre editiona
par en 1881, Ia zecondo en 1882, In trommiime en 1554, ot I'on
peut prédire sns crmnte de se tromper, quelle sera smvie do
bewcoup d'autres  C'est un ouvrage analogue aux Theoremes
et Problentes de Geometrie de M Catalan, ot 1l a les mCmes
quahtés 1l est clmr, cones, et renferme beaucoup de matidres,
sous un petit volume Le siatmo hivre de louvrage de
Casey est ause ctendu w hw senl que les quatre premers 11
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occupe les pages 67 & 158, c'est-d-dire la mortié du volume
{est en réalité une Imbroduction a lz Geométrie Supcrieure
Dans cette partio de I'ouvrage, on renconfre des demonstrations
-d’une rare élégance dues a M Casey Iumi-méme

From **Martuesis,” December, 1886

¢ Lo troisiéme édition, pubhico en 1884, et dont 1l a été rendu
compte dans ce journal (t +~ 1885, p 76-78) fmt aujourd’hur
place a une quatridme, dont la premdre partie, renfermant 164
pages, 1562 figures et 293 exercices, est In reprodmction de six
chapitres de ln précédento éditron, car I’auteur n’a pas eu le
temps d’en remamer la substance, mas toute In seconde partie,
68 pages, 23 figures et 181 exercices, mtitulée Géométrie ré-
cente du triangle, est absolument nouvelle ot complétement
refondue

¢“Elle se divise en s1x sections consacrées aux études smi-
vantes 1° Théorie des pomts isogonaux et 1sotomiques, des
Lignes antiparalitles et des symédianes, 2° theone des figures
directement semblables, 3° cercles de Lemome et de Tucker,
4° théore générale d'un systdme de trois figures semblables,
6° applications particubiéres de la théonie des figures directement
semblables (au cercle de Brocard et au cercle des neuf poinis),
6° théome des polygones harmomques

¢ Chacune de ces subdivisions, notamment Ia dernidre, est surver
d’exercices intéressants, théordmes & démontrer ou problémes &
résoudre, parm1 lesquels nous devons mgnaler 4 V’attention des
géometres les élégantes generalisations dues & MM Casey, G
Tarry et J Neuberg dans ’étude des polygones harmomques

‘¢ Nos lecteurs sont dé)d fanmhansés avee ces nouvelles théories,
et 1ls connmssent auss1l’emnent géomatre qu1, depws trente ans,
fmt autonté dans I’enseignement des umversmités de la Grande-
Bretagne L’ouvrage est & la hauteur de la réputation du mattre,
et & tous les degrés d’avancement de leurs études, les éleves y
trouveront un gumde précieux et mstructit Mams cet ouvrage
n'est pas senlement ntile aux étudiants auxquels 11 s'addresse,
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OPINIONS OF THE WORK

From Sin Ronrrt 8 Bartw, Astronomer Royal of Iy eland

¢So far as I have exammed it, 1t appears to be a gem, and,
«like all your worhs, 1t has the stamp on 1t

FromW J Xniour, LLD, Cok

““Your work on Elementary Trigonometry 1s, 1n simplieity
and elegance, superior to any I have seen I shall mntroduce 1t
immedintely 1nto my classes *?

From the “LoNpoN INTERMEDIATE Anrs Guipe »

¢¢This 18 just the Jund of book a student requires, ag it repre-
sents almost exactly the amount of reading expected of a candi-
date for the Intermediate Arts, graduated gently, and with a
copious supply of examples *’

Jaom the ¢ EpucaTronar Tryes ??

¢¢ This 18 a Manual of the parts of Tngonometry whieh
De Morvre’s theorem All necessary etg]unatlottzlz are ;vgﬁeﬁgg;

fully, and the Exercises are very numerous, and are carefully
graduated *’






