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IntentionsandOtherwise

Aworkofcriticalphilosophyclarifiesthoughtandthendisappears.

Kant'sCritiqueofPureReasonclarifiedthought.But,lookingback

onit,wemostlyseeitsfaults.Thethinkingofthosewhofirstread

itwasclarified,sometimesunnoticedbythethinkerhimself.And

thisclaritysimplybecameourheritageofthought.Wherethought

iscorrected,wecan'timagineeverhavingthoughtotherwise.Andit

wouldtakeanastuteandhistorically-mindedphilosophertopoint

outpreciselywhatwegainedfromKant'scriticismofthought.In

thiswork,Itrytoclarifywhere,inmathematicsaswedoit,

meaningliesandwhatboundariesmeaningencountersinourwork.

Thisismyintention.

ThereareseveralthingsIdonotintend.Iamnotsuggestingthat

mathematicsitselfbechangedinanyway.NoramItryingto

reorganizemathematics.Imaysortthingsinordertotalkabout

them.But,incommonusage,theyshouldstaywheretheyare.Iam

certainlynottryingtoputanynewand(again)unnecessary

foundationundermathematics.Itdoesnotneedanymoreofthat.

Evenmoreemphatically,Iamnotre-openingtheFormalistvs.

Intuitionistexchange.Wecanjustletthatgo,aswell.

Thisviewofmeaningdoesnotsupplyanynewanalysisof

mathematics.Itonlyclarifieswhatwesayaboutmathematicsand

itsuse.Itestablishesconceptualboundariesforclarity'ssake.

Peoplemightaskyou(oryoumightaskyourself),"Whatdoesthis

mathematicyouarepracticingmean?"IfIsucceedinmyintention,

youwillhaveaclearandcertainbasisforansweringthatquestion.

Thisbasiswillseemascompletelynaturalastherestofyourown

thoughts.Nothingwillhavechangedexceptyourperceptionof

whatthatquestionmeans.AndthistextandIwillhave

disappeared.
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UniversalFootnote

Actually,Ididnotintendtowritethisbook.Iintendedtore-readall

theworksofLudwigWittgensteinandtakenotesoneverything

whichboreonmathematics.ButthenheandIgotintoarather

excitingdiscussionaboutthenatureofmeaningandmathematics.

Intheheatofthisrapidandprolongedinterchangeofthought,I

losttrackofwhosaidwhatandofwhereIhadmodifiedhis

writingstofitthediscussion.Comingtomysenses,itwastoolate

tosortthesethingsout.ButasIwouldneverwishtobecredited

withanythingwhichwasnotclearlymyownwork,Iofferthis

footnotelesssolutionforanyattributionyoumaywishtomake:

1.Everythinginthistextwhichisinitalics,unlessattributed

explicitlytosomeoneelse,isWittgenstein's.Hegetsthecreditfor

allsuchitalicizedtext.

2.Ifyoufindsomethinginthistextwhichiscorrectorwhich

causesyou,sympathetically,toagreewithit,giveWittgenstein

creditforthat,too.Ifhedidn'twriteit,heinspireditanddeserves

youracknowledgment.

3.Theremainder--allthatisincorrect,unsympathetic,orsimply

appalling--istobeattributedtome.

Onthewhole,intheabsenceoffootnotes,thisheuristicwillleadto

essentiallycorrectattribution.Andifitleadstomynotbeing

recognizedforsomebitoforiginalwork--meaculpa.

-----

MysourcesarethesetwoPDFs,bothfreelyavailableon-line:

TheCollectedWorksofLudwigWittgenstein

1998BlackwellPublishers

TractatusLogico-Philosophicus-LudwigWittgenstein

1922KeganPaul,Trench,Trubner
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Schema

Thesectionsofthisbookhavetheirbasisinthisschema:

truthgrounds=>expression=>equation=>representation=>picture=>world

[ true ] [ trueorfalse ] [true]

Everythingthatfails,failsinthemiddle.

Mathematically,itwouldseemnaturaltobuildupthiscritiquefrom

thetruthgrounds.Philosophically,itwouldseemmorenaturalto

beginwiththeworldandworkdownwards.Personally,Iwould

havepreferredtobeginwiththeviewpointthatarisesinthemiddle

andthenworkouttobothendsfromthere.

Noneofthesewasactuallyverysatisfyinginpractice.

Withmyoriginalnote-taking,IbeganwiththeTractatusLogico-

Philosophicus.Anditbeginswiththeworld.Unabletofindan

attractivealternative,IhaveletWittgenstein'sschemaforhisbook

determinethedirectionofmine.Thismaysimplybelazinessonmy

part.Orcowardice.

IshouldaddthatsomeofWittgenstein'sentriesbelowareretained

because,inspiteofasensethatIshouldexcludethemandofmy

inabilitytoexplaintheminasatisfyingway,Isuspectheknew

somethingIdon'tyetgrasp.LikeRamanujan'sequationssentto

Hardy,theyaretoosuggestiveoftruthformetodelete.

Ingeneral,hisentriesaretherebecausetheyevokedaresponsein

me.WhetherornotIagreeordisagreewithWittgensteinineach

instanceisforyoutodetermine.ButIwouldn'tbotherwiththatifI

wereyou.Inmanycases,thisissomethingIhavemyselfnotyet

fullydetermined.Inaphilosophicalinvestigation,oneendsupwith

morelooseendsthanonebeginswith.Itisonlyone'sstandpoint

whichhashopefullyimproved.
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IshouldalsoaddthatWittgenstein'spunctuationandsyntaxcanbe

bizarre.Someofthiscanbeblamedontranslatorswhotriedtobe

"truetotheoriginal."Someissimplyhisstrange(possiblyover-

hasty)punctuation.

Itmayappeartosomereadersasifmanyofthequotationsbelow

havebeenwrenchedoutofcontexttosupportsomeargumentI

ammaking.Imakenoargument,havenothingtodefend.Iam

suggestingapointofview.Aphilosophicalinvestigationisan

attempttomoveconsciousnessfromonepointofviewtoanother,

hopefully,betteronewithineasyreach.Allquotationsinthistext

areheretoshowhowotherthinkershaveexpressedtheideas

underinvestigation.

InMichaelPolanyi'sPersonalKnowledge,Icameuponthis,tome,

honestdescriptionofwhatitmeansforustoinvestigateanything:

Theprocessofexamininganytopicisbothanexplorationofthe

topic,andanexegesisofourfundamentalbeliefsinthelightof

whichweapproachit;adialecticalcombinationofexplanationand

exegesis.Ourfundamentalbeliefsarecontinuouslyreconsideredin

thecourseofthisprocess,butonlywithinthescopeoftheirown

basicpremises.

Iconcurwiththisdescription.Itveryaccuratelydescribesmy

participationinthisinvestigation.

Atthispoint,Iencourageyoutocheckyourphilosophicalbaggage

andproceedunencumbered.Therearenoschoolsofthought

beyondthispoint(inthespiritofLouisCha'scharacterFeng

Qingyang.)Certainly,Wittgensteinneitheradheredtonorcreated

anyschool.Hearrivedatnodefiniteconclusion.I,too,havenone

topropose.Thefinalchapterwasalsounintended,outsidethe

schema.Butconversationsandphilosophicalinvestigationsleadus

wheretheywill.AndIwashappytofollow.

IfIwereaskedtodescribethistext,inretrospect,Ibelieveitwas

aninstanceofHermannHesse'sGlassBeadGame.
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TheWorld

Theworldiseverythingwhichisthecase.Thetotalityoffactsin

logicalspaceistheworld.

ThisisWittgensteintryingtocloseagap.

Totalityoffacts--thoughts--notthings.

Possibilityliesintheobject,notinthefacts,externalorinternal.

Mattermakesitselfknowntousbythetestimonyofthesenses.We

seeit,hearit,smellit,tasteit,touchit.Butobserve,that,afterall,

thisisindirecttestimony.Theseimpressionsareallofthemsimply

brainimpressions.Wesee,hear,smell,taste,touch,inour

consciousnessonly.Wecannotassertthereforethatmatterexists

apartfromthisconsciousness.Sciencehasnothingtosayaboutthe

ultimatenatureofmatter.Sciencestudiesmattersimplyasafact

ofhumanexperience.--HendersonandWoodhull[emphasis

added]

Thatobjectsarematterisapointofview.Thatmatterisa

mathematicalformulaisanother.Thatmatteristhelimitedand

invertedperceptionofaspiritualrealityisanother.Eachcanbe

proveninapracticalmanner.Butnottoeveryone'ssatisfaction.

Toassert['Therearephysicalobjects']oritsoppositeisamisfiring

attempttoexpresswhatcan'tbeexpressedlikethat.Andthatit

doesmisfirecanbeshewn;butthatisn'ttheendofthematter.We

needtorealizethatwhatpresentsitselftousasthefirst

expressionofadifficulty,orofitssolution,mayasyetnotbe

expressedatall.

Wedonotproveanequationoranexistence.Weprovealaw.

Allprooftakesplacewithinanideology.Theproofsofmathematics

takeplacewithin,atleast,thedeepestideologyofthecurrentlong-

termculture.Eveninmathematics,otherideologiesmakeinroads.
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Thedeepestideologyisveryhardtodetect.

Mostpeople,beingformlessthemselvesandbeingunabletoattain

toanyGestalt,strivetodepriveobjectsoftheirGestaltandreduce

everythingtochaoticmatter,inwhichcategorytheythemselves

belong.Theyreduceeverythingtoitsso-calledeffect.Everythingis

relativeintheirsight;sotheyrelativizeeverythingexceptnonsense

andtriteness,whichholdabsolutesway,asistobeexpected.--

Goethe

Ireallywanttosaythatscruplesinthinkingbeginwith(havetheir

rootsin)instinct.Oragain:alanguage-gamedoesnothaveits

origininconsideration.Considerationispartofalanguage-game.

Thereisagapbetweentheimpressionsoftheworldandthereality

oftheworld.Thisisthegapofrealization.Thetruthoftheonly

worldisrealizablethroughunderstandinganddemonstration.

Ifintuitionisaninnervoice--howdoIknowhowIamtoobeyit?

AndhowdoIknowitdoesn'tmisleadme?Forifitcanguideme

right,itcanalsoguidemewrong.

Thereisnointuition.ItfallsbyOccam'sRazor.Intuitionis

realizationviewedegoistically.

Theoldideaofintuitioninmathematics.Isthisintuitiontheseeing

ofthecomplexesindifferentaspects?

Realizationisrightapprehensionofreality.Whatwedowithitis

anotherthingaltogether.Itcannotcometousprematurely.Butit

canbeobscuredanddistortedbyideology.

Thetruthofcertainempiricalpropositionsbelongstoourframeof

reference.

Realization,tosomeextent,liftsthoughtoutofideologyintotruth.

Realizationisafacultyofconsciousness.

Amancanpretendtobeunconscious;butconscious?

Thereisnosubconsciousnessorunconsciousnesswithany

consciousnessinthem.Consciousnessisalwaysconscious.Wesay,

"Theanswerjustcametome."Indeeditdid.Butitdidn'tcome
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fromusbecause,aswecanattest,wedidn'thaveit.

Similarmythologies:subconscious,soul,id,ego,superego,electro-

chemicalconsciousness....Ametaphorisnotaproofofexistence.

Strivingpreparesrealization.

LetmeborrowametaphorfromtheHopiNativeAmericans

withoutimplyinganyliteraltruththereby:westrivetoopenthe

dooratthetopofourhead.

Forsome,likeRamanujan,thedoorissimplyopen.Oneperceives

thetruthwithoutanycontextforinterpretingit.

Thentherearethose,likeEinstein,whoserealizationcannotbe

expresseduntilsomeoneelsesuppliesthemodeofexpression.

Andtherearethose,likeNewton,whostroveathisdesk,against

thedoor,fornineteenhoursaday.

Mostpeopledenythedoor.

"Ihaveconsciousness,"isnotaproposition.

Descartes,quotingSt.Augustine,said,"Ithink,thereforeIam."

Withlessideology:"Iamconscious,thereforeconsciousnessis."

Inconsiderationofourproblems,oneofthemostdangerousideas

istheideathatwethinkwith,orin,ourheads.

Itispossibletodoubtorevendenytheselfbutnottheactivityof

consciousnessandnottheworld.

Consciousnessisnotseparatefromtheworld.Itexistsintheworld.

Todoubttheworldistodoubtevenaplacefordoubt.Mapping

everythingtotheemptysetisacaricatureofphilosophy.

Allexperienceisworldanddoesnotneedthesubject.

ToholdthatthereisanunrealizablerealityviolatesWittgenstein's

versionofOccam'sRazor:

Occam'sRazor:Anunnecessarysignismeaningless.

Everythingcouldbeotherwise.Butnotinthisonlyworld.
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Realizationisnevercomplete.Itsreceptivityexpands,liketheworld,

fromaboundlessbasis.Becauserealizationisboundlessexpansion,

graspingrealityisaninfiniteadvancewith"quantumleaps"

bridginggreatnumbersoftheentriesoftheimmediatelyprior

monotonicseriesofperceptionsandconcepts.

TrisectinganyanglewasunsolvedinEuclideangeometry.Only

fromahigherpointofviewwasitshowntobeimpossiblewithin

theEuclideancontext.

Evenafterimpossibilitywasshown,menlikeGaussandTodhunter

probedtheproblem,providing"leastnon-Euclideansolutions."

Thereisanaturalandrightresistanceto"impossibility."Thisis

apartfromthetenacityofignorance.Itisthecorrectsensethat

realizationmakesthesolutionpossible.

Itisnotinconceivablethatsomeonemaysomedayrealizeawayto

maporprojectanyangleontoanintermediatetrisectablestructure

andthenmaptheintermediatebackintotheoriginalangleasa

truetrisection.

Proofsofimpossibilityarealwaysproofsthatallknownroadswill

notarriveatasolution.Aproofofimpossibilityinthereforeamere

historicalcomment.

Realizationisoutsideunderstandinganddemonstration.

Realizationmakesthesepossible.

Ahumanbeingispartofawhole,calledbyus--universe,--apart

limitedintimeandspace.Heexperienceshimself,histhoughtsand

feelingsassomethingseparatedfromtherest...akindofoptical

delusionofhisconsciousness.Thisdelusionisakindofprisonfor

us,restrictingustoourpersonaldesiresandtoaffectionforafew

personsnearesttous.Ourtaskmustbetofreeourselvesfromthis

prisonbywideningourcircleofcompassiontoembraceallliving

creaturesandthewholeofnatureinitsbeauty.--Einstein
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Compassionisthestartingpointonthepathheisindicating.Such

gesturesarethemodusofthistext--indicatingbeginningsby

pointinginadirection.

Objectsarethesubstanceoftheworld.Theyfixtheformofthe

worldwhichexistsindependentlyofthefacts.Substance

determinesform,notmaterialproperties.

Objectslieintheirinfinitespace.Theirformistheirpossibilityof

occurrenceinfacts.

Onlyfactshavesignificance.Factscanbedescribed,notnamed.

Factsdonotimplyordenyeachother.

Holdnothingascertainsavewhatcanbedemonstrated.--Newton

Thatforwhichyoucanfindnodemonstrableverificationismere

belief.

Believingisnotthinking.

Beliefisone'sideologyatlowidle.

Whatsomething"means"isshownbyourdemonstrablerealization

ofthefacts.Thetotalityofourdemonstrationisallthatis

meaningfultous.

Ifweunderstandasentence,ithasacertaindepthforus.

Afactisacomplexofobjects,theirrelations,andthehistoryof

these.Allthisisthedataofthefactasbroughtintounderstanding.

Thisdataisnotacquiredbyinfiniteregressoraccretion.The

requirementsofunderstandingarenotlimited,butareateach

pointfiniteandwithinourreach.

Moredataonthefactdoesnotincreaseunderstanding.

Understandingmustbepreparedbyrealizationinorderto

recognizemoresignificanceinthedata.

Understandingafact--idea--isthewayitsusagemesheswithour

life.

Understandingisthedemonstrablemeasureofoursenseof

dominioninlife,theextenttowhichourlifemesheswiththeworld.
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Wecandescribewhatisunderstood.Wemustshowwhatis

realized.

Understandingisoutsideoftime.Weunderstandimmediately.

Understandingisnotaprocessofdigestion.

Bringingsomethingintounderstandingisrealization.Strivingaids

realization.Processesmayassistinattainingrealizationbutarenot

necessary.Certainly,noprescribedprocessleadstorealization.

Ifprocessproducedunderstanding,wewouldsimplyprocess

ourselvesintoit.Compare:ifdietledtospiritualattainment,we

wouldsimplyallbevegansandattain.

Muchofthinkingislikestaringatabrickwall.Youstareandwait.

Yourepeatyourselfwhileyouwait.Sometimesthiswearsyouout.

Immediateexperiencecannotcontainanycontradiction.Ifitis

beyondallspeakingandcontradicting,thenthedemandforan

explanationcannotariseeither:thefeelingthattheremustbean

explanationofwhatishappening,sinceotherwisesomethingwould

beamiss.[afterthecolon,clarifying"demandforanexplanation"]

Ifsomethingisnotdemonstrablyintheworld,ithasnomeaning.

Theconceptof'meaning'willservetodistinguishthoselinguistic

formationsthatmightbecalledcapriciousfromthosethatare

essential,inherentintheverypurposeoflanguage....Human

naturedetermineswhatiscapricious.

Allcontradictionstakeplacewithinalanguage.Ifsomethingsimply

isn'tconceivable,thenneitherisitsopposite.

Theworldisindependentofmywill.

Icannotwillaconnectionbetweenmathematics--myexpression

ofit--andtheonlyworld.

Allmathematicsisapersonalexpression.

'Mathematics'isnotasharplydelimitedconcept....For

mathematicsisafterallananthropologicalphenomenon.

Itsgeneralitycomesfromourindividualeffortstoreflectthesame
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world,atsomeremove,inourrepresentations,equations,and

expressions.Thiscommoneffortproducescongruenceand,to

someextent,acommonpicture.

Thereistheworldandthereismyworldandthereistheattempt

toexpressthefirstthroughthesecond.

Toperformthiskindofcritiqueinlogic,asWittgensteindid,would

bemuchmoredifficultduetotheambiguitiesoflanguage.In

mathematics,thetruthistautologicallytrueandsaysnothing.

Thissimplifiesthingssomewhat.

Therangeofgeneralequationsistheiragreementwiththeworldin

theirapplication,theirapproachtotruththroughspecificity.

Anyinternal,unrecognizedfalsehoodmapstotheemptyset.

Propositionshaveasensewhichisindependentoftheirtruthor

falsehood.

No.Theirtruthorfalsehoodistheirsense.Noanalysiscantakeyou

beyondtheresult.Theformofathoughtsimplybringsyoubackto

itsconsequence.

Truthisthebasisoflogic.Itisthedemandofmathematics.

Beforetheproposition,theconceptisstillpliable.

Asfalselogicisnotlogic,falseconsciousnessisnotconsciousness.

Insofaraswerealizethetruth,wecandeterminefalsehood.

Fearisakindoffalsescience.Andconversely.

Nothingismoredifficultthantolookatconceptswithoutprejudice.

Forprejudiceisakindofunderstanding.Andtoforgoit,whenitis

sofullofconsequencesforus...

Logicisarestrictiononmathematicallanguagethatwhatwesay

mustbetrue.Inmathematics,falsehoodandcontradictionare

excluded.

Wherelogicalpropositionscanbecontradicted,mathematical

equationscanonlybecorrectedordiscarded.



15

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Allthatisthinkableispossible.Wecannotthinkwhatisunlogical.

Topresentinlanguagewhatcontradictslogicisimpossible...the

co-ordinatesofanon-existentpoint.

Whatwecannotrealizecannotbeexpressedinlanguage.Thisvoid

isfelteverywhereasahungerforunderstanding.

Thepropositionsoflogicarelawsofthoughtbecausetheybring

outtheessenceofhumanthinking--toputitmorecorrectly:

becausetheybringout,orshow,theessence,thetechnique,of

thinking.Theyshowwhatthinkingisandalsoshowkindsof

thinking....[Thought's]essence,logic,presentsanorder...the

orderofpossibilities,whichmustbecommontoboththeworld

andthought.

Logicistheformofconsciousness,ofitsexpressionofthetruth,in

asmuchaswegraspit.Logicisanswerabletotheworld.

Mathematicsisourimitation,ourexpression,oftheorderwithin

consciousness.

Mathematicsisanswerabletous.
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ThePicture

Wemaketoourselvespicturesoffacts,modelsofreality,scales

appliedtoreality,witharepresentingrelationjoiningthetwo.

Thelimitsofwhatcanbesaidisthelimitofourmodeloftheworld.

Theworldandlifeareone.Idelimitthemodelofmyworldand,

thereby,myexperienceoftheworlditself.

Empiricalrealityislimitedbythetotalityofobjects....Our

empiricalpropositionsdonotformanhomogeneousmass.

Thisboundaryappearsagainasthelimitsofourabilitytopicture

theworld.

Nopartofourexperience,noorderofthings,isapriori....Because

itseemssotome--ortoeverybody--itdoesnotfollowthatitis

so....Thatitseemssotomenistheircriterionforitsbeingso.

Thelimitsofmyignorance,mylackofdemonstration,arenotthe

limitsoftheonlyworld.Theyarethetemporarylimitsofmyworld.

Mypictureoftheworldexcludesfrommyexperienceeverything

truewhichmypicturedoesnotinclude.

Onlyaswelookbeyondthepicturecanwefillthepicturein.

Thisisrealization.

Atbottom,thewholeWeltanschauungofthemodernsinvolvesthe

illusionthattheso-calledlawsofnatureareexplanationsofnatural

phenomena.Inthisway,they[themoderns]stopshortofthelaws

ofnatureasatsomethingimpregnableasmenofformertimesdid

ofGodandfate.Andbotharerightandwrong.Theolderonesare

indeedclearerinthesensethattheyacknowledgeaclearterminus,

whilewiththenewsystem,itissupposedtolookasifeverything

hadafoundation.

Thepictureisarelationbetweentheworldandourunderstanding.
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Inthepicture,theequationconsistsofitscomponentexpressions.

Theirspecificitiesattachittoourpictureoftheworld.Experience

andunderstandingjudgetherelationofthepictureandreality.

Understandingprecedesthecreationofthepicture,followsfrom

thereadingofthepicture'sinterpretedresult.Limited

understandingexpressesitselfinthepicture'screation.

Objectsacquiresignificancehereinrelationtoourunfolding

understanding.

Thisrelationisexpressedbythepicture'sformofrepresentation.

Inapplication,thepictureandthemethodofrepresentationare

inseparable.Neitherworksalone.Alone,thepictureisaprimitive

propositionunanalysablebytruth-values.Alone,therepresentation

istautological.

Wetreatthispictoriallanguageasadescriptionofreality.

Theformofapicture[is]thatinwhichthepicturemustagreewith

reality(inordertobecapableofportrayingitatall.)

Theformofthepictureistheformofaconcept.

Theconceptofaworldofconsciousness.Wepeopleaspacewith

impressions....Aconceptforcesitselfonone.(Thisiswhatyou

mustnotforget.)

ShouldIsay:Ourconceptsaredeterminedbyourinterest,and

thereforebyourwayofliving?

Butitisforcedthroughthesieveofideology.Itcannototherwise

enter.Ifwearenotfreeofideology,onlythatwhichisstrippedof

meaningisfreeofideology.Andsuchathingisneitherconceptnor

representation.

Conceptsarenotfunctionsbutframeworks....Itisasifonehad

broughtaconcepttowhatonesees,andoneoneseestheconcept

alongwiththething.Itisitselfhardlyvisible,andyetitspreadsan

orderingveilovertheobjects.
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Thevaluesinthegeneralequationbecomespecificbyfallingunder

theconcept.

Whatisessentialtoanhypothesisisthatitarousesanexpectation,

i.e.itsconfirmationisnevercompleted.Ithasadifferentformal

relationtorealitythanthatofverification--beliefintheuniformity

ofevents.

Youcannotexpectnonsense.Thepictureshowsourexpectation.

Theequationmerelyresolvesintoitssolution.Thepicturesays,

"Theworldfunctionsthiswaytoo."Reality,forus,isnevermore

thanthedemonstrablelimitofthepicture.

Eachpropositionconnectedwithafactmakesatleastoneelement

ofanhypothesisunhypothetical.

Andyet,ifallelementsofanhypothesisweresoverified,one

mightfromthatstilldeterminethatthehypothesiswasfalse.The

affirmationwouldberealizedasnonsense.

Thingslookdifferentinthelight.

Anhypothesisisalawforformingpropositions...forforming

expectations.

UnderNewton,thepictureappearedtoreachitslimit:"Thisishow

thingsreallyare."Einsteinpushedthelimitback:"Inthesecases,

however..."

Wedemonstrateasmuchaswecan.

Expectationisimmediatelyconnectedwithreality....The

expectationiscompletelydeterminedinthegrammar.

Wetestthepicture.Judgmentthenadjuststhepicture,the

representation,thespecificities,theequationasnecessary.

Iwanttosay:weusejudgmentsasprinciplesofjudgment.

Mathematicsremainsintheequation.Outsideit,injudgment,is

therelationtotheworld.
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Inmathematics,therecanonlybemathematicaltroubles,there

can'tbephilosophicalones.

Sothereisnodistinctionbetweenpureandappliedmathematics

beyondthis:yourmetaphysiccomesundermorescrutinyinthe

latterthanintheformer.

Ametaphysicalquestionisalwaysinappearanceafactualone,

althoughtheproblemisaconceptualone.

Apracticalmetaphysicisademonstrablemetaphysicbywhichthe

conceptisshowntobeatrueanddemonstrablerealizationof

aspectsofthefact.

Whenwefirstbegintobelieveanything,whatwebelieveisnota

singleproposition,itisawholesystemofpropositions.(Light

dawnsgraduallyoverthewhole.)...Thedifficultyistorealizethe

groundlessnessofourbelieving.

Anon-demonstrablemetaphysicismerebelief.

Nodualityintheworld.Dualityisalwaysinus.

Therearenomathematicalmetaphors.

Thepurityoflettersandnumberskeepsmathematicsapartfrom

theworld.Allitcandoisassertthatourpicturesare"formally"

correct.

Butthepicturecanstillbetotallyfalse.

Thepicture'smeaningisthemagnitudeoftruthcapturedbyits

form.Bytruth,wecanonlymeanitsconstantandincreasing

approximationasshownbyourdemonstration.

Themeaningofaquestionisthemethodofansweringit.

Thequestionshowswhatyouexpect.Andwhatyouexpectmustbe

withinyourpointofview.Wemightinterpretavalidansweras

nonsensethefirsttimeitcameintoview--ifitweretoo

unexpected.
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[We]mustbeginwiththedistinctionbetweensenseandnonsense.

[We]can'tgiveitafoundation.

Thepicturemustmakesensenow.

Wecanonlyforeseewhatweourselvesconstruct.

Thegapbetweenthepictureandtheworldisthegapof

demonstration.

Thepurposeofthepictureistorealizeanddemonstratenew

truths.Thesetruthsarewaitinginthewings,inourhypotheses.But

uponarrival,theymaynotappeartobewhatweexpected.

Nopictureistrueapriori.Anaprioritruethoughtisonewhose

possibilityguaranteesitstruth,withoutneedinga[fact]tocompare

itto.

BeforeIuse"apriori"again,Ishoulddefineit.ThisisArthurCayley:

Theideaoforderwithitssubordinateideasofnumberandfigure,

wemustnotcallinnateideas,ifthatphrasebedefinedtoimply

thatallmenmustpossessthemwithequalclearnessandfullness;

theyare,however,ideaswhichseemtobesofarbornwithusthat

thepossessionoftheminanyconceivabledegreeisonlythe

developmentofouroriginalpowers,theunfoldingofourproper

humanity.

ThatwhichfollowsthesemicoloniswhatImeanby"apriori."So

notstrictlyKantian.

Thetotalityofourtruethoughtsisourpictureoftheworld.

Thatwhichisknowntobefalse,weexcludefromthepicture.That

whichisfalselythoughttobetruewilleventuallybecorrected.

Thoughtcontainsnothingmorethanwasputintoit.

Ourconceptsareourmentalframeworksconcerningrelatedfacts.

Theircomplexityisnotinmathematicsbutinourmodeof

understandingtheworld,asshownbyourpictures.

Complexityisexplainedbyitsintendeduse.
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Falsethoughtsareeitherundemonstrableconceptsorpremature

frameworks.Wethinkweknowenoughtoproceed.Butourfalse

conceptsassertourmisunderstandingoftheworld.

Theincompletepictureis,ifwecompareitwithreality,rightor

wrong,whetherornotrealityagreeswithwhatcanbereadoff

fromthepicture.

Allpicturesarethenincomplete.

Inlogic,thisagreementwithrealityisoftenapparent.In

mathematics,quitetheopposite.Everythinginthepicturecanbe

trueandnothingactuallymappedtoreality.

Mortalmindseeswhatitbelievesascertainlyasitbelieveswhatit

sees.--MaryBakerEddy

Wecandrawconclusionsfromthefalseuseofanequation.And

wedo--toourdetriment.Butourcultureofthoughtmaypreserve

thisfalsehoodifitscauseisinescapableduetoourdeepestcultural

ideology.

We'reusedtoaparticularclassificationofthings....Thesearethe

fixedrailsalongwhichallourthinkingruns,andsoourjudgment

andactiongoesaccordingtothemtoo.

Itisveryhardtoimagineconceptsotherthanourownbecausewe

neverbecomeawareofcertainverygeneralfactsofnature.It

doesn'toccurtoustoimaginethemdifferentlyfromwhattheyare.

Butifwedo,thenevenconceptswhicharedifferentfromtheones

we'reusedtonolongerseemunnaturaltous.

Aconceptcannotbetruewithoutthetrueexistenceofallitsfacts

andtheirobjects.

Becauseaconceptimpliesorassertsallthatfollowsfromit,false

conceptsprojecttheirfalsehooduponourworld.

Wecanassertanythingthatcanbecheckedinpractice.It'sa

questionofthepossibilityofchecking.

Theonlysenseof"athinginitself"isthatthisconstantprojection
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standsbetweenusandthatwhichweperceive.Astheprojectionis

corrected,theperceptionadjuststowardsanunderstandingof

reality.

Eventually,nothingstandsbetween.Theworldinnotaninfinite

regress.

(My)doubtsformasystem....Doubtcomesafterbelief.

Idealistphilosophycreatesaseriesofobjectsbetween

consciousnessandtheworld,whentheseobjects,ifactual,are

simplyaspectsofrelativelysimplerelations.

(Idealism≡BarberOccam'snextcustomer)

Materialistphilosophy,aswecanseefromitsextensiveeffects,

leadseithertosomekindofsolipsismortogradationsofnihilism

orboth.Oneistheexclusionofallthatisoutsidethelimitedfalse

senseofself.Theotheristheexclusionofarealizedfuture.These

twoexclusionsareanexcellentdescriptionofdeath.

(Materialism≡embracingofdeath)

Doubtcanonlyexistwhereaquestionexists;aquestioncanonly

existwhereananswerexists;andthisonlyexistswheresomething

canbesaid.

Doubtcanonlyexistwheretruthexistsbutisyetunrealized.Where

truthisdemonstratedandrealized,nodoubtremains.Orifdoubt

remains,undiscoveredaspectsoftruthremain.

Doubtgraduallylosesitssense.

Meaningoccupiesthegroundofdoubt.

Truth's(false)oppositeonlyappearsinthepresenceoftruth.The

falsehoodisaheraldofitsowndestruction.

Youcannotdoubtorfalselyapprehendwhatisbeyondyourgrasp

ofthetruth.ThestudentofEuclidcannotdoubtorfalsely

apprehendRiemanniangeometrywhichistohim,ifanything,

nonsense.



23

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Afalsepicturehasnohegemonyintheworld.

Butifacceptedbyconsciousness,itcanmakeanawfulmessofour

experienceinourworld.

Andhere,theonlyworldisnottoblame.

Whatcannotbeimaginedcannotevenbetalkedabout.

Thatwhichisexcludedbyourpointofviewcannotappearinour

concepts.Sorelevantfactsarealwaysobscured.Ourpointofview,

tosomeextent,absolutelyfiltersoutthetruth.

Itisfromourconceptsthatweconstructourpicturesoftheworld.

Inordertodiscoverwhetherthepictureistrueorfalsewemust

compareitwithreality.Trueorfalsecannotbediscoveredfromthe

picturealone.

Inthepicture,psychologicalinvestigationshavenomeaning.

Meaning:Weseemedtoaskaboutthestateofmindofamanwho

saysasentence,whereastheideaofmeaningwearrivedatwas

notthatofastateofmind.

Eveninapplication,mathematicsisoutsidethemodesof

personality.

Thepicturecanrepresenteveryrealitywhoseformithas.

Inthepicture,theequationasrepresentationisitselfapictureofa

possiblesituation.

Butthepicture,wherefalsehoodenters,isnotmathematical.

TellmehowyouaresearchingandIwilltellyouwhatyouare

lookingfor.

Thepicturehasthedefiningcontext.

Onlyinthecontextofapicturehasanamemeaning.

Ifthefacts,towhichtherepresentationpoints,guidedbythe

contextofthepicture,donotexist,thepictureisnonsense.

Theunderlyingcontexts,thoseofequationsandtheexpressions
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composingthem,aresubjugatedbythecontextofthepicture.

Theseunderlyingcontextsareonlyjudgedinthelightofthepicture.

Searchingpresupposestheelementsofthe[fact],butnotthe

combination[one]waslookingfor.

Givenanequation,itspairofexpressionsmaybefoundinvarious

contexts.Theintersectionofthesecontextualexpressionsisthe

scopeofpossibleinterpretation.Thisistheequation'spossibilityof

"sense."

Asweincreasespecificity,refiningsense,wesendoutfeelers

towardstheworld.Butonlyininterpretationdothefeelerstouch,

andthenonlyidealistically,conceptually.

Youcanonlysearchwithinasystem.Andsothereisnecessarily

somethingyoucan'tsearchfor....Asystemis,sotospeak,aworld.

...Thesystemisnotsomuchapointofdepartureastheelement

inwhichargumentshavetheirlife.

Wehaveacoloursystemandanumbersystem.Dothesystems

resideinournatureorinthenatureofthings?Howarewetoputit?

--Notinthenatureofnumbersorcolours.

Asystem,producingapicture'ssense,innowayassures

agreementwithreality.Thefeelersofourrepresentationmight

neverapproximatetheworld.(Thismightbethefaultofthe

physicistusingtheequation,forexample.Hispoorchoicewhich

followedfromdeeperunconsideredassumptions.)

Itisthismathematicalsenseweholduptothepicture.Tothe

extentthissensesatisfiesthepicture,tothisextentwejudgeour

resultmathematically"meaningful."

Thesefeelerscantouchmyworld.Butthejudgmentofmeaning

andofthecorrelationofmodeltorealitylieoutsidemathematics.

Thesenseofapictureliesintheequationswhichexpressitsform.

thereisno"meta-sense"beyondthisinthepicture.
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Ifwehavedeterminedanythingarbitrarily,thensomethingelse

mustbethecase.

Thethoughtisthesignificanceofthepicture.

Thoughtsareinthesamespaceasthethingsthatadmitofdoubt.

Theformermeasurethelatter.

Languagedisguisesthethought,concealingitsform.

Thepictureisamodelofrealityaswebelieverealitytobe.The

equationinthepictureshowsitssense,showshowthoughtstands,

ifitistrue.Thelogicoftherepresentationprojectsthissenseinto

theunderstandingastheaffirmationordenialofthepicture.

Ourunderstandingtriestoconnectthesenseoftheequationsin

thecontextofthepicturewiththethoughtstheyrepresent.Ifthis

addstoourunderstanding,thesignificanceoftheobjects(forus)is

increased.Thisisthemeaningofthepicture.

Onlyinthestreamofthoughtandlifedowordshavemeaning.

Significancereliesuponthedeepestculturalideology.

UndertheinfluenceofGreekscientificthoughttheEgyptians

discoveredthesteamship.Anddidn'tcare.

Therealizationofsteampowerhad,forthem,nosignificance.

Thetroublestartswhenwenoticethattheoldmodelisinadequate,

buttheninsteadofalteringit,[we]sublimateit.

Allideology--belief--excludesthetruthfromourexperience.

Judgmentdeterminesthetruthoftheequationinthepicture,as

bestitcan,filteredbyideology.

Anequationdefinestheintersectionoftwotautological

expressions.Iftheexpressionsarewell-formedtheysimplysay

whattheysay.

Theirintersection,theresult,ismathematicallycorrect,true,and

tautological.
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Theequationexpressestheintersectionoftwomathematicaltruths.

Andthereitstops.

Ina+b=c,theintersectionofthesetautologiesisverylargeand

verytrivial.Understandingthissenseoftheintersectionisallthere

istounderstandingthisequation.

Iftheintersectionofthetautologiespointstodemonstrable

significance,wejudgethatourpictureistrue,orthatthefactis

existent.

Ifjudgmentcannotestablishtheconnection,wesayourpictureis

falseorthefactnon-existent.

Ourjudgmenthasnohegemonyintheonlyworld.

Thepictureonlylookslikerealityfromtheinside,whichshows

whatpartmathematicsplaysinthepicture.Itislikeamechanism

ofrelationsforrelationsitcannotcontain.Webringtherelations

withustothetable.

Obviousnessisnomeasureoftruth.

Theequationsinthepictureexpressthetruth-possibilitiesoftheir

expressions.Butonlyinsofarastheirspecificitypointsintothe

objectsofunderstandingcantherebesignificance.

Ofthemselves,equationsonlyexpressatautologicalsense.This

senseaidsinbridgingthegapofdemonstration.

Butthemeaningofthedemonstrationcanneverbeexplainedby

thismathematicalsense.

Everyquestionthatcanbedecidedatallcanbedecidedwithout

furthertrouble.

Elseweareeitherprematureorlookinginthewrongdirection.

Inourpictures,equationscannotasserttheexistenceoftheir

interpretedresults.Theinterpretationisoutsideoftheequations.

Inferenceofsignificancetakesplaceaposteriori.Theaprioritruths

ofmathematicsarenotinthespaceofsignificance.
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Aphenomenonisn'tasymptomofsomethingelse;itisthereality.

[It]isn'tasymptomofsomethingelsewhichmakesthe[picture]

trueorfalse;ititselfiswhatverifiesthe[picture].(HereIassert

thatthe[picture]isWittgenstein's"proposition.")

Fromonefacttoanotherdisjointfact,noinferencecanbemade,

eveniftheyseemtositwellwitheachother.Nothingaboutwater,

alone,saysanythingaboutdirt.

Onecandescribe[whatisdemonstrablein]theworldcompletely

withgeneralpropositions,i.e.withoutfromtheoutsetcoordinating

anynamewithadefiniteobject.

Butthisisonlyamechanicaldescription,atreatiseofgeneral

representationsawaitingjudgment.

Aswegainunderstanding,wealtertheunderlyingexpressionsand

recombinethemintoequationsinordertogainmore

understanding.

Equationscannotbenegated.Theyuniformlyassertatautological

intersectionofexpressions.

Picturescannotbenegated.Theycanonlybecorrectedorreplaced.

Induction(logicalinduction)itselfisasignificantproposition,notan

apriorilaw.Weknowapriorithepossibilityofalogicalform.

Inductionistheprocessofassumingthesimplestlawthatcanbe

madetoharmonizewithourexperience.Itsfoundationis

psychological.

Thereisnointersectionbetweenpsychologyandrealizationor

demonstration.Theseareoutsidethemodesofpersonality.

Theimageandrealityareinonespace....Youcanonlysearchina

space.Foronlyinspacedoyoustandinrelationtowhereyouare

not.

Allpicturesarenotofequalvalue.

Ourworlds,ourpicturesoftheonlyworld,lieintheworld.Ifour
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worldslackmeaning,itisbecausewefailtounderstandtheonly

world.

Significanceistheconnectionofourworldstotheunitaryone.

Therealitythatisperceivedtakestheplaceofthepicture.

Asuccessfulpicturemustagreewithsomething.Butthat

somethingneednotbemadeupofphysicalrealities.

Anyrealitieswilldo.
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Representation

Inlife,itisneveramathematicalpropositionweneed,butweuse

mathematicalpropositions[equations]onlyinordertoinferfrom

propositionswhichdonotbelongtomathematicstootherswhich

equallydonotbelongtomathematics.

Theuseofmathematicstakesplaceintherepresentation.Thisis

thespaceofexperiment.Thepictureasaprogressivelogofour

demonstrableunderstanding.

Amathematicalmethodcanbeconsidered"numerical"or"spatial."

BythisImean:establishingresultsbyequationsorbylogical

argument;establishingasolutionorestablishingaterritoryandits

propertiesinaspace.

Examples:puregeometryisspatial;basicalgebra,numerical;linear

algebra,bothbyturns.

Thesearenotabsolutecategories.Morebroadlyconsidered,the

numericalspringsfromthespatial.Thelatteristheproofwhich

givesnewpowerstotheformer,whichisacalculus.

Aproofneednotprovideanewcalculusornewmethodsforan

existingcalculus.Butahierarchyofproofswithoutacalculusisa

spacewithoutamethodofmovingaboutinthatspace.

Inmathematics,thereisonlyonespace.Eachspatialmathematic

showsitspowerbytheextentofmovementitallowsamongthe

formsofnumber.

Thegeometryofvisualspaceisthesyntaxofthepropositions

aboutobjectsinvisualspace.Euclideangeometryisthesyntaxof

assertionsinEuclideanspace.Andtheseobjectsarenotlines,

planesandpoints,butbodies.

Geometryonlyenterstherepresentationasequations,as

numericalmathematics.
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Youcannotsetgeometricpropositionsequaltoeachother.Youcan

eithermovefromonetotheotheroryoucan't.Andthepossibility

ofdoingsosaysnothingaboutitsnecessity.

Inapicture,anequationisthepicture'sprojectiverelationtothe

world,itsrepresentation.Thisrelationistheexpressionofour

understanding.

Couldonesaythatarithmeticalorgeometricalproblemscan

alwayslook,orcanbefalselyconceived,asiftheyreferredto

objectsinspaceitself?By"space"Imeanwhatonecanbecertain

ofwhilesearching.

Butthewayofrepresentingisalreadyformedintheequation.And

thepictureisaninterpretationoftheequation'srelationtothe

world.

Wecannotsharewhatweunderstand.Wecanonlyofferapointof

viewthatleadssomeoneelsetorealization.Ornot.

Wecan,ofcourse,sharetheeffectsofunderstanding:Onepicture

throwslightonanother.

Ihavetojudgetheworld,tomeasurethings.Ireadthisas"in

ordertomeasurethings."

Inrigorousapplication,mathematicsandextremespecificity

attempttocreateareasonablytruerepresentationaccordingtoa

plan,i.e.Newtonianmechanics,Einstein'srelativity.

Howamagnitudeismeasurediswhatitis.--Einstein

Equations,intheirgeneralform,aretautologies.Theysaywhat

theysay.Onlythroughspecificitycantheyentertherepresentation.

Context,assignmentofconstants,assignmentofvariables,these

makeanequationmoreandmorespecific.

Itisthroughspecificitythatwetrytolinktheequationtothe

pictureasmeansofrepresentation.Thisisthespecificsenseofthe

equation,pointingitattheworld.
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Clearly,specificitybothcomplicatesandrefinesthemathematical

representation.

Thespecificityattemptstojointhemathematicalequationtothe

measurementsoftheworld.

Insuchmeasurement,doweperformanexperimentor...only

establishinternalrelations[ofmeasurement]andthephysical

resultofouroperationsprovesnothing?

Whatthephysicistmeasuresinvisualspaceismeasuredby

instrumentswhosereadingsdonotdistinguishconceptualtypesof

space:Euclidean,Riemannian,etc.

Themathematictriestoreachthemeasurement.Andthe

measurementtriestoreachtheworld.

Physicsdiffersfromphenomenologyinthatitisconcernedto

establishlaws.Phenomenologyonlyestablishesthepossibilities.

Thus,phenomenologywouldbethegrammarofthedescriptionof

thesefactsonwhichphysicsbuildsitstheories.

Agreementofthepictureandtheworldisajudgment.Sothe

solutionisthemathematicalformofapossibleagreement.Itsform

couldbefalsetobeginwith,ifitstruthcannotbemappedontothe

world.

WhatMachcallsathoughtexperiment...atbottom...isa

grammaticalinvestigation.

Thegapbetweenrepresentationandpictureisthegapof

understanding.

Thelogicoftheworldcannotberepresentedbythelogicof

mathematics.Theequationdoesnotrepresentthefacts.

Youcannotuselanguagetogobeyondthepossibilityofevidence.

Thefurthestmathematicscangoisthelimitofthesurfaceofa

formalconceptualframeworkofourworld,whichisnoteventhe

onlyworldbutsimplyourown.
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Themomentwetrytoapplyexactconceptsofmeasurementto

immediateexperience,wecomeupagainstapeculiarvaguenessin

thisexperience.Butthatonlymeansavaguenessrelativetothese

conceptsofmeasurement.

Ideologyinterposesitselfbetweenmeasurementandtheworld.

Mathematics,atbest,reachesthemeasurement.Atworst,onlythe

ideology.

Admittedly,thewords'rough,''approximate,'etc.haveonlya

relativesense,buttheyarestillneededandtheycharacterizethe

natureofourexperience;notasroughandvagueinitself,butstill

roughandvagueinrelationtoourtechniquesofrepresentation.

Onlyintentionbringsrepresentationtothepicture.Weintendthat

thisequationwiththeseexpressionsrelatestothatobjectandits

relationsinthepicture.

Whatcanbeshowncannotbesaid.Formisshown.Senseissaid.

Theequationhasthesenseofitsgeneralform,expressed

tautologically,overlaidwiththespecificityofthisrepresentation.

Meaningentersatthepointofrepresentation.Weintendfora

representation,composedofequations,tohelpusdemonstratethe

significance(tous)oftheobjectsintheworld.

Bymeansofrepresentations,weexplainourselves.

Whydoyoudemandexplanations?Iftheyaregivenyou,youwill

oncemorebefacingaterminus.Theycannotgetyoufartherthan

youareatpresent.[ThereisakindofechooftheNewTestament

inthis.]

Thefoundationofourexplanationsareideological.Ifweare

unawareofthis,wemistakethenatureofideology.Weignoreour

blinders.

Ideologyisunjustifiablecertaintyofthought.

Ideologyisoutsideofunderstanding.Itisoftenadenialofthe
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possibilityofunderstanding,afalsehoodasprophylacticpreventing

understanding.

Themeaningofanideaisitstotalityinmyunderstanding.

Iconveyanideatoyouwiththeintentionoftransferring,ideally,

thattotality.Youwillprobablygetsomeofmymeaning.Butevenif

Iconveyatautologicalequationtoyou,youwillnotgetallofmy

meaningbecausemyunderstandingisgreaterthanthetautology.

Whatyoudogetmaycombinewithyourunderstandingsothat

yourunderstandingoftheideaisgreaterthanmine.

Icouldhaveabetterunderstandingofsomethingorbetterexpress

myunderstandingofitoryoucouldgraspwhatIamconveying

morecompletely.Butitmakesnosensetotalkofamorecomplete

expressionasallthesefactorsarealwayscompletelyallthatthey

arerightnow.

IcanonlyshowapictureorcreatearepresentationofwhatI

understand.Ishowthebestpicture,buildthebestrepresentation,

Ican.

Ameaninglessrepresentationisalackofmeaningfulintention.

TheintentionisalreadyexpressedinthewayInowcomparethe

picturewithreality.

Representationsare"numerical."

Theequationbringstothepicturetheformofitssense.

Inthepicture,equationsactasarrowspointingatthefacts.

Mathematicalrepresentationcanrepresenttheobjectandcontains

nosuggestionofasubject.Andyetourpresenceassubjectalways

alterstheobjectexperimentallyandthepictureandrepresentation

ideologically.

Thepicturetriestoobliterateallpersonalsense.Butthesubject

continuestomakethespaceasymmetrical.
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Wecompareincompletesystems,notsinglepropositions,with

reality.

Tohavemeaningmeanstobetrueorfalse.

Thismightbetrueoflogic.Intheworld,thefalsehasnomeaning.

Thefalseismerelyavoidwaitingtobefilledwiththetruth.

Afalserepresentationisarepresentationofthevoid.Ittherefore

mapstotheemptyset.

Iftheworldhadnosubstance,thenwhetherarepresentationhad

meaningornotwoulddependonwhetheranequationwas

interpretedasmeaningfullytrueinthiswaywithinthepicture.

Butanequationisonlyatautologicalintersectionofsense.It

wouldthenbeimpossibletoformapictureoftheworld(trueor

false)ifthesubstanceoftheworldwerenottrue.

Meaningalwayspointsintotheworldasourrelationof

understanding,ofourdemonstrablegraspofreality.Senseremains

intheconceptualconstructandcannotescapeit.

Meaningandsense,inthistext,arenamesoftwoaspectsof

relationswithinconsciousness.Iattemptthroughdescriptionto

showwhatIamnaming.

AfterIchosetheselabels,IdiscoveredWittgensteinalsochose

"Bedeutung"and"Sinn"inthisway.Fregeapparentlymadea

similarchoice.

Sothisdichotomyisarguablyanaturalchoice,evenif,insome

sense,itishardtoseewhatotherpeoplemeanbyit.

Itshouldbeclarifiedthatinthisinvestigation"sense"isnot"sense

data."

Namesarepoints,designatingobjects.Objectscanbenamedbut

notasserted.Namesareprimitives,unanalysable.

Apropertyisinternalifitisunthinkablethattheobjectdoesnot

possessit.
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Wesometimesseeaninternalrelationbetweenfactsbyaninternal

relationbetweentheequationspresentingthefacts.

Butthis,onlyinsofarastherepresentationholdstrue.The

internalrelationsofequationsareformalrelationsoftautological

expressions.Wearemappingtautologicalmathematicalsenseto

consciousmeaning.

Itisentirelyparadoxicaltosaythat,asageneralprocess,wecan

startfromequationshavingameaning,andarriveatequations

havingameaningbypassingthroughequationswhichhaveno

meaning.--AlexanderMacfarlaneonBoole'smethods

Themistakehereisthatnoneoftheequationshavemeaning.Allof

theequationshavesense.Meaninginformsourconstructionofthe

equationanditsmathematicanddeterminestheirsense.

Consciousnessunceasinglymapssensetomeaning.

Sothemeaningbeginswiththeinitialequationsbutdoesnotenter

intothem.Theequationsareputthroughtheirtautologicaldance.

Whenthemusicstops,wehaveourintersectionofsolution.And

then,fromoutsidemathematics,weask,"Whatdoesthismean?"

Therearenohypotheticalinternalrelations.

Theperceivedmeaningisourattempttocloseagapof

understandingthroughdemonstration.

Intheequations,"x"isthepropersignoftheconcept"objects"...

"x,y"aretwoobjects.Togofurtherintoobjectsisnonsense.

a=b--sameobject,twonames

a=a--nosignificance

Theformofrepresentationmustallowforboththefalsehoodand

thetruthofimpliedresults.Nocheating.Nofillingthevoidwith

willfullies.

Falsehoodinmathematicscomesfrominappropriateuseof

elementsinequationsandfromfalsemetaphysicsbroughtinfrom

outsidemathematics.
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Themethodofmathematicsisnotametaphysic.Ourabilityto

realizethetruthsoftheonlyworldisnotmathematical.

Calculationwithlettersisnotatheory.

Twotautologicalexpressionscanproduceaninappropriate

equation.ThinkofEuler'searlyworkwithseries.Thisis

inappropriateuseofoperators.

Mathematicsdoesnotoverlapwithitsapplication.

Anapplicationisnottheextensionofacalculation.

Asignificantrepresentationassertssomething.Thedemonstration

itleadstoshowstheassertiontrueorfalse.

Thepictureisatranscendentalreflectionoftheworld.

By"transcendental"here,Imeanthatweknowexactlywhatwe

meanbythepicture.Andyetweneverexpecttoencounterexactly

thispurepictureintheworld.

IbelievethistobepreciselyKant'smeaningof"transcendental"in

spiteoftheusesthathavebeenmadeofit.

Thequestion,howsimplearepresentationisyieldedbyassuminga

particularhypothesis,isdirectlyconnected,Ibelieve,withthe

questionofprobability.

Equations,asrepresentation,representafact,asituation.

Expressionsrepresentwhatcanbeinafact.Ifthereisnosolution,

thentherewasnosuchsituation,nosuchstateofthings,andno

meaningattributabletothesenseoftheexpressions.Sowetry

otherpieces.

Theprobabilityofanhypothesishasitsmeasureinhowmuch

evidenceisneededtomakeitprofitabletothrowitout.

Thechoiceofexpressionsiscorrectorincorrect.Theequations'

resultsarethentrueorfalseasmappedthroughrepresentation

intoourworld.

Ourworldisneverthesingularunityofreality,theonlyworld.
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Butmathematicsdealsonlywiththecorrectandthetrue.Itoffers

onlytautologicalresults.

Thelinksinthechainofreasonscometoanend,attheboundary

ofthegame.

Mathematicsisonlybetrayedbylingeringideasfromfalse

metaphysics.

Atrue,orpractical,metaphysiccouldnotunderminemathematics.

Once,whenIwasastudentstrugglingtounderstandmodern

algebra,Iwastoldtoviewthissubjectasanintellectualchess

game,withconventionalmovesandprescribedrulesofplay.Iwas

ill-servedbythisbitofextemporaneousadvice,andvowedneverto

perpetuatethefalsehoodthatmathematicsispurely--orprimarily

--aformalism....Ihavedevotedagreatdealofattentionto

bringingoutthemeaningfulness....--CharlesPinter

Themeaningofaruleisitsapplication.

Mathematics,apartfromasenselessinstanceofformalism,is

impossiblewithoutourimbuingtheactivityofourdoing

mathematicswithmeaning.Yet,thereisnothingbuttautologyin

thesymbols.

Webringmeaninginwithus,establishingthesenseofthesigns

withintheircontextandthemeaningoftherepresentationintoour

choiceofequations.

Senseandmeaningareideas,expressedbymeansofsignsbut

neverenteringthatwhichhasnoconsciousness.

Itismeaningfultoparticipateintheintelligentactivityoftheonly

world.Butthemeansofeachactivityhavenomoremeaningthan

achisel,abrick,oratwo-by-four.Itistheparticipantswhoare

meaningful,morefullofmeaningwitheachrealization.
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Equations

Itseemstomethatyoumaycompareequationsonlywith

significantpropositions,notwithtautologies.

Iemphaticallydisagreewiththis.

Andyet,withsomanyoftheimplicationsofthisassertion,bothon

hissideandfrommyoppositeview,WittgensteinandIarein

completeagreement.

Or,atleast,wecompletelyagreewithintheboundsofthe

ambiguityoflanguage.

Probablymuchmorethanthat.Languageisn'tallthatambiguous.

Thepropositionsofmathematicsareequations,andtherefore

pseudo-propositions.

With"pseudo-propositions"neverdefinedbyWittgenstein,thismay

accountforouragreement.

[Anequation's]truthorfalsitymustbecontainedinitasitssense.

(Iwilloftenexchange"equation"for"proposition"inhis

statements.)

Wittgensteingivesasexamples3×3=9and3×3=11.Iconsiderthe

latterasnotanequation.Or,thatwhichhastheformofan

equationandisshowntobefalseisnotanequation.Imightcall

suchathinga"pseudo-equation"butthefewerlabelsthebetter.

Anequationisaprioritrue,atautology.Itstwoexpressionsare

themselvestautologies.Theequationcorrectlydefinestheir

tautologicalintersection.Atthelevelof"complete"generality,

nothinghasbeensaid.Butwedolearnhowtheexpressions

interact.Theymakethisintersection.Thiskindofthisiswhat

mathematicsisbuiltupon.
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Equationsareakindofnumber.(Thatis,theycanbetreated

similarlytothenumbers.)

Asolutionistheresultofacalculationorstipulationwhichthenis

showntobeatautologyandwejudgeitssense,i.e.weask,"Was

thecalculationthatledheresufficient,wasthestipulation

meaningful,areourideasherealignedwiththeonlyworld?Arewe

satisfiedwithourwork?"

Considersomewell-knownmathematicalequationfromstaticsthat

expressestheloadonacolumngeneratedbyweightfromabove.

Themathematicalexpressionofthis"acknowledgedtruth"doesnot

containthattruth.Onecanstudythesignsthemselvesandnever

discovertheirrelationtostatics.Insuchacase,meaningisonly

attainedthrougheducation.Theequationitself,completely

analyzed,isagenerictautologysuggestiveonlyofalgebraorbasic

analysis.

Neitherissuchanequationastatementofsomeabsolutemeaning

amongthe"educated."Onehasonlytocomparethecolumnsof

ancientEgyptandofPersiabeforetheAlexandrineinvasionwith

ourowntoseethatthetruthofstaticsandofitsarchitectural

applicationfundamentallydifferamongculturalcontexts.

Ifitwerepossibletoofferour"truth"ofstaticstothosecultures,it

mightbeacceptedastechnicalinnovationorsimplyrejectedas

meaninglessongroundsofdeepideologicalprejudice.Andany

argumentthattherehasbeensomemonolithicevolutional

progressinstaticsisabsurd.Theheightsofonecultureare

unachievablebyanyotherculture.

Theequation,initself,isatautology.Inapplication,as

representation,itsmeaningisaculturalphenomenon.

Grammaticalrulesdetermineameaningandarenotasnwerableto

anymeaningtheycouldcontradict....Therulesofgrammarare

arbitraryinthesamesenseasaunitofmeasurement.
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Grammariscomposedofmorphologyandsyntax.Morphologyis

thestructureofwords,oralanguage'sbasicelements.Inspoken

languages,thisstructureisinvariant.Syntaxistherulesof

combiningwordsintolargerstructures.Insomelanguagesthereis

totalfreedomofsyntax.Othershaveverystrictsyntax.(Notthat

Wittgensteinwaseverboundbythesedefinitions.)

Grammarisforusapurecalculus(nottheapplicationofacalculus

toreality.)

"Therulesof[mathematics]arearbitrary"means:theconcept

'[mathematics]'isnotdefinedbytheeffect[it]issupposedtohave

onus.

Hespeakshereoflanguage,notmathematics.Butthisshowshis

usageof"arbitrary."Andthestatementisaproposofmathematics.

Therulesofgrammarmaybecalled"arbitrary,"ifthatistomean

thattheaimofthegrammarisnothingbutthatofthelanguage.

Therulesarearbitrarybutareselectedfromlimitedchoices.

Realitylimitsmeaningfulchoice.

Everyruleisgeneral.

Grammar,forWittgenstein,consistsoftherulesofalanguage,in

thiscasemathematics.Sowhenwelookattheresultsof

mathematics,wearenotlookingatintendedeffectsbutata

calculus.

Grammardescribestheuseofwordsinthelanguage.

Isthereadistinctionbetweenuseandpurposeinmathematics?

Ithinknot.

Grammarprescribestheformationofexpressionandequation.

Grammarproscribescontradiction,theonlyfalsehoodavailableto

tautologies.

Whatishiddenmustbecapableofbeingfound.(Hidden

contradictions.)Also,whatishiddenmustbecompletely
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describablebeforeitisfound,nolessthanifithadalreadybeen

found.

Inmostcases,werecognizecontradictioninmathematicsas

nonsense.Onlydeepideologiescauseustoclingtocontradiction.

Equationsaresignificant"propositions"inthattheyasserta

relationbetweenexpressionsandtheir(re)solutionand,perhaps,

theirremotereflectionofformintheworld.Theirsignificanceis

theextenttowhichtheyincreaseourunderstandingintheworld,

atatautologicalremove.

Wittgensteinalsosays:Anequationisaruleofsyntax.Ican'tmake

senseofthis.Andhedoesn'tdeveloptheidea.Perhapshewas

tryingitonforsize.

Anequationisanallusiontoaproof....Theproofispartofthe

grammarofthe[equation]...anewparadigm....Itisn'tsomething

behindtheproof,buttheproof,thatproves.

Withoutaformofrepresentation,anequation'ssignificance

reducestopurelymathematicaltautology.

Thepicturecontainingarepresentationisnotalwaysintendedasa

pictureoftheworld.Therearealsopicturesofour(formal)

understanding.Progresshereallowsustomoveaboutinthe

relatedideas.

Anequationcanbeadescriptionofafactonlyinsofarasitssense

canbemappedontoarepresentation.Butthismappingisoutside

ofmathematics.

Withanequationsomapped,trueorfalse,onecandraw

conclusionsfromit.

Andthis,evenifyoucannotclearlydistinguishtruefromfalse.

"Tounderstandp"meanstoknowitssystem.Ifpappearstocross

overfromonesystemtoanother,ithasinfactchangeditssense.

Tounderstandanequationmeanstoknowwhatitssensesignifies

withregardtotheoneormoremathematicalcontextstheequation
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ariseswithin.Lookinginthisdirectionislookingawayfromthe

world.Connectingsensetorepresentationlookstowardstheworld.

Thesenseoftheequationisinternal.Itisnotassertedexternally.

Senseistheunderstandingwehaveofourownmathematics,

viewedasaconstructofourownculture,withoutjudgingits

relationtotheworld.

Sensehassignificanceasitsgrowthinunderstandingleadsto

excellenceinourwork.Butthissignificancehasmeaningonly

whenitreachestheworldthroughbeingshownorshared.

Allofmathematics,asweuseit,isaconstructofourculture.To

thinkwecanevenimaginehowtheGreeksorthemedievalschool-

menthoughtisdelusional.

Thepastcanonlybeviewedandjudgedanachronistically.

Wemakeormakeoverallmathematicsinourownimage.

Theideologiesofotherculturesremaininthosecultures.Webring

ourownblinderstotheparty.

Anequationshowsnothing;ratheritshowsthatitssidesshow

something.

Thesenseofanequationistheconsequenceofitsexpressions.

Onecanpracticemathematicswithabsolutecorrectnessand

misunderstandeverythingelse.(Justgolistentoanon-

mathematicaltalkbythemathematicallyeducated.)

Anequationisafunctionoftheexpressionscontainedinit.

Theanalysisofanequationisunique.Processandresultare

equivalent.Nosurprises.

Anequationiscompletelyanalyzedifitsgrammarismadeclear--

inwhateveridiom.

Equationsexpresstheintersectionoftheirleft-handsideandright-

handsideexpressions.Theintersectionisitsownproof.(This

assumesoneisworkingwithprovenprocesses.)
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Thissolutionisassertedbyallpairsofexpressionswhichproduce

justthisintersection.Interpretationandsignificancelieoutsidethe

result.

Thereisamathematicalequivalenceofsuchsame-resultantpairs.

Buttheircontextssuggestdifferentinterpretationsofthepicture,

throughrepresentation.Somemightbeabsurd.Orstrangely

revealing.

Whatmakesitdifficultforus...isourcravingforgenerality.This

cravingforgeneralityistheresultantofanumberoftendencies

connectedwithparticularphilosophicalconfusions.

Wecannottalkofcontextsingeneralbutonlyofthisorthat

context.

Thereisnogeneralcontext.

Generalityisanideal.Forsome,itisafalseideology.

Inmathematicsthereisn'tanysuchthingasageneralizationwhose

applicationtoparticularcasesisstillunforeseeable....The

distinctionbetweenthegeneraltruththatwecanknowandthe

particularthatonedoesn'tknow,orbetweentheknown

descriptionoftheobjectandtheobjectitselfonehasn'tseen,is

anotherexampleofsomethingthathasbeentakenoverintologic

fromthephysicaldescriptionoftheworld.Andthatiswherewe

gettheideathatourreasoncanrecognizequestionsbutnottheir

answers.("orbetween..."asclarification,notassecondexample.)

Theonlyassertionofanequationistheresult.

Equationstautologicallyshowtheirresult.

Wethenassertthattheresultmeanssomething.

Whatistheconnectionofsignandthingsignified?Thatweregard

onlytheirlogicalcontent.

Thereisnoreasontooverload"solution"withtheburdenof

"meaning."Thesolutioncanbeinterpretedmathematicallywithno

pictureinvolved.Thisisitssense.
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Senseisnotformalisticabstraction.Thesenseofasolution

expandsourunderstandingofthisequationwiththeseexpressions

inthiscontext(whichcouldbeasgeneralaspossible.)

Thereisalwayssomethingofacontextwhereveranequationarises.

Theprogressivesensewithinamathematicalcontextsimply

restateswhatwealreadyknewaboutmathematicalprogress.

Realizationworksinwardlyaswellasoutwardly.

Thesignofarule,likeanyothersign,isasignbelongingtoa

calculus;itsjobisn'ttohypnotizepeopleintoacceptingan

application,buttobeusedinthecalculusinaccordancewitha

system.

Mathematicscanbeexpressedwithoutreferencetowhatisoutside

mathematics.Whatisoutsidecomesonlyintoourdoingof

mathematicsand,eventhen,notintotheequationsthemselves.

Nothingrisesaboveitssource.Composedoftautologies,equations

canonlybetautologies,expressingonlytruthintheirlimitedway.

Themathematiciancreatesessences....Themathematicianisan

inventor,notadiscoverer.

No:themathematiciandiscoverstheformsinwhichtheessenceof

numbercanbeexpressed.Theessenceofnumberforcesitsforms

uponusthroughonediscoveryafteranother.

Aformisdiscovered,notinvented,becausejustthisformforces

itselfuponusandbrooksnoalteration.

Formsareinspiredbyrealization,bytheapprehensionofreality.

Thisinspirationofmeaninginformsthesenseoftheequation.

Theequationshowstheboundariesofitssense.Senseisthe

possibilityofmeaning.Boundedbyitsexpressions,itsuggests,

"Justthisintersection,properlyinterpreted,couldbetrue."

Itisoneofthemostdeeplyrootedmistakesofphilosophytosee

possibilityasashadowofreality.
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Equationsarenotequationsofprobability.Probabilityisacontext.

(Onewithamodern,andfalse,metaphysic.)

ThinkerslikeCharlesPeirceandMichaelPolanyigraspedatchance

asadefenseagainstLaplaceanmechanism.Butmechanismisonly

apartialunderstanding,achild'sdrawingoftheuniverse,and

existsonlyinthefinitemind.Probability,asmathematic,isa

declarationofignorance.

Heisenberg'sUncertaintyPrincipleassumesaninfiniteregress

whichisitselfthemanifestationofafalsemetaphysic.Itassumes

aninfinityofsmallerandfasterparticlesandaneternalinadequacy

ofmeasurement.

Infinityisexpansion,notcontraction.Youcannotpenetratethat

whichisalwaysinfinitelymoreinordertoreachitsnon-existent

finitebeginning.

Ontheotherhand,finityhasanend.Whenthesmallestparticleis

reachedandtheinstrumentsofmeasurementcatchup,

Heisenberg'sprincipleisnolongerevenausefulheuristic.

Well,ifeverythingspeaksforanhypothesisandnothingagainstit--

isitthencertainlytrue?Onemaydesignateitassuch.--Butdoesit

certainlyagreewithreality,withthefacts?--Withthisquestionyou

arealreadygoingroundinacircle.

TheBigBangTheoryisaparadox,acontradictionarisingfrom

runningafinitemodelofastronomyandthermodynamics

backwardsintoaninfiniteantinomyofreason.

Intheirlatephases,allculturesreframetheirdeepestideologiesin

termsofwhattheyunderstandtobe"reason".Itwasn't"God",it

wasthe"Singularity";itwasn't"DivineWisdom",itwas"Chance";it

wasn't6000yearsago,itwas10tothe6000,orsimilar.

Veryintelligentandwell-educatedpeoplebelieveinthestoryof

creationintheBible,whileothersholditasprovenfalse,andthe

groundsofthelatterareknowntotheformer.
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Bothofthesecreationtheoriesaskforaleapoffaiththata

reasonablepersoncoulddeclinetomake.

Whatmustamanbecalled,whocannotunderstandtheconcept

'God,'cannotseehowareasonablemanmayusethisword

seriously?Arewetosayhesuffersfromsomeblindness?

Refusaltoplaceabetisneitheraffirmationnordenial.Andyetone

mayemphaticallyrefuse.

Introducingametricintoamythicalspacedoesnotmakeitless

mythical.

Whatthislanguagedescribesisapicture.Whatistobedonewith

thispicture,howitistobeused,isstillobscure.Quiteclearly,

however,thismustbeexploredifwewanttounderstandthesense

ofwhatwearesaying.Butthepictureseemstospareusthiswork;

italreadypointstoa(very)particularuse.Thisishowittakesusin.

Religionandmaterialism,theismandatheism,bothpeerdownon

thesamenarrowgroundofaculture'sdeepestideology.Theyare,

inasense,equivalent.

Ideologyisopposedtorealization.

Realityliesoutsideideology.

Ifoneacceptsthedoctrineofprobabilityandbelievesone'sselfto

beinaninfinitestructure,itisinfinitelymorelikelythatoneisin

themiddleofthestructurethanthatoneisacountabledistance

fromoneofitsputative"ends."

Youcannotcountyourwayoutofinfinity.Youcan'tcountyourway

intoiteither.Theinfinitehasnobeginning.

Theformofthenaturalnumbersistheinfiniteexpressedfroma

finitestandpoint.Countingmakesthepicturefinite.

Infinityasacenterlessexpansion.(Thewaysquirrelspropagate

overanarea--butonamuchlargerscale.)
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AtemporalFirstCause,atwhateverremove,isanantinomyof

reason,areligiousbelief.

Infinitesomethingfromnothingis,asitwere,thegodof

materialism.ThescriptureforsuchareligionwouldbeH.G.Well's

AnOutlineofWorldHistory.(Postgate'saddendumasNew

Testament.)Further,infinitesomethingfromnothinghasuniquely

Judeo-Christianorigins.Nootherculturecouldconceiveit.

Probabilityandstatisticsmaketheignoranceofthefiniteminda

principleoftheuniverse.

Thatisnottheuniverse.Andametaphysicthatenshrines

ignoranceisnotapracticalmetaphysic.

Equationssaynothingabouttheworld.

Equationsshowourunderstandingoftheworldwithinthelimitsof

ourrepresentations.

AlawofthecalculusthatIdonotknowisnotalaw.OnlywhatI

seeisalaw;notwhatIdescribe.Thatistheonlythingstandingin

thewayofmyexpressingmoreinmysignsthanIcanunderstand.

Equationsexpresstrulytheintersectionoftheirequated

expressions.Therearenolawsofoperationsbeyondthis.

Additionsoftautologiestoatautologyservetonarrowthesense.

Inferenceofmathematicalresultstakesplacewithinmathematics.

Interpretationofmathematicscomesfromoutsidemathematics.

Anyequationshowsbyitsinternalrelationsthecontextsitsstands

within.Nofurther"foundation"addsanythingtothis.

Anequationboundsthespaceofitsnegation,thenegationofits

sense.Andnegationhasonlythemultiplicityofthenegated.

Thepropositionsoflogicaretautologies.Onecanperceiveby

symbolalonetheirtruthorfalsehood.Realpropositions'truth

comesfromoutsidetheirform.Logicalpropositionspresentthe

scaffoldingoftheworld.
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Logic,beingformedoflanguage,oftenliesclosertotheworldthan

mathematics.

Tautologyissharedbyallmathematicalexpressionswhich,in

themselves,disregardingcontext,havenothingincommonwith

eachother.

Tautologyisthesubstancelesscenterofall[equations].

Equationsareindependentofthetruthabouttheonlyworld.They

speakonlytothetruthofconceptualrelations.

Mathematicsmorepowerfullyrelatestotheworldthemoreclearly

itreflectstherealities,ortruth,ofconsciousness.

Truthisnotrelative.Onlyourrelationtoitisrelative.

Inthepicture,mathematicalcontext,formofrepresentation,and

judgmentcometogethertobridgethisgapoftruth.

Webringoutanequation'srelevancetoourthoughtbychoosing

theexpressionsitarisesfrom.

Thesenseofapropositionisinterpretedfromitsresult.

Thesenseofanequationisinterpretedfromitsintersectionof

expressions,itsresult.

Anequationsometimesbeginsasanexpressiontosolve:

∫x²dx=what?

andwesupplythewhat:

∫x²dx=⅓x³+C

Herethesenseofthesolutionorintersectionisverynarrow.

Oranequationcansettwoexpressionasequivalents:

x²+y²-x-y=xy+x+y+39

Ineithercase,oncethereisaLHSandaRHS,anintersection--the

solution--isestablished.

Twoequationsarethesameiftheirsolutionsareformsofthe

samething.Theinterpretationoftheirmeaningwithinacontextor
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withinarepresentationisanotherthingaltogether.

Processandresultareequivalent;therearenosurprises.

Theintersectioncanbeempty.

Theintersectioncanbesimpleorcompound.

Inanycase,theintersectionisatautologydeterminedbythe

expressionsoneitherside.

Ageneralmethodisinitselfaclarificationoftheessence(nature)

oftheequation.Again,itisn'tanincidentaldevicefordiscovering

anextension,it'sagoalinitself.

Generalequationsshowtheirgenerality,whichboundsthescope

ofspecificity.

Generalityinmathematicsdoesnotstandtoparticularityin

mathematicsinthesamewayasgeneraltoparticularelsewhere.

Thegeneral[equation]doesnotenumeratetheparticular

[equations].Itdefinestheirspace.It'sgeneralityliesinthe

grammaticalpropertyofitsvariables.

Expressionsarepossibilitiesofstructure.Generalequationsshow

whatstructurescanbevalid.

Theequationdelimitstherangeofitsexpressions.

Ifitwereimpossibleforageneralsolutiontobeappliedto

anythinglessthanacompletegenerality,itsvaliditywouldvanish

andtheequationitselfbewithoutpossiblesignificance.

Equationscanonlybethoughtofascompletelygeneral,solongas

weignorethemathematicalcontexttheyarisefrom.Ifwedoso,

theyhavenosense,nosignificancetousatall.

Thisisfalseformalism.Trueformalismismuchmorethanthis.

Therearenocompletelygeneralequations.

Ifthereweregeneralequationswewouldhavetodefinewhere

specificitybegins.Thiswouldrequiremorethanputtingtwo

expressionsaroundanequalssignandsaying,"There,that's
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completelygeneral,"asthissaysabsolutelynothing.

Everyequationarisesfromsomemathematicalcontext.The

equationinheritssomethingofthespecificityofthecontext.

Asweassignvalues,specificityincreases.Butthegeneralequation

istheinitialspecificity.
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Expressions

Algebraicexpressionsarestipulations.Thesystemofalgebraic

expressionscorrespondstoasystemof[mathematical]inductions.

...Algebradealswiththesubstitutabilityofotherpartsofspeech.

Theexpressionhasbothformandsense.

Expressionsaretautologies,significanttotheextentthatthey

expresstheirsensewithinsomemathematic,butsayingnothing.

Theymustjustifythemselves.Theyassertonlytheirownreflection

ofform.

Inlogic,atautologyistrueforalltruthvalues.(Wearetalkingof

truthtableshere.)Acontradictionisfalseforalltruth-values.

Tautology(andcontradiction)showthattheysaynothing.Theyare

withoutmeaning,arenotpicturesoftheworld,presentnopossible

factsorobjects.

Inmathematics,everythingmustbejustified.Buttheprimitive

language-gameweoriginallylearnedneedsnojustification,andthe

falseattemptsatjustification,whichforcethemselvesonus,need

toberejected.

Agame,alanguage,arule,isaninstitution.

Someexpressionscanbetentativeastheyawaitconfirmationbya

"consensusoftheelect."Thisisnotthesameassubmittingaproof

andawaitingconfirmation.Ithastodowithcommunalchoicesof

extension,i.e,√-1.

By"consensusoftheelect"ismeanttheagreementofthosewho

determinethedirectionoftheinstitutions,inalargersense,of

mathematics.

Allinstitutionsageintotheerrorsofecclesiasticism.

Thissense[ofanexpression],itscontent,isakindoffreevariable.
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Allexpressionsarenumber--eitherasinglenumberorasetof

numbers.

Thesenseofanexpressionisthatwhichittakesfromthe

mathematicinwhichitarisesand,beyondthat,itssenseinthose

mathematicsinwhichitisapplicable.

InEuclid,onecanbeginwithaproportionoflengths:

lenA:lenB::lenC:lenD

andarriveatratiosoflengthandarea:

lenA:areaA::lenC:areaC

Oneoperationonproportionisa:b-a::c:d-c:

lenA:areaA-lenA::lenC:areaC-lenC

Herewewouldhavetoaskwhatsensehas"areaminuslength."

Andouranswerwouldbeinfluencedbythemeaningwecould

realizeintheresult.Ifwewereunabletosupplyasenseofthis

subtraction,backedbyourunderstandingandourgraspof

meaningandyethadameaningfulresult,wemighthavetoexpand

ourunderstandingofsubtraction.

Lackofsensecomesfromlackofmeaningfulintention.

[Algebra's]generalitydoesn'tlieinitself,butinthepossibilityof

correctapplication.

Withexpressions,therecanbenoclassification,noside-by-side

comparison,no"moregeneralandmorespecial."

Expressionsarenumericallyindifferenttothevaluesassignedthem.

Anelementaryexpressionassertsthetruthofasimpletautology.It

ismerelyaconcatenationofnamesandoperators.Anditcannot

becontradictedbyanotherelementaryexpression.

Anexpressioncannotpossiblyassertofitselfthatanythingbeyond

itssenseandformaretrue.

Expressionscanbeanalyzedforclaritybutnotforcontent.Full

analysispresentsthesimplestform.

Sothereisnoquestionof"atomic"or"molecular"expressions.
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Asimpleexpressionisanexpressioninitssimplestformandwe

recognizeitassuch.For,ifwecouldmakeitsimpler,wewould--

forourownconvenience.

Wesimplifyanexpressionsolongastheresultcontinuestobe

equivalenttotheinitialstate.Initssimpleststate,ifitisnotunitary,

wecandecomposeitintothesimplerexpressionsitcontains.

Butthislowerhierarchyismeaningless.Theoriginalsimplestform

isthetotalityoftheexpression.

Acomplexexpressionreducedtoitssimplestformmightappearto

changecontexts.Thisissimplyamatterofusage:"Butwedon'tsay

itthatwayhere."

Therearehierarchiesofexpression.Distinctionsoftypearisein

contexts.Butonceinusewithinequations,theyrisetotheir

naturallevelofgenerality.

Thesenseofanexpressionis"thesevariablesandconstantsare

subjecttotheseoperations."Thissensesuggestsapicture.But

moreunderstandingformsatruerpicture.

Suchpicturesareonlypossibilitiesofequationsusingthese

expressionsinagivenrepresentation.

Ifwearrangeanexpressionunmathematically,itceasestobean

expression.

Onlymalformedexpressionsaresenseless.Andthesearehardto

producebecausemathematicscontinuallybringstothe

meaninglesssignanappropriatecontextualmeaning,i.e.zero,

negativenumbers,complexnumbers,agenealogicaltreeof

differentnumberconcepts.

Weareledtofindextensionstoourbasicconceptsthatwill

eliminatetheexceptions.--RichardCourant.

Wedothisbystating,mathematically,thepropertiesofthe

extensions.Suchstatementsshouldexcludemetaphysics.

Everyexpressionofmathematicsmustexplainitself.
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Ourdiseaseisoneofwantingtoexplain.

Thelawsofcomposingexpressionsaretheexpressions'only

explanation.Wecannotgowronginmathematicswithin

mathematics.Inthissense,falsehood(eventually)excludesitself.

Theinternalsenseoftheexpressionpointstopossibleexternal

connections.Butthisinternalsensecannotexplaintheconnection

oritsobject,bothofwhichlieinmeaningandunderstanding.

Mathematicsisatbeststronglysuggestiveofmeaning.

Falsepremisescomefromoutsidemathematics.

Inmathematics,atautologysimplyreducestoitssimplestform.Its

generalformexpressesitsmathematicalsenseandnothingelse.

Inlogic,whatisnotatautologyorcontradictionissubjecttotruth

values.Truthconditionsdeterminetherangewhichislefttothe

factsintheproposition.

Mathematicalexpressionshavearangelimitedonlybyreason,

understanding.

In"numerical"mathematics,therearenocontradictionsoreven

propositions.

Thelevelofspecificityofanexpressioninanequationdetermines

therangeofitscontainingequation'ssolution.

Anexpressionisaname.Itsnegationdeniesthatname.Sucha

negationisnon-mathematical.Theexpressionissimplyseenas

incorrectinaparticularusage.

Inanequation,expressionsareusedtoassertthat,inthecontext

oftherepresentation,thesenamesdoordonotexist.

Thenamecanbegeneral(x)andlaterusedtopointtoanobject.

Anexpressioncannotbenegatedinalogicalsense.Theexpression

"a+b"isallof"a+b","-a+b","a-b",and"-a-b"untilwebegintobe

specific.
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Negationonlytakesplaceinthepicture.Itsays,"No,this

expressionhasnosignificancehere."

Bothnegationandcorrectionarethenpossible--outside

mathematics.

Specificitynarrowstheintersectionofexpressionsinanequation--

eitherinsizeorthroughcontext.Bothhaveanimpactonmeaning,

accordingtotheirweightinthejudgmentsmade:

Solutioninageneralcontext:wehavejustthesevalues.

Samesolutioninanalyticalgeometry:wehavejustthesepoints.

Generalformofaproposition:suchandsuchisthecase.

Generalformofanexpression:uponthesevariables,these

operationswillperformasexpected.

Anexpressioncanbetheresultofanoperationwhichproducesit

fromotherexpressions.

Alloperationsproduceatautologicalresult.

Wedon'tknowwhatanexpressionwillsay,inrepresentation,until

itismadespecific.Butweknowhowitwillsayitandthatitwillsay

thetruthregardingitssense.Andtheequationcontainingitwill

definetherangeofthattruth.

Operationgivesexpressiontothedifferencesbetweenforms.It

doesnotcharacterizeformsorsense.Nordoesitassert.

Thecontextdoesnotenterintotheexpression.Itremainsoutside,

asapointofview.

Weareabletoprojectthesense--theideaswebuiltthe

expressionfrom--outoftheirgivencontextintotheirformsin

anothercontext.Andwithineverycontexttheycanbechangedinto

equivalentgeneralorspecificexpressions,withdifferentsenses

andimplicationsofmeaning.

Becauseexpressionsariseinmathematicalcontextsandthose

contextsareoftenaddressingrelationsandobjectsintheworld,

theexpressions,therefore,naturallysuggestapicture.
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Wedonotassertthisorthatwithexpressions.Thenatureofthe

essentiallynecessarysigndoestheasserting.Orrather,itdoesall

theassertingitcan.Itassertsitsownform.

Theformandtherulesofsyntaxareequivalent.SoifIchangethe

rules--seeminglysupplementthem,say--thenIchangetheform,

themeaning.

Anysensetheexpressionhasispurelymathematicalandisfurther

specifiedbythespecificequation.Noneofthissensecrossesthe

gapofunderstanding.Itmerelypointsinthedirectionof

possibilities.

Anexpressionisnotapicture.Itisaneutralthing,waitinginthe

wings.

Generalexpression:theideaofalllines:

ax+by+c

Restatedasgeneralequation:

ax+by=-c

y=(-a/b)x+(-c/b)

Noformispre-eminent.Specificityisthenarrowingorfocusingof

thesenseoftheform.

Equationofonepointonalllines:

ax+b=0

Assigningvaluesincreasesspecificity.

Theequationofoneline:

y=3x+1

Ofonepointonthatline:

3x+1=0

Assigningvaluestoallthefreevariablesmaximizesspecificity.

Allthisbywayofdefiningterms:general,specific.Nothing

surprisingorhidden.
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Expressionsalsohaveformsrelatedtocontext.Butanywherethe

aboveexpressionsarise,thelinesarelinesandthepointsare

points.Andthisissoeveniftherearenopointsorlinesinthe

intendedformofrepresentationorpicture.

Inshort,ax+by+cisalwayssubjecttothelawsoflinesinany

context.Lineshaveallthesensesoflines.

Allsensesarelatentinthe"general"expression.

Similarly,with

xn+yn=zn

Theexpressionx+ystandsinsomerelation(>=<)toz.Andif

x+y>z

thenx,y,andzfallunderallofthelawsoftriangles,notonlyin

algebraicgeometryorinpuregeometrybutanywhereelsethis

relationarises.(YoushouldnowbeabletosolveFermat'sLast

Theoreminsixtoeightlines.)

Allformsarelatentinthegeneralexpression.

Eachcontextfromwhichanexpressionarisesgivesthatexpression

asensepeculiartothecontext.Thesedifferentsenseslend

themselvesintherepresentationtodifferentinterpretations,

differentforms.

Allthisbywayofdefiningtheformofnumber,whichisabasisof

praxis.

Everysigniscapableof[subjectto]interpretation;butthe

meaningmustn'tbecapableofinterpretation.Itisthe[resultofthe]

last[final]interpretation.

Andwithnumber,itsformisitsmeaning.

Onecanmorefullyandeasilyexpressmathematicsthemorefully

andeasilyonecanrecognizeequivalentformsandtheprinciples

theseformsfallunderindisparatecontexts.
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Justastherearenopre-eminentmathematics,therearenopre-

eminentexpressions,contexts,orforms.Eachprovidesadifferent

perspectivetoagivenidea.Eachgivesrisetoitsownpossibilities.

Themostbasicformsarethemostpowerful.

Senseisthereforeinnowayinferiortomeaning.Understanding

theformofnumberandtheconsequencesofmathematic'struth

groundsarejustassignificantastherealizationofrealityinthe

onlyworld.Mathematics,aswedoit,occursintheonlyworld.

Formofexpression:suchthatwecannotsay,"itcouldnothave

beenforeseenthattherewassuchathingasthis."Forthatwould

meanwehadanewexperienceandthatittookthattomakethis

formpossible.

Formfollowsfromrealization.

Formislatentintheidea.Webringitoutaccordingtoour

understanding.
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TruthGrounds

Mathematicsisanassertionthatnumber'sconsequencescanbest

bedescribedbyusingourtruthgroundsandoperators.Iwantedto

add"axioms"butaxiomsareeitheratruth-groundoracheat.

Itisnotsingleaxiomsthatstrikemeasobvious,itisasystemin

whichconsequencesandpremisesgiveoneanothermutual

support.

Thetruthgroundsareanagreementonhowwearetousenumber.

Thevariousmathematicsaretheconsequencesofthisagreement.

Theconsequentexpansionofmathematicsshowstheboundless

basisofconsciousness.

Logicandmathematicsarenotbasedonaxioms,anymorethana

groupisbasedontheelementsandoperationsthatdefineit.

Thetechniqueofourworduseisalwaysatacitpresupposition.

Mathematicsisinterestedonlyinrealitybutonlytherealityofthe

formofconsciousness.BythisImeantheformwhichexcludesthe

un-logical,thefalse.

Inlogic,thetruthgroundsare:

1)names:p,q,...

2)basicoperators:not,and,or,implication

3)thesimplesttruthrelations,sixteeninnumber:

(TTTT)(p,q) (p=>p&q=>q)

(FTTT)(p,q) !(p&q)

... ...

(FFFF)(p,q) (p&!p)&(q&!q)

Theold[19thC.]logiccontainsmoreofconventionandphysics

thanhasbeenrealized.Ifanounisthenameofabody,averbis

todenotemovement,anadjectivetodenoteapropertyofthebody.
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Formallanguages,astheyarise,arisefromthestructuresofthe

prevailingmetaphysic.Theyareideologicalpicturesof

consciousness.

Logicmusttakecareofitself.

Mathematics,aswell.

Ifanylogic"underlies"mathematics,itisnotthemodernformal

logic.ItisthelogicfoundinEuclidwhichisstillusedasthe

justificationof"spatial"mathematics.Butthislogicco-existswith,

anddoesnotunderlie,mathematics.Inthisco-existence,thetwo

areinseparable.

'Mathematicallogic'hascompletelydeformedthethinkingof

mathematiciansandphilosophersbysettingupasuperficial

interpretationoftheformsofoureverydaylanguageasananalysis

ofthestructuresoffacts.

Whenmodernlogicwastryingtoputafoundation"under

mathematics"(Whitehead,Russell,Frege,et.al.),modernlogicwas

stilltryingtofigureoutwhatitsownsymbolismwasandwhatthe

scopewasofexpressionsusingthosesymbols.Itwasstill

strugglingwiththequestion,"Whatisaproposition?"

Geometryandgrammaralwayscorrespondwithoneanother.

Logicwasbornwithgeometry.Itisadisciplineofthought

expressed--amethod,notabasis.Settheoryisamethod,nota

basis.Youcandrivefromheretothereineithercar.Orjustwalk.

(ItmightbesupposedfromthistextthatWittgensteinandIare

somehowopposedtosettheoryandothermodernmathematics.I

donotbelievethatistrueinhiscase.Itiscategoricallynottruein

mine.)

Wittgenstein'sconceptofgeometryisabroadandfundamental

idea.Idonotpretendtoentirelygrasphismeaning.Itisfarfrom

trivialandextendsbeyondmathematics.



61

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Euclideangeometry:Whatisdemonstratedcan'tbeexpressedbya

proposition.

Itisexpressedbylawsandbyachainoflogicalconsequences

leadingtoaproposition.

Tosaythatlogicorsettheoryunderliesmathematicsistosaywe

didn'tknowwhatweweredoing,insomefundamentalsense,until

formallogicorsettheorycamealong.Butitwasonlyformallogic

andsettheorywedidn'tunderstand.

Settheorybuildsonafictitioussystem,thereforeonnonsense....

Inmathematicseverythingisalgorithmandnothingismeaning....

Insettheory,whatiscalculusmustbeseparatedofffromwhat

attemptstobe(andofcoursecannotbe)theory.

Suchbasesarechosen,nottosupportmathematics,buttosupport

anddevelopapointofviewregardingmathematics.Theseare

transientideologicalpictures.

Mostmathematiciansareunawareofthetransienceof

mathematics.Thesamefalseideologybehindthethoughtof

progressinfectsourideaofthelandscapeofmathematics.

Apointofviewshouldbejudgedbyitsfruits.

Arithmeticisthegrammarofnumbers.

Arithmeticisamoregeneralkindofgeometry.

Arithmeticdoesn'ttalkaboutnumbers,itworkswithnumbers.

Arithmeticalexpressionsareautonomous.

Tounderstandmathematicsistotakeinasymbolismasawhole.

Truthgroundsarenotpropositions.Theyarestipulations.

Truthgroundsareeverywhereapplicable.

Truthgroundsaretheintersectionofallgrammar.

Axiomsareonlypostulatesoftheformofexpression....Something

isanaxiom,notbecauseweacceptitasextremelyprobable,nay

certain,butbecauseweassigntoitapeculiarfunction,andone
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thatconflictswiththatofanempiricalproposition....Byaccepting

apropositionasself-evident,wealsoreleaseitfromall

responsibilityinfaceofexperience.

Axioms,accordingtoFrege,havetwosignificances:

1.Therulesbywhichyouplay;and

2.Theopeningpositionsofthegame.

Agamedoesnotjusthaverules,ithasapoint....Mathematical

propositionsarenotpositionsinagame.Andinthiswaytheyare

notprophecieseither.

Whenaxiomsaremadethetruthgrounds,webelieve

(axiomatically)theyarerequiredtobeconsistent,complete,and

independent.

Ontheformertwo:resultsindicatethatsucheffortscannotbe

completelysuccessful,inthesensethatproofsforconsistencyand

completenessarenotpossiblewithinstrictlyclosedsystemsof

concepts.Remarkablyenough,allthose[Formalist]argumentson

foundationsproceedby[Intuitionist]methodsthatinthemselves

arethoroughlyconstructiveanddirectedbyintuitivepatterns....[It]

wouldbecompletelyunjustifiedtoinferthatthelivingbodyof

mathematicsisintheleastthreatenedbysuchdifferencesof

opinionsorbytheparadoxesinherentinanuncontrolleddrift

towardsboundlessgenerality.--RichardCourant

Aconsistencyproofcan'tbeessentialfortheapplicationofaxioms.

Forthesearethepropositionsofsyntax.

Thefundamentalfacthereisthatwelaydownrules,atechnique,

foragame,andthatthenwhenwefollowtherules,thingsdonot

turnoutaswehadassumed.Thatweareasitwereentangledin

ourownrules.Thisentanglementinourownrulesiswhatwewant

tounderstand.Itthrowslightonourconceptofmeaning

something.

"Thislawwasnotgivenwithsuchcasesinview."Doesthatmean

thatitissenseless?
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Ifinconsistenciesweretoarisebetweentherulesofthegameof

mathematics,itwouldbetheeasiestthingintheworldtoremedy,

Allwehavetodoistomakeanewstipulationtocoverthecasein

whichtherulesconflict,andthematterisresolved.

Itseemedworthwhiletopointout[anaspectofalgebraicgeometry]

forthereassuranceofyoungmathematicianswhohavejustheard

ofGödel'sTheoremandexpecttheeminentcollapseof

mathematics!Whatevermaybesaidofsuchanattitudeontheir

part,itiscertainlyindicativeofaseriousconcernforoursubject

andsoshouldberegardedwithsympatheticunderstanding.--W.E.

Jenner

Thetruthgroundshaveconsistentlyledtocontradictions--

negativenumber,negativesquareroots,evenexponentialnotation

wasastruggle.Atnopointhavewethrownoutthetruthgrounds.

Wesimplyextendthem.

Thereisadifferencebetweenamistakeforwhich,asitwere,a

placeispreparedinthegame,andacompleteirregularitythat

happensasanexception.

Itstillremainstruethattherearenonegativeapplesandthatno

negativenumberhasaintegerforasquareroot.

Wearenotjustifiedinhavinganymorescruplesaboutour

[mathematics]thanthechessplayerhasaboutchess,namelynone.

Ifthecontradictionsinmathematicsarisethroughanunclarity,I

canneverdispelthisunclaritywithaproof.Theproofonlyproves

whatitproves.Butitcan'tliftthefog.

Alackofclarityindicatestheinfluenceofafalsemetaphysic,

usuallycomingfromthedeepestculturalideology.

Ourinabilitytothinkotherwise,toescapeourfundamentalcultural

assumptions,dimstheclarityofthetruth.

Mathematicscannotbeincomplete,anymorethanasensecanbe

incomplete.WhateverIunderstand,Imustcompletelyunderstand.
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Weunderstandallthatwehaverealized,allwhichwecan

demonstrate.Butfromitsboundlessbasis,understandingcanonly

increase.

Ourunderstandingisarealityintheonlyworld.

Noconceivableexperiencecanrefuteapostulate,eventhoughit

maybeextremelyinconvenienttohangontoit.

Ourpostulatesarethoseideasaboutwhichwecannotthink

otherwise.Theseareideals.

Itisimportanttodistinguishbetweentheidealsofidealismas

philosophyandidealsastranscendentalideals.Theformerarea

falsereificationclaiminghegemonyforthelimitedmind.Thelatter

aresimplythoseconceptsweunderstandcompletelybutwhich

cannotbeexperienced:aninfiniteplane,infiniteparallellines.

ThefailuretodistinguishbetweenthetwoledtotheGreatPanicof

Non-EuclideanGeometry.Thisreactionmerelyshowedtheextreme

philosophicalnaivetéofthosewhopanicked.Thereisalwaysroom

formoretranscendentalideals,solongastheyaregenuinely

meaningful.

Theaxiomsofgeometryarenottoincludeanytruths....The

axioms--e.g.ofEuclideangeometryarethedisguisedrulesof

syntax.Thisbecomesveryclearifyoulookatwhatcorrespondsto

theminanalyticgeometry.

Expansionsofmathematicswhichretainthecoherenceofthetruth

groundsincreasethepossibilityofwhatcanbeexpressedin

mathematics.Theygivetomathematicsalargersenseofwhatcan

besaid.Andthisincreasesourpowersofrepresentation.

Increasingthesensesoftheequationsexpandsourpossibilitiesof

expressingtheworldmeaningfullyinourpictures.

Inabandoningthemeaningofsymbols,weabandonthewords

whichdescribethem.--AugustusDeMorgan
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ForDeMorgan,abandoningthemeaningwasthebasisofhis

constructionofDoubleAlgebra,nowvectoralgebra.Butmeaning

wasonlyabandonedinordertocreateanewsenseuponold

symbols.

Asforremaininginmeaninglessness:Wearealwaysindangerof

givingamythologyofthesymbolism.

Inmathematics,thetruthgroundsarethenaturalnumbers,the

fouroperators,andthesignofequivalence.Everythingelseis

forcedintoexistencebythese.

Numbersarepicturesoftheextensionofconcepts.

Numbersaretheresultsofextendedconceptsbutshownotraceof

theconcept.

Mathematicaloperationsarenotlogicaloperations.Theyguidethe

alterationofinternalrelations.

Thetruthgroundsoflogicenableustoexpressourunderstanding

oftheworld.Thetruthgroundsofmathematicsenableusto

expressourunderstandingoftautologicalsense.

Wecanmorecompletelygraspthetautologiesofmathematics

becausetheythemselvesaretranscendentalideals.

Realityisnotatranscendentalideal.Neitheristheonlyworld.

Thoughtcontainsnothingmorethanwasputintoit.

Nothingunderliesthetruthgrounds.

Youcan'tgetbehindtherules,becausethereisn'tanybehind.

Itdoesnothingtolookbehindprimitives.Lookingforwhat

underlies"thought,"youfindonlypsychologicalandmetaphysical

preconceptions,themselves"thought."

Andwhatyoulookwithis"thought"too.

Analysishasitsdeadlevel.Beyondthis,self-delusion.

Everythingwhichdoesnotbelongtothenumbercalculusismere

decoration.
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Thetruthgroundsofabora+barea,b,andtheoperations.

Nothingliesbelowthis.Therearenofoundationsofthetruth

grounds.

Truthgroundsareachoice.Buteveryonemustagreetothischoice.

Thisagreementisalwaysbaseduponthedeepestideologyofa

culture.

OurtruthgroundsarenotthoseoftheGreeks,Chinese,Egyptians,

orIndians.InGreekgeometry,nothingmoved.Allwasstatic,solid.

Euclidwasevensqueamishaboutsuperposition,usingitreluctantly.

Primitiveideasareindependentofoneanother.Anewprimitiveis

introducedatonce,everywhereitcanoccur.

Truthgroundsarecompletelygeneralandfreeofallcontext.

Aruleofsyntaxcorrespondstothepositioninthegame.(Canthe

rulesofsyntaxcontradicteachother?)Syntaxcannotbejustified.

Symbolismobeysthelawsofmathematicalgrammar,expressing

mathematicalsyntax.

Geometry,asmeasurementoftheworld,canbeinconsistentdue

tochoiceofsyntax.Butiftheinconsistencyisoutsideourpointof

view,forusitisoutofsight.Thestateofplayisconsistent.

Inmathematics,thesignsthemselvesdomathematics,theydon't

describeit.Themathematicalsignsarelikethebeadsofanabacus.

Andthebeadsareinspace.Aninvestigationofanabacusisan

investigationofspace.

Aswegrow,ourdescriptionsofwhatweunderstandareshownby

ourrealizationtobeinconsistentwithreality.Andsowealterour

descriptionstoapproachmorecloselytoreality.

Wecannotmakeanydiscoveriesinthesyntax.

Wedonotchoosethegrammarandsyntaxofreality.

Syntaxdrawstogethertheexpressionsthatmakeone

determination.
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Everycorrectsymbolismistranslatableintoeveryothercorrect

symbolism.

Misusedsignsproduceaccidentalconsequences.Butwecannot

giveasignthewrongsense.

Thenumberofnecessaryfundamentaloperationsdependsonly

uponournotation.Operationsareasetofrules.

Operatorsmustatleastencompasstherules.Butthereisan

optimumnumberofoperators,belowwhichobscurantismis

encouraged,andbeyondwhichclarityisdissipated.

Thenumbersystem,i.e.thedecimal,isnotthesubjectmatterof

number.

Thereisnopre-eminentnumber.

Theconcept"number"isnothingelsebutthatwhichiscommonto

allnumbers,thegeneralformofnumber.

Theconceptofnumberistheacknowledgementoftheconstant

inclusionofthatwhichcanbeharmoniouslybroughtunderthe

operationsofnumber.

Kindsofnumbercanonlybedistinguishedbythearithmeticalrules

relatingtothem.

Anirrationalnumberisalaw.

Onlyalawapproachesavalue.Inthecaseofapproximationby

repeatedbisectionweapproacheverypointviarationalnumbers.

Theexpressionofthelawspecifiesthenumber.

Thereisnoadequatelawofthesquarerootorwewoulduseiton

√2.Whatwehaveisamethodorheuristicforapproximatingsuch

asquareroot.Andthatheuristicconformstothelawwedohave

offindingthesquarerootsofperfectsquares.

Wegrasplawonlyfromourfinitestandpoint.Andtheinfinite

cannotbeexpressedfromafinitestandpoint.
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Theobjectionthat'thefinitecannotgrasptheinfinite'isreally

directedagainstthepsychologicalactofgraspingorunderstanding.

This,onlyifyouconsiderunderstandingtobeapsychologicalact,

whichitisnot.Understandingandrealizationarenecessarily

outsidethemodesofpersonality.Andpsychologyistheanalysisof

personality--thefalsesenseofindividuality.

Individualityhasuniversalintent.

[D]efinitionisonlypossibleifitisitselfnotaproposition.A

definitioncannotbedenied.Itisarulebywhichwemustproceed.

...Thedefinitionisakindofornamentcopingthatsupports

nothing.

Adefinitionisanassertionwithconsequences.Itistheentranceof

metaphysics:trueorfalse,practicalornot.

Thesystemisthelogicallyimportantthingandnotthesingle

symbols.

Symbolsareeithernames,operators,orsyntacticcandy.

f(x)=x²+x+1

isnotanequation.ItisanassertionthattheRHSisafunction.This

issyntacticcandy.Itmightbebettertoexpressthisas:

f(x):=x²+x+1

or

f(x)≡ x²+x+1

tomaketheassignmentclearer.

√aissyntacticcandyfortheconceptb:(b×b)=a

∑xi=x1+x2+...

issyntacticconveniencecandylikef(x).Syntacticcandyintroduces

nothing.Itisaformofabbreviation.
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Therewasinitialresistancebysomealgebraiststousingexponent

indicesbecauseitwasnot"associative",i.e.m ≠nnm.Butanis

merelysyntacticcandyforaaaa...[ntimes]...aaa.

Thatoperatorsappearintheuseofsuchcandydoesnotmakethe

candyanoperator.

Thesymbol∫isanoperatorbringinganewcontexttoold

operators.Wethenuseoldoperatorstoturn⅓x³into2x,orvice

versa,inthisnewcontext.
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Metaphysic

Inanyseriousquestion,uncertaintyextendstotheveryrootsof

theproblem.Onemustalwaysbepreparedtolearnsomething

totallynew.

Ihavefoundnobetterexpressionthan"religious"forconfidencein

therationalnatureofreality.…Wheneverthisfeelingisabsent,

sciencedegeneratesintouninspiredempiricism.--Einstein

Or"religion"≡"adherencetorationalnatureofreality"

Iffreeofallideology,thisthenisapracticalmetaphysic.

Thereisnoreligiousdenominationinwhichsomuchsinhasbeen

committedthroughthemisuseofmetaphoricalexpressionsasin

mathematics.

Ifyouareviewingthesepropositionsinareligioussense,youneed

toturnaround.Theypointintheoppositedirection.Whichisnot

thedirectionofmaterialism.(Ideashavemorethantwo

dimensions.)

Aseriousthreattothelifeofscienceisimpliedintheassertionthat

mathematicsisnothingbutasystemofconclusionsdrawnfrom

definitionsandpostulatesthatmustbeconsistentbutotherwise

maybecreatedbythefreewillofthemathematician.Ifthis

descriptionwereaccurate,mathematicscouldnotattractany

intelligentperson.Itwouldbeagameofdefinitions,rules,and

syllogismswithoutmotiveorgoal.Thenotionthattheintellectcan

createmeaningfulpostulationalsystemsatitswhimisadeceptive

half-truth.Onlyunderthedisciplineofresponsibilitytotheorganic

whole,onlyasguidedbyintrinsicnecessity,canthefreemind

achieveresultsofscientificvalue.--R.Courant

Scienceistherealizationofreality.
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Itwouldbeeasytomisinterpretthisquote.Butconsiderhow

harmoniouslyRichardCourantworkedwithDavidHilberton

MethodsofMathematicalPhysics.ThenconsiderHilbert'sworkson

axiomaticbases.ThenconsiderCourant'sacceptanceofGodel's

DiagonalProofandHilbert'seschewalofsame.

Herewehaveahithertounknownkindofinsanity.--Frege

Itisamistaketoviewthetruthofmathematicsaslying

fundamentallyonaplane,asifprojectedtherefromreality.Reality

showsthattruthhasaprofoundandpracticalmetaphysicaldepth.

Mathematicsmodelstherelationsofthisdepthasbestitcan.

Wesimplifythepictureofourworldbyremovingthedepthof

meaning.Weprojectthevolumeofexperienceontoaplaneof

ideology.Thenwesaytwothingsarealikebecausetheyare

congruentlyprojectedontotheplaneofourchoosing.Wedothis

withinandwithoutmathematics.

Mathematicsmustrelyonthesamemetaphysicbywhichrealityis

successivelyrealizedanddemonstrated.

Amainsourceofourfailuretounderstandisthatwedonot

commandaclearviewoftheuseofourwords.

Thehegemonyofthehumanmindisafundamentalideologyinour

culture.Notallcultureshavesharedthisview.Sometotheir

advantage,sometotheirdetriment.

Whyisitimportanttodepictanomaliesaccurately?Ifsomeone

can'tdothis,itshowsthatheisn'tquiteathomeyetamongthe

concepts.

Iwouldliketosaythatinfinityhoststhelastlingeringmetaphysical

falsehoodinmathematics.Butonconsideration,existenceisalsoa

falsemetaphysicalviewinmathematics.Andbothoftheseare

boundupintheconceptofthecontinuum.



72

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Therearemany"figuresseven"butthereisbutone"number

seven,"because"numberseven"isidea,oneidea.Onthesame

principlethereisbutoneeverything.--EdwardKimball

Thereisbutoneinfinity.Asinfinity,itmusthaveinfiniteaspects.

Mathematically,itisonlytheabstraction:"andsoon."Buteventhis

hasitsnecessaryconsequences.

Theinfiniteisthatwhoseessenceistoexcludenothingfinite.

≡ thatwhichcannotbedividedintoparts

≡ thatwhichisnotaffectedbydivision

≡ thatwhichoffersinfiniteopportunityfordivision

Theseveryrealaspectsofmathematicalinfinitybegintoshowthe

paradoxicaleffectoftheinfiniteonthefinitestandpoint.

Spacehasnoextension,onlyspatialobjectsareextendedbut

infinityisapropertyofspace.

Orrather,apropertyofthought.Wecanimaginehavingthe

standpointthatspacemustalwaysend.Thepassagefrom

indefinitelytoendlesslyisachoiceofstandpoint.

Consciousnessisinfinite.Thereisnoclose-ablesetofallthoughts.

Letusmomentarilydistinguishbetween"thoughts"and"ideas."Let

thoughtsbethequotidianelementsofconsciousness("Where'smy

cellphone?""It'seighto'clock.")andideas,thecreative,expansive

elementsofunderstandingwhichdemonstrateourrealization.

Thenthoughtsmaywellbeanot-terribly-largefiniteset.("Where's

mycellphone?"replacingtheearlier"Where'smypager?"replacing

theearlier"Where'smychangeforthepay-phone?")

Thenonlytheexpressionofindividualitythroughrealizationand

demonstrationmakesconsciousnessinfinite.Andthisiswhatwe

modelinmathematicsasinfinity.

Hereagain,weimposetheideologicalnecessityofa"firstthought."
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Imagineatribeofpeoplewhocanaccepttheideaofanynatural

numbernomatterhowgreatbutconsiderinfinitytobeabsurd.

Theycouldaccepttheoreticallyanyrationalnumberbutnoneof

theirrationals.Theycouldsay,"Pimustendsomewhere."

Thisshowsalimitedideaofnumber.

Thespaceofhumanmovementisinfiniteinthesamewayastime.

Infinitelylongisn'tameasureofdistance.

Thatanobjectisinfinitelyextendablesaysonlythattheobjectand

thespacearehomogeneous.Nothinghinders.

"Andsoon"symbolizedby"..."isoneofthemostimportant

[concepts]ofalland...infinitelyfundamental.Withoutthisconcept

weshouldbestuckattheprimitivesignsandcouldnotgo"on."

"Andsoon"and"∞"saynomorethanthesignsthemselvesshow.

Theydonotharbourasecretpower.

Thedefinitionofawordisnotananalysisofwhatgoesoninside

me(orwhatshouldgoon)whenIutterit.

"Andsoon"or"..."isnot"∞"andtroublearisesfromconflating

thetwo.

Theconcept"andsoon"andtheconceptoftheoperationare

equivalent....The"andsoon"isnotasignofincompleteness.

ConsiderCantor'sDiagonalProofofthenondenumerabilityofthe

reals.

Theinfinitenumberseriesisonlytheinfinitepossibilityofafinite

seriesofnumbers.Thesignsthemselvesonlycontainthepossibility

andnottherealityoftheirrepetition.Mathematicscan'teventryto

speakabouttheirpossibility.Ifittriestoexpresstheirpossibility,

i.e.whenitconfusesthiswiththeirreality,weoughttocutitdown

tosize.

LetusalterCantor'srectangleofnumberssoastoorder,sofaras

weareable,thenumbersinascendingorder:thoseatthetopless

thanthosebelow.Thosewhicharebeyondourcapacityfor
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orderingcansimplybesenttothebottomoftherectangle.After

orderingthenumbersasbestwecan,wesimplyhavetosendto

thebottomanywhichareeitherlessthantheoneweare

consideringorareindeterminable.Thiswecandoaswecometo

them.Andifwegetsofarastorealizeaneedforsomething

discarded,wecanmoveitbackup.

Ifwecancreateadiagonal,wecandoallthis.

Bydefinition,withinfinity,wecannotsurveyitsentirety.Itdoesn't

haveanend"infinitelyfaraway."Ithasnoend.

Soaswemovedownthediagonal,alteringdigits,wearedealing

onlywithnumbersbeginningwithzeroes.Thedensityofthe

rationalsgivesusinfinitelymanyofthese,eachbeginningwithas

manyzeroesasweneed.Ifwemistakenlysentaneededonetothe

bottom,wecanbringitbackup.

Wemayalsosay:thereisnopathtoinfinity,notevenanendless

one.

LetourfirstchoiceofdigitsforCantor'sDiagonalbe1andthe

second2.Wearenowbuildinganumberwhichbeginsas0.12.This

numberitselfliesbelowusinoursomewhat-orderedlist.Weare

thereforealsochoosinganumberbetween0.12and0.13.Each

choicewemakespecifiesanothernumberbelowourcurrent

positiononamonotonicallydecreasinginterval.

Igraspaninfinitestretchinadifferentwayfromanendlessstretch.

Apropositionaboutitcannotbeverifiedbyaputativeendless

striding,butonlyinonestride.

Makinganinfinitenumberofchoicesisclearlyimpossible.Thereis

alwaysanotherchoice,actuallyanotherinfinityofchoices,tomake.

ButCantorhascreatedtherulesofthisgame.Soletuscomplete

ourchoicesjustashedid.Intheend,wehaveselectedprecisely

thelimitofthosemonotonicallydecreasingintervals.Andsuch

choiceissomeirrationalnumber:0.12....
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Itisn'tjustimpossible"forusmen"torunthroughthenatural

numbersonebyone;it'simpossible.Itmeansnothing.Thetotality

isonlygivenasaconcept.

ThislimitofdecreasingintervalsissimplytheflipsideofCantor's

DiagonalProofcoin.Ifonesideislegitimate,theothersideis

legitimate.Cantor's"diagonal"doesnot--cannot--reachthe

putativecornerofhisinfiniterectangleofnumber.Itreaches,ifit

reachesanythingatall,thelimitofhissequence.Accordingtohim,

thelimitisn'tthereonthecontinuum.Imaginethechaos....

Therulesoftheforegroundmakeitimpossibletorecognizethe

rulesinthebackground.

Aretheirrationalssimplytheunsorted(unsortable?)rationalsin

thisprocess?Ofcoursenot.Butthiscannotbeshownempirically.

Orbyanyfinitepicture,nomatterhowsuggestiveofourdesires.

Icansurelyimagineawheelspinningandnevercomingtorest.

Whichisapeculiarargument:"Icanimagine..."

Cantor'sDiagonalProofisnotaproofatall.Itissimplytheworld's

shortestantinomyofreason.Likeallantinomies,itcanbeplayed

bothways,withinfinityopenthenclosedorclosedthenopen,and

eitherway,intheend,itmeansnothing.Andthis,becauseweare

usingcontradictoryconceptsofinfinity.Onetrueandonefalse.

Amathematicalproofincorporatesthemathematicalproposition

intoanewcalculus,andaltersits[theproposition's]positionin

mathematics.

Inmathematics,theonlypropositionsareproofsassertingthat

theselawsweaccepthavetheseconsequences.

Logicalproofstandsandfallswithitsgeometricalcogency.

Aproofsaysnothingaboutotherpossibilities,thoseoutsidethe

proof.Itoperatesuponawell-definedandlogicallyclosedspace.

Understandingtheuseofawordinonecontextdoesnotrelieveus

frominvestigatingitsgrammarinanother.
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Inductionproofofinfiniteseries:wesaythatevenbeyondour

finitestandpoint,theelementsmaintaintheformofthenthterm

withthesefiniteorinfiniteconsequences.

Theonlyreasonwhyyoucan'tsaythereareinfinitelymanythings

isthattherearen't.

Apicture,combinedwithsleight-of-hand,assertsnolaw.

Amathematicalproofcouldnothavebeendescribedbeforeitwas

discovered.

Cantor'sproofwasapre-describedsolutiontoapersistent

difficulty.

Ifyouderiveatheoryfromtheproof,thenthesenseofthetheory

mustbeindependentoftheproof;forotherwisethetheorycould

neverhavebeenseparatedfromtheproof.

Theinterestingquestiontomeis:Whydidthemathematicalworld

affirmCantor?WhynotRussellandWhitehead'sclassesofinfinities

whichtriedtopushtheidenticalantinomyoutofreach?My

workinghypothesisisthatCantor'sDiagonalpicturewaslikea

suddenvaccination.Oneshotanditwasover.Justturnawayfora

momentandcloseyoureyes.Everyoneelse'spseudo-solution

requiredonetothinkabouttheproblem.

Andthisproblemisnotthinkable.

Thisisthenatureoferror.Themarkofignoranceisonitsforehead,

foritneitherunderstandsnorcanbeunderstood.--MaryBaker

Eddy

Thispointstothereneverbeinganexplanationofthefalse.(No

explanationof25×25=637.)Thereisonlythedestructionofthe

falsehoodbythetruth.

Falsemetaphysics,lingeringmedievalecclesiasticalthought,naive

philosophies,unquestionedimaginings,alltheseblockourviewof

thetruth.
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TheexplanationoftheDedekindcutpretendstobeclearwhenit

saysthereare3cases:eithertheclassRhasafirstmemberandL

hasnolastmember,etc.Infact,twoofthese3casescannotbe

imagined,unlessthewords"class","firstmember","lastmember",

altogetherchangetheeverydaymeaningstheyaresupposedto

haveretained.

Dedekind'spopularityseemstohaveriddenthissamepicture-wave

begunbyCantor.TheonlyknifethatcanmakeaDedekindcutisa

bladelessone.Andabladelessknifewithoutahandlewasallthe

rageinthoseparadoxyears.(Although,thatknifewasinventedby

Lichtenberg.)

Somethingsurprising,aparadox,isaparadoxonlyinaparticular,

asitwere,defectivesurrounding.Oneneedstocompletethis

surroundinginsuchawaythatwhatlookedlikeaparadoxno

longerseemsone.

Thereisnomeaninginanyparadox.

Nothingismorelikelythanthattheverbalexpressionoftheresult

ofamathematicalproofiscalculatedtodeludeuswithamyth.I

amtryingtosaysomethinglikethis:eveniftheproved

mathematicalpropositionseemstopointtoarealityoutsideitself,

stillitisonlytheacceptanceofanewmeasure[asinmeasuring

device](ofreality)....Forthemathematicalpropositionistoshow

uswhatitmakesSENSEtosay.

Aquestionasyetunanswered:"Istherealimitinusingtendigits

suchthatbeyondthislimit,apatternmustemergeandrepeat?In

tryingtoavoidarepeatedpattern,wouldyourunthroughthe

possibilitiesofavoidanceandbeginagain?"

Youdonothaveinfinitechoices.Youhaveten.

Eternity,thenecessaryperiodforcompletinganirrationalnumber,

isalongtimetoavoidrepeatingyourself.Weareonlyplayingwith

metaphorshere.Butsucharethemetaphorsstillplaguing

mathematicalthought.
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Thereisnosuchthingasallnumbers.

Itwouldbeeasy(facile)tointerpretWittgensteinasbeingopposed

totheideaofinfinityinmathematics.Itisnotthatsimple.

ExhibitA:Oughttheword'infinite'beavoidedinmathematics?Yes;

whereitappearstoconferameaninguponthecalculus;insteadof

gettingonefromit.

ExhibitB:Finitismandbehaviourismarequitesimilartrends....

Bothdenytheexistenceofsomething,bothwithaviewtoescaping

fromaconfusion.

ExhibitC:The'actualinfinite'is'mereword.'Itwouldbebetterto

say:forthetimebeingthisexpressionmerelyproducesapicture--

whichsofarhangsintheair;youstilloweusitsapplication.

Thereisnoclaritywithoutsufficientcriticismbeingadequately

answered.

Somemodernmathematicsseektoavoidcriticismbyclaimingto

be"aboutnothing."Asif"anything"wereoutsidetheirscope.

Therecan'tbepossibilityandactualityinmathematics.It'sallon

onelevel.Andisinacertainsense,actual.

Theconceptofinfinityistheexpressionofapossibility.

Theconceptofaninfinitesetistheexpressionofaninclusiveideal.

Thetemptationistocloseit:"Ihaveaset,thereforeIhaveallof

it."

Thereisnotenoughroomonourplanetforyoutohaveevenone

ofwhatarequitemodestly-sizedrationalnumbers,comparedto

howlargetheymightbe.

Ifyouhadaninfiniteset,therewouldbenoroomintheuniverse

foranythingelse.(Thisisnotanargumentforconstructivism.

Simplymoremetaphors.)

"Infiniteclass"and"finiteclass"aredifferentlogicalcategories;

whatcanbesignificantlyassertedofonecategorycannotbe
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significantlyassertedoftheother.

Wearenotcomfortablewithcontradictionbutweareperfectly

willingtoliveintheneighborhoodofacontradiction.

Allofthecontradictionsarisingfrominfinityarisefromthefalse

beliefthatinfinitycanbecontainedinaclosedset.Wherethisis

notused,contradictiondoesnotappear.Whereitisused,a

cascadeofcontradictionscanbeproducedatwill.

Infinityisthatwhichisalwaysexpanding,thatwhichessentiallylies

entirelyoutsideourfinitestandpoint.

Aparadox,aparadox,amostamazingparadox.--Gilbertand

Sullivan,PiratesofPenzance

Innumerablecontradictionscanbeproducedbyplayingwiththe

contradictionoftheopennessandclosureofinfinity.Onecould

assigntoaclassofgraduatestudentstheproductionofan

antinomywithinCantor'sproofandreceiveasmanyantinomiesas

students.

[A]mysteriousnessaboutsomemathematicalconceptisnot

straightawayinterpretedasanerroneousconception,asamistake

ofideas;butratherassomethingthatisatanyratenottobe

despised,isperhapsevenrathertoberespected.

Thisisinfactthecorrectapproach.Allnewconceptsshouldbe

respectedsolongasclarityprevailsintheirresults.

Butallintrusionsoffalsemetaphysicsshouldberootedout.

Andnoweachbadanalogygetsexplainedbyanotherbadone,so

thatintheendonlywearinessreleasesusfromtheseineptitudes.

Whenoneacceptsonesideofanantinomyofreasonandthen

acceptstheotherside,oneisledintoparadox.

Iwouldliketosay:Bythelawoftheexcludedmiddle,aninfinite

setiseitheropenorclosedandclosurebringsmysteriousnessinits

train.(ButI'mnotentirelyconvincedoftheuniversalapplicability

ofthatlaw.)
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"Infinite"isanadverb.

Infinitemeans"passingbeyondafinitestandpoint."

Becauseofthedensityoftherationals,oursomewhat-orderedlist

ofnumberscanproducenotonlyone,butinfiniteirrationals

throughchoiceseffectingonlynumbersbeginningwithzero.

Infinityisnotone-dimensional.Thenaturalnumbers,N,areone-

dimensional.InfinityisN-dimensional.(Atleast.)

Ourpictureofinfinityisstillthatofthemedievalschool-men.This

picturesupportedtheinfinitesimals.Weierstrass'expressionofthe

limitdestroyedthatexpressionofafalsemetaphysic.Butitsbasis

livesoninourgeneralpictureofinfinity.

Weinterprettheenigmaofourmisunderstandingastheenigmaof

anincomprehensibleprocess.

WedonotneedthefalsepictureofCantorforourexpressionof

thenatureofinfinity.Butwedoneedaclearpicturetoreplacethe

pseudo-picturehecreated.

Suchapicturecanonlybea"consensusoftheelect."Andsuchan

effortmaybebeyondus.

Inthesuperstitionthatm=2ncorrelates[aninfinite]classwithits

[infinite]subclass,wemerelyhaveyetanothercaseofambiguous

grammar....m=2ncontainsthepossibilityofcorrelatingany

numberwithanother,butdoesn'tcorrelateallnumberswith

others....Theword"possibility"isofcoursemisleading,as

someonewillsay,letwhatispossiblebecomeactual.Andin

thinkingthis,wealwaysthinkofatemporalprocessandinferfrom

thefactthatmathematicshasnothingtodowithtime,thatinits

casepossibilityis(already)actuality.

Aninfinitesetdoesnotcontaininfinitesubsetsequaltoitselfin

size.Thereisonlyoneinfinitesetofeachdimensionandits

elementscanberenamedatwillfromthefinitestandpoint.

m=2×n≡ m=q×n
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Ifwetakeasqthefirstintegerofwhichmankindcanhaveno

experience,duetoitssizeandtheimpendingdeathofoursun,we

cancorrelatentoqnand,aswecorrelate,haveasetof1/qofthe

numbersmankindwillalwaysbeignorantofandatanypointhave

asetofnumberswithoutanyofthenumbersmancanhavea

knowledgeof.Thissetcorrelates,paradoxically,totheemptyset.

Therefore,theemptysethasthesamecardinalityasthenatural

numbers,fromthelimitedstandpointofmankind.

AlthoughhereIhavedonenothingCantordidnotdo,therewillbe

mathematicianswhowillsay:"Wedon'tdoitthatway."Butwe

can'tdoitinanycasefromhere.

Icanonlycountwhatisactuallythere,notpossibilities.

WecannotcorrelateanythinginfinitelywithoutplayingCantor's

falsetrumpcard:"Iamdone."

Always,withinfiniteanything,thereismoretodo.Butallthedoing

isfinite.Completionisoutofourreach.Evenconceptually.

Thereisnosystemofirrationalnumbers--butalsonosuper-

system,no'setofirrationalnumbers'ofhigher-orderinfinity.

Ininfinity,thatwhichcannotbedescribedisthatwhichmakesthe

conceptcomplete.

Thetheoryofaggregatesattemptstograsptheinfiniteatamore

generallevelthanatheoryofrules.Itsaysthatyoucan'tgraspthe

actualinfinitebymeansofarithmeticalsymbolismatallandthat

thereforeitcanonlybedescribedandnotrepresented.The

descriptionwouldencompassitinsomethinglikethewayinwhich

youcarryanumberofthingsthatyoucan'tholdinyourhandsby

packingtheminabox.Thentheyareinvisiblebutwestillknow

thatwearecarryingthem(sotospeak,indirectly).Thetheoryof

aggregatesisapiginapoke.Lettheinfiniteaccommodateitselfin

thisboxasbestitcan....Thepointofthismethodistomake

everythingamorphousandtreatitaccordingly.
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Andthisispreciselywhattopology,abstractalgebra,andnumerous

othermathematicsofthe20thCenturyarebasedupon.Theyshow

boththevalueandthelimitsoftheamorphouspointofview

regardingtheformofnumber.

Ifanamorphoustheoryofinfiniteaggregatesispossible,itcan

describeandrepresentonlywhatisamorphousaboutthose

aggregates.

Thedangerofusingtheseistoforgetthatyouareviewing

mathematicsamorphously.

Mostpeople,beingformlessthemselvesandbeingunabletoattain

toanyGestalt,strivetodepriveobjectsoftheirGestaltandreduce

everythingtochaoticmatter,inwhichcategorytheythemselves

belong.Theyreduceeverythingtoitsso-calledeffect.Everythingis

relativeintheirsight;sotheyrelativizeeverythingexceptnonsense

andtriteness,whichholdabsolutesway,asistobeexpected.--

Goethe

Theactualtruthisinnon-amorphousrealityanditsinfinitedetails.

Thereisaproof,usingBolzano'stheoremtwice,whichprovesthat

anytwofiguresintheplanecanbebisectedbyoneline.Thefirst

useofBolzano'stheorem,tofindthebisectorofthefirstregion,is

fine.Buttheseconduse,atbest,givesonlyapartialtruth.Atworst,

itisinitselffalseandthisfalsityisconcealedbytheinnatetruthof

theproposition.

Ifafigureintheplaneissymmetrical,ithasacenterofsymmetry.

Tobisecttwosymmetricalregions,producealineontheircenters

ofsymmetry.

Ifafigure,andinthisproofweareconsideringonlyclosedcurves,

isnotsymmetrical,itsbisectorsformaclosedcurvedofthe

bisectorsastangents.Soifoneregionissymmetricalandtheother

not,wehavetwobisectorsofboth.Ifbotharenotsymmetrical,we

havefourbisectors.
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Arewesurethatapropositionthathadbeenprovedbytransfinite

methodscanneverberefutedbyconcretenumericalcalculation?

That'sthemathematicalproblemofconsistency.--Friedrich

Waismann

Eventheabovedirect,non-amorphousanalysis,isabitamorphous

inmymind."Allclosedcurvesintheplane"isasetwhichcould

containsomesurprises.Icancorrectthislackofknowledgeby

replacingthe"two"and"four"abovewith"atleasttwo"and"at

leastfour."Buteventhisnotentirelysatisfyingvagaryisan

improvementonthemethodofamorphousinfinites.

Thequestionmyabovecomparisonofmethodsraisesinmymind

is:"Howmanyofthe20thcentury'sresults,basedonamorphous

analysis,areeitherhalf-truthsortruths-in-spite-of-themselves?"

Thedangerwouldbethatahierarchyofamorphousresultswould

necessarilyexaggeratetheamorphousqualityoftheresultant

picture.Asin,eachpicturebeingmoreblurredthanthelast.

Settheoryiswrongbecauseitapparentlypresupposesa

symbolismthatdoesn'texistinsteadofonethatdoesexist(isalone

possible).Itbuildsonafictitioussymbolism,thereforeonnonsense.

Thequestionisnot:"Aretopology,settheory,grouptheory,etal.

validmathematics?"Thequestionis:"Whenarethesemathematics

mis-applied?"

Certainly,theintuitiveideaofacontinuumhasapsychological

realityinthehumanmind.--RichardCourant

Hereagainwegetthesamethingasinsettheory:theformof

expressionweuseseemstohavebeendesignedforagod,who

knowswhatwecannotknow;heseesthewholeofeachofthose

infiniteseriesandheseesintohumanconsciousness.Forus,of

course,theseformsofexpressionarelikepontificalswhichweput

on,butcannotdomuchwith,sincewelacktheeffectivepowerthat

wouldgivethesevestmentsmeaningandpurpose.
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Moremetaphors.Imagineanactualcontinuum.Leteachnumber

bemarkedwitha0.5mmpencilandleaveatleasta0.2mmbuffer

aroundeachmark.Thenonemillionnumberswouldrequireat

leastasevenkilometercontinuum.

Hasmankindexplicitlyexpressedonemilliondistinctnumbersyet?

Willweeverneeda7000kmcontinuum?

Weconcernourselveswiththeexistenceofanumberonthe

continuum.Canthismeananythingbeyond"thisisanumber"?

ThepresentideaofthecontinuumisamoreorlessPlatonicideal.

Thetruthofthecontinuumisatranscendentalideal.

Thefalsityoftheformercouldbereplacedbytheapodicticaltruths

ofthelatter.

Alineisn'tcomposedofanythingatall.Itisalaw.

Nothingiscomposedofpoints.

Sothequestionwouldreallybe:Canthecontinuumbedescribed?

AsCantorandotherstriedtodo.Aformcannotbedescribed;it

canonlybepresented.

Someofourideasaboutnumber,regardingthecontinuum,run

countertotheformofnumberwhichisthelawofthecontinuum.

Wesaythat

1.000...

cannotbedistinguishedfrom

0.999...

Thelatterisabsolutelyintheformofa9pushedawayfromthe

decimalpointbyaninfinitudeofnines.Changingournotationto

placeinfinityinthemiddle,thenumbersdescendingfrom1.000...

are:

1.000...000

0.999...999

0.999...998

0.999...997



85

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Toclaimthatthefirsttwocannotbedistinguishedistoassertthat

thesecondcannotbedistinguishedfromthefirstandthird,the

thirdfromthesecondandfourth,andsoon.

Ifthisisthecase,weareleftwithlittlebuttherationals.

Butthesenumbersarealldistinguishableelementsofthe

continuum.Clearly,onecanorderasmanynumbersinsucha

notationaswecaninthenormalnotation.Theproblemforus,

withourinherentfinitestandpoint,istheinfinite"middle"here

whichusuallyposesasan"end."

Letusnotethattheideaofinfinityor"..."functionsidenticallyin

eithernotation.

Nomatterhowtherule[ofcreatingnumber]isformulated,whenI

translateitintogeometricalnotation,everythingisofthesame

type[rationalnumber].

Thisissimplythelimitationofourfinitestandpoint.Ifweconsider

allthenumbersmankindcanexpress,wehaveonlyaninfinitesimal

selectionoftherationals.

Wedonotlimittheformofnumberwithourfinitestandpoint.The

formofnumberimposes,apodictically,itsfullimplicationwhich

includestheirrationalnumber.

Innosensedoweneedtorunawayfromtheseimplicationsasthe

Greeksfledfromthesquarerootoftwo.

Arealnumberliesinthesubstratumofoperationsoutofwhichit

isborn.

Theseriesofapproximationsof√2is√2.Butnottheseries.The

lawoftheprocess.

Anirrationalnumberisn'ttheextensionofaninfinitedecimal

fraction[asseriesofapproximation],it'salaw.

Existenceisanumberproducedbyalaw.Wecanproduce√2as

easilyandas"lawfully"as2.
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Existence≡ producibleaccordingtolaw.

Uniqueness≡ demonstratinglawasunambiguous.

Thatalawwasshowntobeambiguousmightindicate,not

contradiction,butaneedformoreclarityorfortheexpansionof

ideas.

Theconstructionofarealnumbermustbeconceivable.The

constructioncorrespondstotheunityofthelaw.

Askingifthenumberexists,havingalreadycreatedaspaceforitto

pre-existinafalselyidealisticcontinuum,isquestionable

mathematics.

Thequestionisnot:"Doesthisnumberexist?"Thequestionis:"Has

thisnumberbeenproducedbythelawsofnumberaswefindthem

andpresentlyunderstandthem?"

Ifwelaterhaveabetterunderstanding,wecanthrowoutwhatis

discoveredtobefalse.Butitismorelikelythatourincreased

understandingwillincludemoreoftheformofnumberratherthan

less.

Givenanumber,youask:Cantheknownlawsproducethisnumber?

Ifnot,youask:Canthelawsbeextendedtoproduceit?Isthis

mathematicsjustified?

Arealnumberiswhatcanbecomparedwiththerationals.

Or--Def.realnumber:generalmethodofcomparisonwiththe

rationals.

Innocasedoweproduceanumberaccordingtolawandthen

carryitovertothecontinuumwhereweverifyitsexistenceby

discoveringitalreadyinthecontinuum.

Ineverycase,weareabletoconceptuallypositionournewnumber

inthecontinuumthroughcomparisonwiththerationals.Andwe

candothisbecause,ineverycase,thenumberswediscoverare

withinthefocaldistanceofourfinitestandpoint.
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Inouronlypossiblecomparison,therationalnumbergivenis

eitherequalto,lessthan,orgreaterthan,theintervalthathasso

farbeenworkedout.

Thisisallthatcanbetrueofirrationalnumber.Wecanalways

distinguishanirrationalfromsuchanintervalifweextendthe

intervalsufficientlyforourpurposes.Whichthrowsusbackon

comparingrationalstointervalsinpraxis.

Pre-Weierstrass,thesyntaxofmathematicscontainedagreatmany

phrasesinthenatureof"assmallasyouplease"or"ascloseas

youplease."IappreciatetheaccomplishmentofWeierstrass.But

neitherhenoranyotherthinkercanfreeusfromthecontinuing

applicabilityofthesephrases.

Onlyalawapproachesavalue....Theabsenceofalimitisnota

limit.

Iftworealnumbersareidenticaluptothenumberofdigits

expressed,theystillcan'tbecompared.Soaretheythesame

numbers?It'sasiftheysharethesamepointonthecontinuum

andwearewaiting(experimentally?)forthemtoseparate.

Itmustmakesensetoask:Canthisnumberbeπ?Andthe

questionmustbeansweredintheaffirmativeforπtobelocatedin

thecontinuum.

Andyetwecanonlylocateanumberaccuratelytotheextentthat

ourrealizationoftheformofnumberallows.

Becausetheformofnumberisbothtrueandinfinite,therewill

alwaysbemoretruthtorealize.Andagreatdealmustremain

beyondourreach.

Inmathematics,nothingcanbeinferredunlessitcanbeseen.

Theconstantdangercomesfromourbeliefinthehegemonyofthe

limitedmind.Weimagineweunderstandmorethanwehave

realizedandcandemonstrate.



88

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC
Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Tolstoy:'themeaning(importance)ofsomethingliesinitsbeing

somethingeveryonecanunderstand.'Thatisbothtrueandfalse.

Whatmakestheobjecthardtounderstand--ifitisignificant,

important--isnotthatyouhavetobeinstructedinabstruse

mattersinordertounderstandit,buttheantithesisbetween

understandingtheobjectandwhatmostpeoplewanttosee.

Theimaginationlurksasthemostpowerfulfoe.Ithasan

irresistibleaffinityfortheabsurd.Evenculturedindividualsare

subjecttothisimpulsetoahighdegree.--Goethe

Butthisspeaksonlytothemisuseofimagination.Imaginationis

onecreativepowerbehindourunfoldingunderstandingof

mathematics,ouruseofmathematicsasrepresentation,andofour

abilitytocreatethepicturesofourworldwhichattempttocapture

therealityoftheonlyworld.

Paragraphthree[oftheCritiqueofPureReason]seemstoharbora

majordeficiencywhichmakesitselffeltinthewholedevelopment

ofthatphilosophy.Herethemajorfacultiesofthemindarelisted

assensation,understanding,andreason.Buttheimaginationis

overlooked,causinganirreparablegap.Imaginationisthefourth

majorfacultyofourmentalconstitution.Itsupplementssensation

intheformofmemory.Itsubmitsapatternoftheworldtothe

understanding,intheformofexperience.Itcreatesorfinds

sensuousshapescorrespondingtotheideasofreason.Thusit

giveslifetothetotalityoftheself,whichwouldotherwisestagnate.

--Goethe

Tothinkofinfinityasotherthaninfiniteexpansion,orof

mathematical"existence"asotherthanlaw,orthecontinuumas

otherthanatranscendentalideal,isthefalseuseofimagination.

Whatwilldistinguishthemathematiciansofthefuturefromthose

oftodaywillreallybegreatersensitivity,andthatwill--asitwere--

prunemathematics;sincepeoplewillthenbemoreintenton

absoluteclaritythanonthediscoveryofnewgames.
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Or:thefutureholdsthepossibilityofclarity.

Butcomplexity,foritsownsake,seemstobeapersistentidealin

ourculture.

Ibelievethatwhatisessentialisfortheactivityofclarificationto

becarriedoutwithCOURAGE;withoutthisitbecomesmerelya

clevergame.


