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Instructions

ForLearners

IhavetoassumethatyouhavestudiedEverymind'sEuclidvolume

oneandunderstandEuclid'sBooksIandII.AllofEuclidbuildsup

from thatbasis.AndIassumeyouknowthatyoumustcometoa

realunderstandingofeveryproposition,attempttoworkevery

problem,andseriouslystudyeverysolution,whetheryousolvea

problemornot.Again,inthisvolume,wehaveappendicesofhints

andsolutionsforeveryproblem.Intheproblemdiagramappendix,

therearefewerproblem diagrams.ButIhaveincludedonefor

everyproblemforwhichthedescriptionofthedataseemedinany

way ambiguous.And my ability to make the descriptions

unambiguoushasimprovedwithpractice,ifnototherwise.

BooksIandIIwereallaboutlines,triangles,andrectangles--the

possibilitiesofourstraightedge.BookIIIisEntertheCompassand

thecircleisexplorednotonlyasanentityinitselfbutinits

relationstothelines,triangles,andrectanglesofthefirstbooks.As

atool,thecirclefurtherincreasesthepowerofourmindtoanalyze

andsynthesizegeometricalarguments.Andafterstudyingtwo

booksofEuclid,youknowthatthiswillfurtherincreasethegeneral

powersofyourmind.BookIVismoreorlessEuclid'sFunwith

Circles.Theregulardivisionofacircleallowsthecreationof

differentn-gonsandEuclidmilksthisforallit'sworth,whichIfind

lessexcitingthanhedid.

Butcircles,astheyexpandourabilitytoreason,makepossible

whatwascalled"ModernGeometry,"abridgebetweenEuclidean

geometryandthemodernstudyofprojectivegeometry.Inthe

problems,wewillhavein-circlesanden-circlesandex-circlesand

orthogonalcircleswiththeirradicalaxes,whichalwaysremindme

ofthosedancingguyswiththehatchetsinKungFuShuffle.



5

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

ForTeachers

Youwillneedtobeonyourgameforthisone.Anystudentwho

canmakeitthroughthefirsttwobooksofEuclidwillbeableto

recognizesomeonewhohasn'tmadeitthroughthosebooks.Any

studentwhohasdevelopedhisorhermindbypushingagainstthe

voidofonehundredandsixty-twoproblemswillrecognizethe

weakermindofsomeonewhohasn't.

AsIsee it,you have three choices:tyranny,hypocrisy,or

camaraderie.Onlythethirdchoiceisworthmaking.Onlythethird

choiceisworthyofrespect.Youneedtogetdowninthetrenches

andmakeatleastthesameeffortasyourstudents.Itisyourjobto

leadthem intoeducation.Thestateofthisuneducatedworldis

proofthatstudentscannotbecommandedintoeducation by

hypocritesandtyrants.

Ifyouhaven'tbeenbruisingyourheadbloodilyagainstthedark

wallofEuclid'sproblemssofar,it'stimetostart.Noonewho

hasn'tbeenincombatcanteachcombatfieldcraft.Noonewho

hasn'tactuallydonemathematicscanteachmathematics.G.H.

Hardy,themathematician,pointedoutthatmostpeoplecannotdo

anythingwell.Buteveryonecantrytodosomethingwellandasa

mathematicsteacheryouaredoingmathematics.Trytodoitwell.

Seriouslyattacktheproblemsandstudythesolutionswhenyoufail

aswellaswhenyousucceed.Orhow canyouteachwhatyou

haven'tactuallydone?

Itisn'tgiventousalltohavetalent.ButIhaven'tletthatstopme.

SomaybeIwon'thavemynameuptherewithGaussandRiemann.

Butitmightbethere,textbook-wise,withDeMorgan.Whereis

yournamegoingtobe?Itwillbeinyourstudents'minds.Whatare

theygoingtohangiton?Youcanatleastbeknownformakingas

greataneffortasyourstudentsandformakingitwiththem.



6

DigitalPDFcopiesreleasedunderCreativeCommons3.0-SA-BY-NC

Physicalcopiesandallothermedia:allrightsreserved-R.Earle.Harris(c)2018

Euclid-BookIII

Definitions

d.3.1Equalcircles(⊙)haveequalradii,thereforeequaldiameters.

d.3.2Alinetouchesa⊙ ifitmeetsthe⊙ and,produced,doesnot

cutit.Thisisatangent(tan)withitspointofcontact.

d.3.3⊙stouchwhentheymeetbutdonotcuteachother.If⊙Ais

in⊙Btheytouchinternally,elseexternally.

d.3.4Alinecuttinga⊙ attwopointsisasecant.

d.3.5Achordisalinejoiningtwopoints∈⊙.Asecantproducesa

chord.

d.3.6Chordsareequidistant(eqD)from⊙ centerwhentheir

perpendiculars(⊥)fromtheirmidpointsto⊙ centerareequal.Of

twochords,theonewiththegreatest⊥ isfartherfromcenter.

d.3.7Asegmentofa⊙ isachordandwhatitcutsoff,awayfrom

⊙ center.Segmentsofcirclesaresimilariftheiranglesareequal.

d.3.8Asegment'sangleiscontainedbyanypoint∈⊙ joinedtothe

endpointsofitschord.Thisgivesasegmenttwoangles.

d.3.9Anypartofa⊙'scircumferenceisanarc.

d.3.10Asectorofa⊙ isboundedbytworadiiandthearcbetween

them.

d.3.11⊙swithsamecenterareconcentric.
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Propositions

Proposition1.Problem

Given∀⊙,finditscenter

Method

∀chordAB,×/2AB@D(1.10)

CDE⊥ABx⊙ @C,E(1.11)

×/2CE@F(1.10)Frequired

Proof

Else∀G≠Fcenter⊙ JoinG[A,B,D]

DA=DB(con)DG∈∆ADG,BDG AD,DG=BD,DG GA=GB(d.1.15)

∴∠ADG=∠BDG(1.8)=∟ (d.1.10)

∠BDF=∟ (con)∴ ∠BDG=∠BDF(a.11)∴ less=greater↴

∴ Fcenter⊙F

Corollary1

∀⊙,∀chordAB,ifchordCD⊥ABandCD×/2ABthencenter∈CD

Problems

Problemsthataremorecomplexwillbemarked"*"andproblems

withdiagramswillbemarked"D".Acyclic4-gonisa4-goninside

⊙ withallvertices⊙ (oncircumferenceof⊙).Don'tmakethese

problemshard.Allyouhaveisd.1.15,3.1,anditscorollary3.1.C1.

1.Problem

Given:∀pointA,∀⊙B

Required:⊙A×⊙B@endpointsof∀diam(eter)CDof⊙B

2.Theorem

∀cyclic4-gon∈⊙,lines⊥ mdptsidesof4-gonconcuratafixed

point.

Recallfromvolumeone,"∈⊙"meansonthecircumferenceand

"in⊙"meansinthe⊙'swhitespace.And"Else"alwaysmeanswe

areusing"proofbycontradiction.""Concur"is"intersect."
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Proposition2.Theorem

∀2pointsA,B∈⊙,thenlineABin⊙

Proof

ElselineAEBoutside⊙

FindcenterDof⊙ (3.1)JoinD[A,B]

∀F∈arcAB,joinDF.DF(pr)×AB@E

DA=DB(d.1.15),∠DAB=∠DBA,(1.5),

∆DAE:ext∠DEB>int∠DAE(1.16)

∠DAE=∠DAB=∠DBA(proven)

∴∠DEB>∠DBE∴ DB>DE

DB=DF(d.1.15)∴ DF>DElesser>greater↴

∴AB!outsidecircleSym.AB!∈⊙ ↴ ∴ABin⊙

Inproofs,thesymbol"iff"means"ifandonlyif".Ifwehavetwo

propositions"IfAthenB"and"IfBthenA",wecancombinethem

as"AiffB"toshowthateachimpliestheother."Commonchord"

canmeanachordontheintersectionpointsoftwocirclesthatcut

eachotheroranyotherchordrunningthroughbothoftwo

touchingorintersectingcircles.

Proposition3.Theorem

∀⊙E,∀diamCD

∀chordAB:E∉AB

thenCD×/2ABiffCD⊥AB

Proof

1)CD×/2AB

JoinE[A,B]AF=FB(hyp)FE∈∆AFE,BFE

AF,FE=BF,FE,EA=EB(d.1.15)

∴∠AFE=∠BFE(1.8)=∟ (d.1.10)

∴CD⊥AB

2)CD⊥AB

Sameconstruction:EA=EB(d.1.15)∠EAF=∠EBF(1.5)

∠AFE=∠BFE=∟ ∴ ∆EAF=∆EBF(1.26)∴AF=FB

∴CD×/2AB
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Problems

3.Theorem

If⊙P×⊙Q@B,E,∀2‖linesonB,Eareequalwithinthecircles.

4.Theorem D,*

⊙A×⊙B@C,C',commonchordsDCE,FCG:D,G∈⊙AE,F∈⊙B,

If∠FG×AB=∠DE×ABthenDE=FG

5.Problem

Given:⊙A×⊙B@C,D

Required:longestcommonchordonC

6.Theorem

⊙C,CX,diamXY,∀chordPQ‖XY,∀A∈XY,joinA[P,Q]

thenAP²+AQ²=XA²+AY²

7.Theorem *

∀4-gonABCD,A',B',C',D'mdptAB,BC,CD,DA,if⊙A',A'A,⊙B',B'B,

⊙C',C'C,⊙D',D'Dthencommonchord∀2⊙ ‖commonchordof

other2⊙

Proposition4.Theorem

∀⊙F,∀chordsAC,BD,ifF∉AC,BD

thenAC,BD!×/2e.o.

(donotbisecteachother)

Proof

Else,clearly,ifF∈AC,F∉BDthenBD!×/2AC

ElseF∉ACandF∉BD,AC×BD@EandAE=ECBE=ED

FE×/2AC(hyp)∴ FE⊥AC(3.3)∴∠FEA=∟

FE×/2BD(hyp)∴ FE⊥BD(3.3)∴∠FEB=∟

∴∠FEA=∠FEB(a.11)lessequalgreater↴

∴ AE≠ECBE≠ED∴AC,BD!×/2e.o.

Let'stakestockofwhatwe'vegot.Wecanfindthecenterof∀⊙.

Theperpendicularbisectorof∀chordisoncenter.Onlyradii

bisectchordsatrightangles.Onlydiametersbisecteachother.

Notethatwhenyouprove"iff"youfirsthavetoproveAimpliesB

andthenproveBimpliesA.
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Proposition5.Theorem

∀⊙A×∀⊙BthenA≠B

Proof

ElseEcenter⊙ABC,CDG

⊙ABC×⊙CDG@B,C

EG×⊙ABC,CDG@F,G

∴⊙ABC:EC=EF(d.1.15)⊙CDG:EC=EG

∴ EF=EG(a.1)lessequalgreater↴

∴ E!centerofboth⊙ABC,CDG

Proposition6.Theorem

∀⊙Atouches∀⊙Binternally,thenA≠B

Proof

ElseFcenter⊙ABC,CDE

⊙CDEtouches⊙ABCinternally@C

JoinFC∀FEBx⊙ABC,CDE@B,E

∴FC=FB(d.1.15)FC=FE(d.1.15)

∴ FE=FBlessequalgreater↴

∴ F!center⊙ABC,CDE

Proposition7.Theorem

∀⊙E,∀diamAD,∀F∈AD≠E

∀linefromFtocircumference

1)FEAgreatest,FDleast,

IfarcAB<arcACthenFB>FC

2)∀FG,∃!FH=FG (∃!"existsunique")

Proof

1)Givendiagram,BE+EF>BF(1.20)

BE=AE(d.1.15)∴ AE+EF>BF

BE=CEEF∈∆BEF,CEFBE,EF=CE,EF∠BEF>∠CEF

∴ FB>FC(1.24)Sym.FC>FG

GF+FE>EG(1.20)EG=ED(d.1.15)∴GF+FE>ED

∴ GF+EF-EF>ED-EF∴ GF>FD

∴ FEAgreatest,FDleast,FB>FC>FG
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2)∠FEH=∠FEG(1.23)JoinFH

EG=EH(d.1.15)EF∈∆GEF,HEFEG,EF=EH,EF∠GEF=∠HEF

∴FG=FH(1.4)∴ ∀FG∃!FH=FG Else∀K,FK=FG

FH=FG∴FH=FK(a.1)↴ (arcAK<arcAH)

Proposition8.Theorem

∀⊙M,∀Doutside⊙M

1)∀linefromDtoconcavecircumference:

DMAgreatest,arcAE<arcAFthenDE>DF

2)∀linefromDtoconvexcircumference:

DG∈DMAleast,arcGK<arcGLthenDK<DL

3)∀DK,∃!DN=DK

Proof

1)Givendiagram,EM+MD>ED(1.20)

EM=AM(d.1.15)∴ AM+MD=AD>ED

EM=FM MD∈∆EMD,FMD EM,MD=FM,MD

∠EMD>∠FMD∴ ED>FD(1.24)Sym.FD>CD

∴ DMAgreatest,DE>DF>DC

2)MK+KD>MD(1.20)MK=MG(d.1.15)∴ GD<KD(a.3)

∆MKDinside∆MLD∴ MK+KD<ML+LD(1.21)MK=ML(d.1.15)

∴KD<LD(a.3)Sym.LD<HD

∴DGleast,DK<DL<DH

3)∠DMB=∠DMK(1.23)JoinDB

MK=MBMD∈∆KMD,BMD KM,MD=BM,MD ∠DMK=∠DMB

∴DK=DB(1.4)∴∀DK∃!DB=DKElse∀N,DN=DK

DB=DK∴ DB=DN(a.1)↴ (arcGB<arcGN)

Problems

8.Problem

Given:∀⊙C,pointA,Boutside⊙C

Required:P∈⊙C:AP,BPminimized



Proposition9.Theorem

∀⊙,∀Pin⊙,ifmorethantwoequal

linesfromPto⊙,thenPcenter.

Proof

From∀Din⊙ABC,DA=DB=DC

∴ Dcenter⊙ABC

ElseEcenter⊙ABCJoinDE

DE(pr)×⊙ABC@F,G∴FGdiam⊙ABC

∴ DC>DB>DA(3.7)↴ ∴Dcenter⊙ABC

Proposition10.Theorem

If∀⊙Acuts∀⊙Btherearetwoandonly

twopointsofintersection.

Proof

Else⊙ABC×⊙DEF@B,F,G

Kcenter⊙ABC(3.1)JoinK[B,F,G]

∴KB=KF=KG(d.1.15)

∴Kcenter⊙DEF(3.9)and⊙ABC↴ (3.5)

Proposition11.Theorem

∀⊙Gtouches∀⊙Finternally@A

ThenA∈FG(pr)

Proof

ElseFG(pr)=FGDH JoinA[F,G]

AG+GF>AF(1.20)AF=HF(d.1.15)

∴AG+GF>HF∴AG>HG(a.3)

AG=DG(d.1.15)↴ ∴ A∈EF(pr)

Problems

9.Theorem

⊙Btouches⊙Ainternally@C∀2‖diams:DE,FG∈⊙A,B

thenanendpointofeachdiamandCarecolinear

10.Theorem

∀⊙O,diamAB,∀P∈⊙O PN⊥AB

Thenbisector∠OPN×⊙Oatoneoftwofixedpoints



Proposition12.Theorem

∀⊙Ftouches∀⊙Gexternally@A

thenA∈FG(pr)

Proof

ElseFG(pr)=FCDG JoinA[F,G]

FA=FC(d.1.15)GA=GD(d.1.15)

∴FA+AG=FC+DG∴FG>FA+AG

FG<FA+AG(1.20)↴ ∴A∈FG(pr)

Problems

11.Theorem D,*

⊙O,OB,⊙P,PA,⊙Q,QCtouchexternally@A,B,C

AB,AC×⊙O@D,Ethen1)DEdiam⊙O2)DE‖PQ

Proposition13.Theorem

⊙Atouches⊙B1)int.or2)ext.atexactlyonepoint.

Proof

1)Else⊙ABCtouches⊙DEF@B,D

JoinBD GH×/2BD GH⊥BD

∴BD∈⊙ABC,DEF(3.2)

∴centersonGH(3.1.C1)

∴B,D∈GH(3.11)↴

∴⊙stouchint.atexactlyonepoint

2)Else⊙ABCtouches⊙AKC@A,CJoinAC

A,C∈⊙AKC∴ ACin⊙AKC(3.2)

⊙AKCoutside⊙ABC(hyp)

∴ACoutside⊙ABC

A,C∈⊙ABC(hyp)∴ ACin⊙ABC(3.2)↴

∴⊙stouchext.atexactlyonepoint

In3.15,wewillhave"∀⊙,diamgreatestchord,

ofothersthosenearercentergreaterthanremoteandconversely"

whichisshorthandfor"∀⊙,diamgreatestchord,ofothersthose

nearercentergreaterthanremoteandgreaterarenearercenter

thanarelesser."



Proposition14.Theorem

⊙E,EA,chordsAB,CDwithmdptF,G,

AB=CDiffEF=EG

Proof

1)AB=CD

EF≡⊥ ×/2AB∴AF=FB∴AB=2AF

Sym.CD=2CG

AB=CD(hyp)∴AF=CG(a.7)

AE=CE(d.1.15)∴ AE²=CE²

∠AFE=∟ ∴ AF²+FE²=AE²(1.47)Sym.CG²+GE²=CE²

∴AF²+FE²=CG²+GE²(a.1)

AF=CG∴AF²=CG²∴FE²=GE²(a.7)∴FE=GE

∴AB,CDeqDE(d.3.6)

2)AB,CDeqDE

AF²+FE²=CG²+GE²(part1)

EF=EG(hyp)∴ EF²=EG²∴ AF²=GC²(a.3)∴AF=CG

AB,CD=2AF,2CG(part1)∴AB=CD

Proposition15.Theorem

∀⊙,diamgreatestchord,ofothersthose

nearercentergreaterthanremoteand

conversely.

Proof

1)EH<EK

Givendiagram,AE=BE=CE=DE(d.1.15)

∴AD=BE+CE(a.2)

BE+CE>BC(1.20)∴AD>BC

EH<EK(hyp)EH²+HB²=EK²+KF²(method3.14)

EH<EK∴ EH²<EK²∴ HB²>FK²∴ HB>FK∴ BC>FG

2)BC>FG

BC>FG∴BH>FK

BH²+HE²=FK²+KE²(1.47)∴ BH²>FK²∴ BH>FK

∴HE²<KE²∴ HE<KE



Problems

12.Theorem

⊙A,diamGCtouchesint.⊙C,CG@G AH⊥CG×⊙C@E,F,⊙A@H

BHD⊥EF×⊙C@B,DthenBH=EH,DH=FH

13.Problem

Given:∀Ain∀⊙C

Required:minimumchordonA

14.Problem *

Given:⊙C,A∈ABoutside⊙C

Required:⊙Otouchingext.⊙C,⊙O×AB@A

15.Problem

Given:⊙C,ABoutside⊙C

Required:tangent⊙C‖AB

Proposition16.Theorem

∀⊙D,DA:1)AC⊥AB≡tan⊙D@A

and2)ACuniquetangent@A

Proof

1)ElseACchord⊙D JoinDC

DA=DC(d.1.15)∴∠DAC=∠DCA(1.5)

∠DAC=∟ (hyp)∴∠DCA=∟↴ (1.17)

∴ ACnotchord∴ACtan@A

2)(ACnowAE)

AF•|•(⊙D,AE)DG⊥AF(1.12)×⊙D@H

∠DGA=∟ (con)∴∠DAG<∟ (1.17)

∴DA>DG(1.19)

DA=DH∴DH>DGlessequalgreater↴

∴ACuniquetangent@A

Corollary1

∀⊙A,AB,∀BD⊥AB,thenBDuniquetangentto⊙A@B



Problems

16.Problem

Given:⊙C,ABoutside⊙C

Required:tangentto⊙C⊥ AB

17.Problem

Given:⊙C,diamA'A,∀magnitudeM

Required:P∈A'A(pr):tanto⊙CfromP=M

Proposition17.Problem

Given:⊙E,ED,Aoutside⊙E

Required:tangentsonA,D

Method/Proof

1)tangentonA

JoinAE×⊙E@D Add⊙E,EA

DF⊥AE×⊙E,EA@FEF×⊙E,ED@B

ABrequired

EA=EF(d.1.15)EB=ED(d.1.15)

∴AE,EB=FE,ED ∠E∈∆AEB,FED ∴∆AEB≡∆FED(1.4)

∴∠ABE=∠FDE=∟ (con∠FDE)

AB⊥EB∴ ABtangent⊙E,EB@B

2)tangentonD

AsaboveDF⊥ED DFrequired(3.16.C1)

TherealgoalofstudyingEuclidisintellectualhonesty.Euclidallows

youtoexerciseandexpressallofyourintelligence,originality,and

individuality.Butyoumustworkaccordingtoprinciplesof

geometrysharedbyeveryone.Youmustlearntojudgeyourwork

fromthisabsolutestandpointandknowyouareexactly"thisright"

andexactly"thiswrong."Onlyinthiswaycanyouclosethegap

betweenwhereyourworkisnowandwhereitwillcompletely

expresstheprinciplesofclear,correctthought.Andonlythenwill

everyonewhounderstandstheseprinciplesrecognizeyour

intelligence,originality,andindividuality.Andthisachievementof

intellectualprincipleingeometrywillpermeateallofyourthinking



andexpression,ifyouwillletit.Ifyouclaimrecognitionforyour

abilitiesprematurely,thosewithunderstandingimmediately

recognizeyourdishonesty.Attheriskofappearingallholy-moly,

hereisPaulfromGalatians6:3:"Forifamanthinkhimselftobe

something,whenheisnothing,hedeceivethhimself."Buthe

deceivesnoonewhounderstandsprinciple.

Problems

18.Theorem

Fromanypointoutsideacircleonlytwotangentscanbedrawn

andtheyareequal.

19.Theorem

∀4-gonABCDdescribedon(allsidestouching)⊙PQRS:

AB,BC,CD,DAtan@P,Q,R,SthenAB+CD=BC+DA

20.Theorem

No‖gmexceptarhombuscanbedescribedona⊙.

21Theorem *

∀⊙:AD,AEtanto⊙BCF@B,C,ifDE=BD+CE

ThenDEtan⊙ (@F)

22.Theorem D

∀4-gondescribedon⊙,∠sfromcentertooppsides=2∟

23.Theorem

PQtan⊙C@R,radiiCA⊥CB,CA,CB×PQ@P,Q

Thenoftangentsto⊙CPM,QN:PM‖QN

24.Theorem

∀⊙O,∀Aoutside⊙O,tansAB,ACthen∠BAC=2∠OBC

25.Theorem D

∀⊙C,diamAB,tans@AE,BF:∀D∈⊙ EDFtanto⊙

Then4-gonABFE=½AB•EF

26.TheoremD,*

∀4-gonABCDdescribedontwocircles,oneabovetheother,

circlestouching@O.Ontop⊙EFL×AB,BC,DA@E,F,L

Below,⊙GHKxBC,CD,DA@G,H,K.MNtanboth⊙ @O.

MON×AD,BC@M,NthenAD+BC=AB+DC+2MN



27.Problem *

Given:⊙A,Loutside⊙B,M,L>M

Required:commontangentto⊙A,⊙B

28.Problem

Given:⊙ABC,⊙DEF,magnitudeM

Required:tangenton⊙ABCw/secantin⊙DEF=M

29.Problem

Given:⊙A,⊙B,magnitudesPQ,RS

Required:linew/secants=PQ,RS∈ ⊙A,⊙B

Afewremarks:EarlierIanalyzedwhatwehadgainedintoolsand

resultsfromthefirstseveralpropositions.Ifyouhaven'tbeen

doingthisforyourselfsincethen,startdoingit.Takestocknowof

whatyouhave.Spellitoutinanotebook.Addto,orchange,your

listasyouprogress.I'mdoneholdingyourhand.

Areasonablequestionwouldbe:"HowhardshouldIworkonthe

problems?"Ifyoudecidedyouwouldworkoneveryproblemuntil

yousolvedit,youwouldneverfinishthebook.Someproblemsare

old,cleverCambridgeTripoproblems.Someintroducenewideas.

Youcan'treinventeverywheel.(Unlessyoucan.Thenkudostoyou.)

Areasonableeffortwouldbetodrawthediagram,addallthe

labelsanddetails,writedowneverythingyoucanconcludefrom

thediagram,andthentrytoseehowtogetfromwhereyouareto

therequiredresult.Mentallyengagewiththeproblemandstriveto

solveit.Ifaftertwentyorthirtyminutesyoucan'tgetthere,justsit

quietlyforaminuteandletyoureyerunoverwhatyou'vegot.If

you'vestillgotnothing,bagit.Gofindthesolution,writeitout,

studyit,andaddanythingyougainfromittoyourrunninglistof

tools.

Ifyoudothis,youwillgraduallybuildupacoreofgeometric

understanding.Atsomepoint,thatunderstandingwillkickin,

bringingyoutoahigherlevel.Yougettherebystriving.



Proposition18.Theorem

∀⊙F,FC,∀tangentDCE,thenFC⊥DE

Proof

Else∀G,FG⊥DE×⊙F@B

∴∠FGC=∟ (hyp)∴ ∠FCG<∟ (1.17)

∴FC>FG(1.19)

FC=FB(d.1.15)

∴ FB>FG↴ (less>greater)∴FG!⊥DE

Sym.nootherlinebutFC⊥DE∴ FC⊥DCG

Additionalnotation:

DistancefromAtoBwillbedenoted"D(A,B)"

TangentPQw/pointoftangencyEdenoted"tangentPEQ"

Problems

30.Theorem

∀⊙C,diamMN,tans@M,N×∀tanPEQ@A,Bthen∠ACB=∟

31.Theorem

Concentric⊙O,OBin⊙O,OA

then∀chords∈⊙O,OAtanto⊙O,OBareequal

32.Problem

Given:⊙O,∀Poutside⊙O,AB<diam⊙O

Required:LineonPwithsecantin⊙O=AB

33.Theorem D

CDtanto⊙A,AC,⊙B,BD DC×AB@O

OA(pr)×⊙A,⊙B@E',E;F,'FthenCE‖DF(Sym.CE'‖DF')

34.Theorem *

∀semi⊙C,CA,baseAB∀⊙Oinscribedinsemi⊙:

⊙OtantoAB@F,touchesarcAB@D

ThenOeqDCandthetantosemi⊙‖AB

35.Problem *

Given:AB,⊙C,magnitudeM

Required:⊙radiusM,tangenttoAB,touchingext.⊙C



36,Theorem D,*

∀⊙C,CAtouchesext.⊙O@BA'Atanto⊙C@A

Then∃D∈⊙O:DBAoneline

Proposition19.Theorem

∀⊙ABC,∀tanDCEthen

⊙center∈AC⊥DE

Proof

ElsecenterF∉ABJoinCF

∴FC⊥DE(3.18)∴∠FCE=∟

∠ACE=∟ (con)

∴∠FCE=∠ACE(a.11)↴ (less=greater)∴∀F∉ACnotcenter

∴center⊙∈AC

Problems

37.Theorem *

∀4-gonABCD,BC‖AD,⊙K×AB,BC,CD,DA@E,F,G,H

LKM‖BC×AB,CD@L,MthenLM=¼(AB+BC+CD+DA)

38.Theorem *

Ifaseriesof⊙ alltouchfixedlineA'A@A,if∀parallellinetoA'A

cutsallcirclesthentangentsatallpointssotouchedaretangentto

afixed⊙

39.Theorem *

∀⊙C,CA,∀B∈radiusCC'⊥CA,AB(pr)×⊙C@A,D

tanatD×CB(pr)@Ethen∆BDE≡isos∆

40.Theorem *

∀⊙O,diamAB,OA(pr)toP:OA=AP,

PEC×tanonA@E,⊙O@C BC×tanonA@D

then∆CED≡eqS∆

41Theorem D,*

∀⊙O,OC,∀A,Boutside⊙Othenif

∀linesAC,BC×⊙O@C∈convexsideof⊙O

ThenminimumAC+BCwhentangent@Cmakeseq∠ w/AC,BC



Proposition20.Theorem

∀⊙ABC,centerE,then∠BEC=2∠BAC

Proof

JoinAE.AE(pr)toF.

Case1)E∈∠BAC

EA=EB∴ ∠EAB=∠EBA(1.5)

∴∠EAB+∠EBA=2∠EAB

∠BEF=∠EAB+∠EBA(1.32)

∴∠BEF=2∠EABSym.∠FEC=2∠EAC

∴∠BEC=2∠BAC

Case2)E∉∠BAC

Sym.toCase1,∠FEC=2∠FAC,

∠FEB=2∠FAB∴∠BEC=2∠BAC

Proposition21.Theorem

∀⊙F,∀chordBD,∀A,E∈⊙FsamesideBDthen∠BAD=∠BED

Proof

Case1)arcBAED>semi⊙

JoinF[B,D]

∠BFDoncenter,∠BAD∈⊙,

bothonarcBCD∴ ∠BFD=2∠BAD(3.20)

Sym.∠BFD=2∠BED

∴∠BAD=∠BED(a.7)

Case2)arcBAED<semi⊙

AF(pr)×⊙F@CJoinCE

arcBAEC>semi⊙

∴∠BAC=∠BEC(Case1)

arcCAED>semi⊙

∴∠CAD=∠CED(Case1)

∴ ∠BAD=∠BED(a.2)



Problems

42.Theorem

∀⊙,chordAB,∀segmentARB,∀2dsegmentonRBsamesideARB

∀P∈RB,APD,BPC×2dsegment@D,C AC×BD@Q

then∠CQDconstant.

43.Theorem D

∀cyclic4-gonABCD,AB×CD@O

thenanglesof∆AOC=anglesof∆BOD

44.Theorem

⊙AQP×⊙PBR@P,P'APBfixedcommonchord

then∀commonchordQPR,AQ×BR@constant∠

45.Theorem

∀⊙O,∀AoutsideO,AB,ACtanto⊙O,∀D∈⊙O,∉arcBC

then∠ABD+∠ACD=constant

46.Theorem *

∀⊙,chordAB,∀P,Q∈⊙ samesideofAB

AR,BR×/2∠PAQ,∠PBQ,AR×BR@R

then∠ARBconstant

Proposition22.Theorem

∀cyclic4-gonABCD,∑opp∠ =2∟

Proof

JoinAC,BD ∑(∠∆CAB)=2∟ (1.32)

∠CAB=∠CDBonchordCB(3.21)

∠ACB=∠ADBonchordAB(3.21)

∴∠CAB+∠ACB=∠ADC(bytheirsharedchords)

∴∠CAB+∠ACB+∠ABC=∠ABC+∠ADC(a.2)

∠CAB+∠ACB+∠ABC=∑∠∆CAB=2∟ (1.32)

∴∠ABC+∠ADC=2∟ Sym.∠BAD+∠BCD=2∟

Note:InatraditionalEuclid,thispropositiontakesabout25linesof

prose.Herewehavesixlinesofalgebra.Butifyouwilltrulyrealize

theelementsofthelogic,trulygraspwhatisgoingon,you'llhave

aboutthreelinesofargumentinyourheadandthat'sallyouneed.



Let'saddalittlenotation.Ifafigureisinscribedinacircle,wewill

denoteitas"figurew/en⊙"("en"for"encircled").Inthiscase,the

figure'sverticesareonthecircle.Ifafigurehasacircleinscribed

withinit,itisa"figurew/in⊙".Inthiscase,thefigure'ssidesare

tangenttothecircle.

Problems

47.Theorem

If‖gmw/en⊙ then‖gm≡rect∟

48.Theorem

∀∆ABCw/en⊙DEFD,E,F∈arcsBC,CA,AB

then∠AFB+∠BDC+∠CEA=4∟

49.Theorem D

∀cyclic4-gonw/en⊙,∑(ext∠onsides)=6∟

50.Theorem

∆AOB,∀C,D∈BO,AO:∠ODC=∠OBA

Then4-gonABCD≡cyclic4-gon

51.Problem

Dividea⊙ into2parts:∠ ononesideofdividingchord=2∠ on

otherside.

52.Problem

Dividea⊙ into2parts:∠ ononesideofdividingchord=5∠ on

otherside.

53.Theorem D

∀6-gonABCDEFw/en⊙:If∀2adjsides‖totheiroppsides

thenremaining2sides‖

54.Theorem D

∀4-gonABCD AB(pr)toE ∠EBC=∠ADC

Then∠ADB=∠ACB

55.Theorem D

∀⊙,∀C∈⊙,∀DCE,ACB×⊙ @E,B

CP×/2∠DCB×⊙ @P∈ arcCBthenEP=BP



56.Theorem

∀∆ABC,∀∠M AP,BQ×BC,AC@P,Q@∠M

Then∀∆,baseAB,apex∠CPQ≡constant

57.Theorem D,*

∀cyclic4-gonABCD,AB×CD@P,AD×BC@Q:P,Qoutside⊙

QH×/2∠AQC,PH×/2∠APC,PH×QB@Ethen∠PHQ=∟

58.Theorem D,*

∀cyclic4-gonABCD,CD(pr)to∀E

Bisectorsof∠ABC,∠ADE×@F

ThenAD×BF@H∈⊙

59.Theorem *

∀cyclic4-gonABCD lineEFGHxAD,BC@F,G,⊙ @E,H

If∠AFG=∠BGFthenEHmakesequal∠ w/AB,DC

60.Theorem *

∀4-gonEFGHw/en⊙:∠E+∠G=2∟

in⊙O,OA×EF,FG,GH,HE@A,B,C,DthenBD⊥AC

Proposition23.Theorem

∀AB,twosimilarsegmentsofcircles,on

samesideofAB,mustcoincide.

Proof

ElsesegADB~segACBdonotcoincide

⊙ACB×⊙ADB@A,B∴!∃ 3dpointofintersection(3.10)

∴onesegment(segACB)mustbeinsideothersegment(segADB)

AddlineDCB.JoinA[C,D]

segADB~segACB∴∠ADB=∠ACB(d.3.17)

∴ext∠ACD=∠CAB+∠CBA↴ (1.16)∴ segmentscoincide

Note:Thispropositionservesthesamepurposeas1.7.Similar

segmentsandequaltrianglesonsamesideofsamebasecoincide.

Thisexcludesthepossibilityofanythingelsebeingthecase.



Proposition24.Theorem

∀AB,CD:AB=CD,

∀segAEB,segCFD:AEB~CFD

ThensegAEB=segCFD

Proof

AB=CD∴ifAEBsuperimposedonCFDtheAB,CDcoincide

∴AEB,CFDcoincide(3.23)∴segAEB=segCFD

Note:Hereagain,Euclidisexcludingotherpossibilities,clearingthe

groundforfurtherpropositions.Interestingly,bothhereandin1.4,

whenheusessuperpositiontomoveone∆scratchedinthedirt

overanother∆,heonlymovesrigidfigures.Asquarecancollapse.

Buttrianglesandsegmentscannot.

Proposition25.Problem

Given:∀⊙segABC

Required:implied⊙

Method/Proof

DmdptAB(1.10)DB⊥AC(1.11)JoinAB

Case1)∠ABD=∠BAD

∴DB=DA(1.6)DA=DC(con)∴DB=DC(a.1)

∴DA=DB=DC∴ A,B,C∈⊙D,DA(3.9)∴⊙D,DArequired

Case2)∠ABD≠∠BAD

∠BAE=∠ABD(1.23)JoinBEDorBD(pr)toEJoinEC

∠BAE=∠ABE(con)∴EA=EB(1.6)

∆ADE,CDE:AD=CD(con),DE=DE,∠ADE=∠CDE=∟ (con)

∴ EA=EC(1.4)EA=EB∴EA=EB=EC

∴A,B,C∈⊙E,EA∴⊙E,EArequired

Note:InCase1,arcABCisasemi⊙.Whenthecenterof⊙ is

outsidesegABC,arcABCislessthanasemi⊙,ifinside,greaterthan.



Proposition26.Theorem

⊙G,GA=⊙H,HD:

∠BGC=∠EHF,

∠BAC=∠EDF

thenarcBKC=arcELF

(K,LoppsideBC,EFofA,D)

Proof

JoinBC,EF

⊙G=⊙H(hyp)∴radiiequal(d.3.1)∴BG,GC=EH,HF

∠G=∠H(hyp)∴BC=EF(1.4)

∠A=∠D(hyp)∴segBAC~segEDF(d.3.7)BC=EF

∴segBAC=segEDF(3.24)

⊙G=⊙H(hyp)∴segBKC=segELF(a.3)∴ arcBKC=arcELF

Recallthat"∀"≡"each,any,every,all"asthesearelogically

equivalent.In61,thefirstis"any",thesecond"all".

Problems

61.Theorem

∀∆sCABonsamesideAB

Then∀AD(pr)×/2∠Cconcuroncommonpoint

62.Theorem

⊙O×⊙P@A,BIfcommonchordsCAD,CBE×AB:C,DoppsidesA,

C,EoppsidesBthenDEconstant

63,Problem *

Given:⊙C,diamAB,∀D∈⊙C

Required:chordDEononesideAB:arcAE=3×arcBD

64.Theorem D,*

∀⊙O,diamAB,diamCD⊥AB,∀E∈arcAC,

chordEFG×CD@F:EF=DA

ThenarcBG=3×arcAE



Proposition27.Theorem

⊙G,GA=⊙H,HD:

arcBC=arcEF

then∀A,D∈⊙G,H:

∠BGC=∠EHF

∠BAC=∠EDF

Proof

If∠BGC=∠EHF,then∠BAC=∠EDF(3.20,a.7)

Else∠BGC>∠EHF∠BGK=∠EHF(1.23)

∠BGK=∠EHF∴ arcBK=arcEF(3.26)

arcBC=arcEF(hyp)∴arcBK=arcBC↴ (less=greater)

∴∠BGC=∠EHF∴∠A=½∠BGC=½∠EHF=∠D(3.20)

Problems

65.Theorem D

∀⊙O,chordsAC,BD:AC=BDthenAB‖CD

66.Theorem *

⊙K,KA×⊙L,LA:KA<LAtouchint.@A

∀chordBDC∈⊙Ltanto⊙K@Dthen∠BAD=∠DAC

Proposition28.Theorem

⊙K=⊙L,BC=EF

∀chordBC,EF∈⊙K,⊙Lthen

arcsonBC=arcsonEF

Proof

JoinK[B,C],L[E,F]

A,G;D,HoppsidesBC,EF

⊙K=⊙LandBC=EF(hyp)∴BK=KC=EL=LF∴∠BKC=∠ELF(1.8)

∴arcBGC=arcEHF(3.26)∴arcBAC=arcEDF(a.3)

Problems

67.Theorem

⊙O,M×⊙P,M@A,BCAD×⊙O,⊙P@C,DthenBC=BD



Proposition29.Theorem

⊙ABC=⊙DEF

arcBGC=arcEHF

thenBC=EF

Proof

K,Lcenter⊙ABC,DEF

JoinK[B,C]L[E,F]

arcBGC=arcEHF(hyp)∴∠BKC=∠ELF(3.27)

⊙K=⊙L(hyp)∴KB,KC=LE,LF(d.3.1)∴BC=EF(1.4)

Problems

68.Theorem

∀⊙O,chordsAB,CD:AB‖CDthenAC=BD,AD=BC

69.Theorem

∀⊙,chordsOA,OB,OC:∠AOB=∠BOC,OA>OB

PB⊥OA×OA@PBQ⊥OC(pr)×OC@QthenAP=CQ

70.Theorem

∀⊙,chordAB,AL,AM:∠MAB=∠LAB,AL<AM

then1)ifAB•|•(AL,AM)thenAM+AL=constant

2)ifAB!•|•(AL,AM)thenAM-AL=constant

Proposition30.Problem

Given:∀arcADBRequired:bisectarc

Method

JoinABCmdptABCD⊥AB×arcADB@D Drequired

Proof

JoinD[A,B]∆ACD,BCD:AC=CB∠ACD=∠BCD=∟(con)

DC=DC∴AD=BD(1.4)∴arcAD=arcBD(3.28bothonsameside)

Note:Beclearabout3.28.Equalchordscutoffequalarcsonboth

sidesofthechord.That'swhatthegeometricalgebraof

proposition28says.EuclidalwayssaysitonceinGreekandoncein

hisprosaicalgebra.His28:Inequalcircles,equallinescutoffequal

arcs,thegreaterequaltothegreater,andthelessequaltotheless.

Ouralgebraissimplerbutjustasgeneral.



Proposition31.Theorem

∀⊙ABCD,centerE,chordBC

1)diamBCthen∠BCA=∟

2)arcABC>semi⊙ then∠ABC<∟

3)arcADC<semi⊙ then∠ADC>∟

Proof

JoinAEBA(pr)toF

1)diamBC

EA=EB(d.1.15)∴∠EAB=∠EBA(1.5)

EA=EC(d.1.15)∴∠EAC=∠ECA(1.5)∴∠BAC=∠ABC+∠ACB

∆ABC:ext∠FAC=∠ABC+∠ACB

∴∠BAC=∠FAC=∟ (d.1.10)∴∠BAC=∟

2)arcABC>semi⊙

∠ABC+∠BAC<2∟ (1.17)∠BAC=∟∴∠ABC<∟

3)arcADC>semi⊙

4-gonABDCcyclic∴∑opp∠ =2∟ (3.22)∴∠ABC+∠ADC=2∟

∠ABC<∟ (proven)∴∠ADC>∟

Corollary1

∀∆ABC:if∀∠A=∠B+∠Cthen∠A=∟ (∠FAC=∠BACd.1.10)

Problems

71.Theorem

∀⊿ABC,∟C,DmdptABthen∀C∈⊙D,DA

72.Theorem

∀isos∆CAB:⊙diamAC×⊙diamBC@mdptAB

73.Theorem

⊙ABC×⊙ABD@A,B,diamsAC,ADthenB∈CD

74.Theorem

∀⊙O,OAand⊙diamOAthen⊙diamOA×/2∀chordAC∈⊙O

75.Theorem D

Maximumrect∟ w/en⊙≡square

76.Theorem

∀∆ABC,AD,CE⊥BC,ABJoinDEthen∠ADE=∠ACE



77.Theorem

∀⊙diamAD,∀B,C∈⊙diamADsamesideAD,DE⊥AD×BC(pr)@E

ThenAD²=AB²+BC²+CD²+2BC•CE

78.Theorem

∀⊿ABC,∟CDmdptAB EDF⊥AB:DE=DF=DA

JoinC[E,F]:AB⋅|⋅(C,E),FE⋅|⋅(C,A)thenCE,CF×/2∠C,ext∠C

79.Theorem

∀AB,ACBD⊥ACDE⊥ABCF⊥ABFG⊥ACthenEG‖BC

80.Theorem

∀∆ABC,⊙O,diamABw/diamFE‖BC:E,CsamesideAB

ThenEB,FB×/2int∠B,ext∠B

81.Theorem

∀⊿ABC,∟BSquaresonsides:ADEC,CFGB,BHKA

AE×CD@MthenMB⊥KF

82.Theorem

∀∆ABC:BE,CFalt∠B,CDmdptBCDG⊥EFthenGmdptEF

83.Theorem

⊙diamAB×⊙diamBCext.@B:AB=BC

chordBD∈⊙diamAB⊥chordBE∈⊙BC

thenDE‖ACandDE=D(between⊙ centers)

84.Theorem D,*

⊙ABC×⊙DBE@A,B commonchordsACD,BCE:Cinside⊙DBE

⊙ABC,diamHC(pr)xDE@KthenHC⊥DE

85.Theorem D,*

∀AB,semi⊙AB∀P∈arcABPM⊥ABJoinP[A,B]

semi⊙AM,BM×AP,BP@Q,R

ThenQRcommontantosemi⊙AM,BM

86.Problem *

Given:∀lineABC

Required:⊙ tantoABC@B:tanto⊙ onA‖tanto⊙ onC

87.Problem *

Given:magnitudeR,AB(prbothways)

Required:⊙C,radiusRtouchingAB:tanto⊙ onA‖tanto⊙ onB



88.Theorem D,*

∀semi⊙diamAB∀D,E∈arcABAD,AE×BE,BD@F,G

ThenFG(pr)⊥AB

89.Problem *

Given:⊙C,CD,CA<CD

Required:P∈⊙:CAsubtendsmax∠

90.Theorem *

∀⊙O,chordAB⊥chordCD×@EthenAE²+EB²+CE²+ED²=diam²

Proposition32.Theorem

∀⊙diamAB,EFtanto⊙ @B,∀D,C∈arcAB

Then∠DBF=∠BAD,∠DBE=∠BCD

Proof

JoinAD,DC,CB

EFtanto⊙ @BBA⊥EF(hyp)

∴center⊙∈BA(3.19)∴∠ADB=∟ (3.31)

∴∠BAD+∠ABD=∟ (1.32)=∠ABF

∠BAD+∠ABD-∠ABD=∠ABF-∠ABD∴∠BAD=∠DBF(a.3)

ABCD≡cyclic4-gon∴ ∠BAD+∠BCD=2∟ (3.22)

∠DBF+∠DBE=2∟ (1.13)∴∠BAD+∠BCD=∠DBF+∠DBE

∠BAD=∠DBF(proven)∴ ∠BCD=∠DBE

Euclidwillmakeextensiveuseofthisproposition.Hisexpressionof

itis"equalanglesinalternatesegments"ofa⊙.Thesetwopairsof

equalanglesdefineEuclid'sideaofalternatesegments.Youcan

haveasmanypairs(2here)asyouhavepoints(D,C)onarcAB.You

haveFBDA,flipDAtoADand∠FBD=∠BAD.YouhaveEBDC,flip

DCtoCDand∠EBD=∠BCD.Thisisonewaytocometoan

understandingofwhatalternatesegmentsare.Nailthisdownin

yourmindbecauseitappearsinthenexttwopropositionsand

throughoutthenextproblemset.



Proposition33.Problem

Given:∀AB,∀∠C

Required:segmentAB=∠C

Method/Proof

Case1)∠C=∟

FmdptABsemi⊙F,FA∀H∈arcAB

∴∠AHB=∟ (3.31)

Case2)∠C≠∟

∠BAD=∠C(1.23)AE⊥AD(1.11)

FmdptABFG⊥AB×AE@G JoinGB

∆AFG,BFG:AF=BF(con)FG=FG

∠AFG=∠BFG(d.1.10)∴AG=BG(1.4)

⊙G,GA∴DA(pr)tan⊙ @A

∴∀H∈arcAB∠AHB=∠DAB(3.32)=∠C

Note:Seehow∠DABalternateswith∠AHB?

YouhaveDABHandfliptheBHtoHB.We

getalotofmileageoutof3.32.

Proposition34.Problem

Given:∀⊙ABC∀∠D

Required:⊙segment=∠D

Method

EFtanto⊙ @B(3.17)∠FBC=∠D(1.23)

segmentBACrequired.

Proof

EFtanto⊙ @B(con)∴∠FBC=∠BAC(3.32)=∠D(con)

Problems

91.Theorem

∀⊙ chordAB,tanAC,DmdptarcAB

DE,DF⊥AB,AC×AB,AC@E,FthenDE=DF

92.Theorem

∀⊙C,∀B∈⊙C,∀P,PAtanto⊙C×CB(pr)@A

PD⊥CBthenPB×/2∠APD



93.Theorem

∀⊙ chordAB,ADtanto⊙ @A,∀DPQ‖AB×⊙ @P,Q

Then∆PADeq∠ ∆QAB

94.Theorem

⊙O×⊙P@A,B,∀P∈⊙OcommonchordsPAC,PBD

ThenCD‖tanto⊙O@P

95.Theorem

⊙O×⊙P@A,B,AC,ADtanto⊙P,⊙O×⊙O,⊙P@C,D

JoinB[C,D]thenAB(pr)×/2∠CBD

96.Theorem

⊙O×⊙P@Bext.∀commonchordABC(A∈⊙O)

ThensegmentsonAB~(similarto)segmentsonBC

97.Theorem

∀⊙OchordPQ⊥chordAB×AB@M

AN⊥tan@P×tan@P@Nthen∆NAMeq∠∆PAQ

98.Theorem

∀⊙OdiamAB⊥diamCD,∀P∈⊙O,tan@P,AP,BP×CD(pr)@Q,R,S

ThenRQ=SQ

99.Problem

Given:baseAB,apex∠M,pointDwherealtapex∠ ×base

Required:implied∆

100.Problem

Given:baseAB,apex∠M,magnitudeL=altapex∠

Required:implied∆

101.Problem

Given:baseAB,apex∠M,magnitudeL=medapex∠

Required:implied∆

102.Problem

Given:baseAB,apex∠M

Required:showarea∆maxwhen∆isos

103.Problem *

Given:⊙O,Aoutside⊙O

Required:ABC×⊙O@B,C:∆BOCmax



104.Problem *

Given:∠M,sideABopp∠M,∑(other2sides)

Required:implied∆

Proposition35.Theorem

∀⊙ chordAC×chordBD@E,AE•EC=BE•ED

Proof

Case1)Ecenter⊙

Ecenter∴ EA=EB=EC=ED(d.1.15)

∴ AE•EC=BE•ED

Case2)Fcenter⊙,AC⊥BD,F∈BD

F∈ED∴ AE=EC(3.3)

FmdptBD∴ BE•ED+EF²=FB²=AF²(2.5)

AF²=AE²+EF²(1.47)

BE•ED+EF²=AE²+EF²(a.1)

∴BE•ED=AE²

∴BE•ED=AE•EC(EC=AE)

Case3)Fcenter⊙,AC!⊥BD,F∈BD

FG⊥AC×AC@G(1.12)∴AG=GC(3.3)

∴AE•EC+EG²=AG²(2.5)

∴AE•EC+EG²+GF²=GF²+AG²

EG²+GF²=EF²AG²+GF²=AF²(1.47)

∴AE•EC+EF²=AF²=FB²

FB²=BE•ED+EF²

∴AE•EC+EF²=BE•ED+EF²

∴ AE•EC=BE•ED

Case4)Fcenter∉AC,BD,AC!⊥BD

AdddiamGEFH

∴GE•EH=AE•ECGE•EH=BE•ED(proven)

∴AE•EC=BE•ED



Proposition36.Theorem

∀⊙E,Doutside⊙E,

∀secantDCAx⊙E@C,A,

∀tanDBx⊙E@BthenBD²=AD•DC

Proof

Case1)E∈DA

JoinBE∴∠EBD=∟ (3.18)

AD•DC+EC²=ED²(2.6)

EC=EB(d.1.15)

∴AD•DC+EB²=ED²

ED²=EB²+DB²(1.47)

∴AD•DC+EB²=EB²+DB²

∴AD•DC=DB²

Case2)E∉DA

EF⊥AC(1.12)JoinE[B,C,D]

∴AF=FC(3.3)

AD•DC+FC²=FD²(2.6)

AD•DC+FC²+FE²=FE²+FD²

CF²+FE²=CE² DF²+FE²=DE²(1.47)

∴AD•DC+CE²=DE²

CE=BE(d.1.15)

∴ AD•DC+BE²=DE²

DE²=DB²+BE²(1.47)

∴AD•DC+BE²=BE²+DB²

∴AD•DC=DB²

Corollary1)

Allsuchsecantsfromthesamepointand

eithertangentfromthatpointaresubjectto

3.36.OrAB•AE=AC•AF=AD²inthisdiagram.



Proposition37.Theorem

∀⊙F,∀Doutside⊙F,∀secantDCA,

∀DB×⊙F,ifDA•DC=DB²thenDBtanto⊙F

Proof

AddDEtanto⊙F(3.17)JoinF[B,D,E]

∠FED=∟ (3.18)AD•DC=DE²(3.36)

AD•DC=DB²(hyp)∴ DB²=DE²∴DB=DE

EF=BF(d.1.15)∴DE,EF=DB,BFDF=DF

∴∠DEF=∠DBF(1.8)=∟ (con)

∴ BDtanto⊙F@B(3.16.C1)

Note:Thisistheconverseof3.36.

Problems

105.Theorem

⊙O×⊙P@A,BAB(pr)to∀T,TP,TQtanto⊙O,⊙P

ThenTP=TQ

106.Theorem

⊙O×⊙O'@A,BthenAB(pr)×/2commontangentPQ

107.Theorem

∀∆ABC:AD,CEalt∠A,CthenBC•BD=BA•BE

108.Theorem

⊙O×⊙P@A,B∀C∈AB:chordDCE,FCG∈⊙O,⊙P

ThenDFEG≡cyclic4-gon

109.Theorem *

⊙ABCD×⊙EBCF@B,CcommontangentsAE,DF×BC(pr)@G,H

ThenGH²=AE²+BC²=DF²+BC²

110.Theorem *

∀⊿ABC,∟A∀D∈BCDEF⊥BC×CA,BA(pr)@E,F

ThenDE²=BD•DC-AE•ECandDF²=BD•DC+AF•FB

111.Theorem *

Aseriesof⊙sintersecteachothersuchthattheirtangentsfroma

fixedpointTareequal.Thenthelinejoininganytwo⊙'spointsof

intersectionarecolinearwithT.



112.Problem *

Given:center⊙A,BC(pr):Cfixed,MN²

Required:⊙A:⊙A×BC@E,F:CE•CF=MN²

113.Problem *

Given:⊙diamAB,CBtanto⊙ @B,MN²<AB²

Required:T∈BC:secantTPA:TP•PA=MN²



Euclid-BookIV

Definitions

1.Ann-gonisinscribedinanothern-gonwheneveryvertexofthe

firstn-gonisonthesideofthesecond.

2.Ann-gonisdescribedonanothern-gonwheneveryvertexofthe

secondn-gonisonasideofthefirst.

3.Ann-gonisinscribedina⊙ whenallofitsverticeslieonthe⊙.

4.Ann-gonisdescribedona⊙ whenallofitssidesaretangentto

the⊙.

5.A⊙ isinscribedinann-gonwhenallsidesofthen-gonare

tangenttothe⊙.

6.A⊙ isdescribedonann-gonwhenallverticesofthen-gonlie

onthe⊙.

7.Alineisplacedina⊙ whenitismadeachordofthe⊙.



Propositions

Proposition1.Problem

Given:⊙diamBC,lineD<BC

Required:placeDin⊙diamBC

Method

IfBC=D,BCrequired.

ElseCE=D(1.3)

⊙C,CE×⊙diamBC@A,F

CA=CFrequired

Proof

CA=CE=CF(d.1.15)

CE=D(con)

∴CA=CF=D

Proposition2.Problem

Given:⊙ABC,∆DEF

Required:∆ABCeq∠ ∆DEFin⊙ABC

Method

GHtanto⊙ABC@A(3.17)

∠HAC,GAB=∠DEF,DFE(1.23)

JoinBC

∆ABCrequired.

Proof

GHtanto⊙ @∀A

∴∠HAC=∠ABC(3.32)=∠DEF(con)

Sym.∠ACB=∠DFE

∴ ∠BAC=∠EDF(1.32)



Proposition3.Problem

Given:⊙ABC,∆DEF

Required:∆LMNeq∠ ∆DEF

describedon⊙ABC

Method

EF(pr)toGEFH

Kcenter⊙ABC∀radiusKB

∠BKA,BKC=∠DEG,DFH(1.23)

LAM,MBN,NCLtangentsto⊙ABC(3.17)

∆LMNrequired.

Proof

LM,MN,NL⊥AK,BK,CK(3.18)

n-gonAMBK:∑∠ =4∟

∠KAM=∠KBM=∟ ∴ ∠AKB+∠AMB=2∟

∠DEG+∠DEF=2∟ (1.13)∠AKB=∠DEG(con)∴∠AMB=∠DEF

Sym.∠LNM=∠DFE∴∠MLN=∠EDF(1.32)

Problems

114.Theorem

Inthediagramofproposition4.3,provetan@A×tan@B

115.Theorem

Usingthediagramofproposition4.3,if∀∆LMNw/in⊙Kthenthe

∆ABCoftangentsonin⊙ of∆LMNhasonlyacuteangles.

Proposition4.Problem

Given:∀∆ABCRequired:in⊙

Method/Proof

BD,CD×/2∠B,Cx@D(1.9)

DE,DF,DG⊥AB,BC,CA(1.12)

∆EBD,FBD:∠EBD=∠FBD DB=DB

∟BED=∟BFD∴ DE=DF(1.26)

Sym.DF=DG∴DE=DG

∴E,F,G∈⊙D,DE(d.1.15)

∠E,F,G=∟ ∴AB,BC,CAtanto⊙D@E,F,G(3.16.C1)

∴⊙D,DE≡in⊙ of∆ABC



Ifyouareseriousaboutyourdiagrams,youmightwanttogeta

plastictemplatewithaseriesofcircles.Minehastwenty-onecircles

withdiametersrunningfrom1/16thofaninchto1½inches.One

ofthesewillalmostexactlyfitasaninscribedorescribedcircle.For

circumcircles,youjustdrawthecirclefirstandthetriangleinside

formostdiagrams.

Problems

116.Theorem

Inthediagramofproposition4.4,prove×/2∠B××/2∠C

117.Theorem

Inthediagramofproposition4.4,proveDA(pr)×/2∠A

118.Theorem D

∀∆ABC:in⊙O×BC,CA,AB@D,E,F

GHK×AB,AC@G,K,tan⊙O@H

LMN×BC,BA@L,N,tan⊙O@M

PQR×CA,CB@P,R,tan⊙O@Q

Then∑(perimeters∆AGK,BLN,CPR)=perimeter∆ABC

119.Problem

Given:⊙O,AB,ACtanto⊙O

Required:⊙ withtangentsAB,AC,touching⊙Oext.

120.Theorem D,*

∀∆ABCw/in⊙O,⊙OtantoAB,AC@D,E,AO×⊙O@G

Then⊙G≡in⊙ of∆ADE

121.Theorem *

∀4-gonABCD:AB+CD=BC+AD ∠A,B,C,D<2∟

Thenin⊙ possible(<2∟ meansnoanglere-entrant)

ThefollowingpropositionisnotEuclid's.Itprovestheexistence,or

possibility,ofex-circles(ex⊙).ThesearepartofModernGeometry,

thelate19th,early20thcenturyextensionofEuclidthatledto

ProjectiveGeometry.Theretheyarecalledescribedcircles.



Proposition4N.Problem

Given:∀∆ABCRequired:ex⊙ onBC

Method

AB(pr),AC(pr)to∀G,H

×/2∠GBC××/2∠HCB@I

I[D-F]⊥BC,AH,AG

⊙I,IDrequired

Proof

∆IBD,IBF:∠IBD=∠IBF(con)IB=IB

∟IDB=∟IFB∴ID=IF(1.26)

Sym.IE=IF∴ID=IE=IF

∴D,E,F∈⊙I,ID(d.1.15)

∠D,E,F=∟∴AG,AH,BCtanto⊙I@D,E,F(3.16.C1)

Problems

122.Theorem

∀∆ABCw/ex⊙D,⊙EonBC,AC

AB,AC,BCproducedto∀K,L,M

ThenD,C,Ecolinear

123.Theorem

∀∆ABCw/in⊙D AD(pr)×BO⊥BD@O

ThenOcenterex⊙ onBC

124.Theorem D

∀∆ABC:AB>AC

ex⊙ onBC×BC,AB(pr),AC(pr)@F,D,E

in⊙ ×BC,AB,AC@K,G,H (F⋅|⋅(B,K))

ThenFK=AB-AC

125.Theorem D

∀∆ABCw/3ex⊙ ×BC,AC,AB@D,E,F

AB(pr),AC(pr)×ex⊙GDH@G,H

ThenAE=BD BF=CECD=AF

126.Theorem

∀∆ABC,ex⊙ onBC,CA,ABcenterD,E,F

ThenAD×BE×CF@O:centerin⊙∆ABC



127.Theorem *

⊙HPL×⊙KPM@PcommontangentsHK,LM

JoinHL,KMthenin⊙ possiblein4-gonHKLM

128.Theorem *

∀∆ABC:A,∠A,perimeterconstantsidesvary

ThenBCtangenttofixed⊙

129.Problem *

Given:basePQ,apex∠V,radiusRofin⊙

Required:implied∆

130.Problem *

Given:pointsA,B,lineEF

Required:⊙:A,B∈⊙,EFtanto⊙

Proposition5.Problem

Given:∀∆ABC

Required:en⊙

Method

D,EmdptAB,AC

DF,EF⊥AB,AC

⊙F,FArequired

Proof

IfF∉BC,joinF[B,C]

⊿AFD,BFD:AD=BD(con)DF=DF∟FDA=∟FDB∴ FA=FB(1.4)

Sym.FC=FA∴ FA=FB=FC∴A,B,C∈⊙F,FA(d.1.15)

Corollary1

If⊿acute,Finside⊿;if⊿,F∈hypotenuse;if⊿obtuse,

Foutside⊿



Proposition6.Problem

Given:∀⊙ Required:inscribedsquare

Method

⊙E,EB:diamAC⊥diamBD(3.1,1.11)

JoinAB,BC,CD,DA

squareABCDrequired

Proof

AC×BD@EBE=ED∴Ecenter⊙E

∆ABE,ADE:AE=AEAE⊥BD BE=ED∴BA=DA(1.4)

Sym.BC=DC=BA=DA∴ABCDeqS

diamBD∴ arcBAD≡semi⊙ ∴∠BAD=∟ (3.31)

Sym.∠ABC,BCD,CDA=∟ ∴ABCD≡rect∟ ∴ABCD≡square

Proposition7.Problem

Given:∀⊙ Required:describedsquare

Method

⊙E,EB:diamAC⊥diamBD(3.1,1.11)

tangentsFG,GH,HK,KFonA,B,C,D(3.17)

squareFGHKrequired

Proof

AC×BD@E∴Ecenter⊙E

GFtan@A∴∠EAF,EAG=∟ (3.18)Sym.∠s@B,C,D

∠AEB,EBG=∟ ∴GH‖AC(1.28)Sym.AC‖FKSym.GF‖HK‖BD

∴4-gonsGK,GC,CF,FB,BK≡‖gm∴GF=HKGH=FK(1.34)

AC=BD AC=GH=FKBD=GF=HKGH=FK=GF=HK∴FGHKeqS

AEBG≡‖gm ∠AEB=∟ ∴∠AGB=∟ Sym.∠H,K,F=∟

∴FGHK≡rect∟ ∴FGHK≡square

Note:"Arectangular,equilateral4-gonisasquare"isthelesson

here.



Proposition8.Problem

Given:∀squareRequired:in⊙

Method/Proof

squareABCD

F,EmdptAB,AD(1.10)

EH,FK‖AB,AD(1.31)

∴n-gonsAK,KB,AH,HD,AG,

GC,BG,GD≡‖gm(1.34)

AD=AB(d.1.30)∴AE=½ADAF=½AB

∴AE=AF(a.7)∴FG=GE(1.34)

Sym.GH,GK=FG,GE∴ GE=GF=GH=GK

∴E,F,H,K∈⊙G,GE

∠ @E,F,H,K=∟ ∴AB,BC,CD,DAtanto⊙E(3.16.C1)∴⊙E≡in⊙

Proposition9.Problem

Given:∀squareRequired:en⊙

Method/Proof

squareABCD:AC×BD@E

∆BAC,DAC:AB=AD AC=AC∠B=∠D

∴BA=DABC=DC

∴∠BAC=∠DAC(1.8)∴AC×/2∠BAD

Sym.AC×/2∠BCD BD×/2∠ABC,ADC

∴∠DAB=∠ABC∠EAB=½∠ABC

∴∠EAB=∠EBA(a.7)∴ EA=EB(1.6)

Sym.EC=ED=EA=EB∴A,B,C,D∈⊙E,EA∴⊙E≡en⊙

Mostofthefollowingproblemsusethein⊙ anden⊙ oftriangles

toshowmorepropertiesofcirclesandtriangles.Propositions4.4

and4.5enabletheproblems.Butthesolutionsreachbackinto

BooksIandIII.

Problems

131.Theorem

Indiagram4.5,ifFG⊥BC×BC@GthenFG×/2BC

132.Theorem

∀∆ABC∀DE‖BCthenen⊙ABC,ADEhavecommontangent



133.Theorem

∀∆ABC:ifOcenterin⊙ anden⊙ then∆ABC≡eqS∆

134.Theorem

∀4-gonABCDw/en⊙:AD×BC@Een⊙ on∆ECD

ThentanEPonen⊙ of∆ECD‖AB (PsamesideBC)

135.Theorem

∀∆ABCw/in⊙P,en⊙Q,ifA∈PQ(pr)then∆ABC≡isos∆(AB=AC)

136.Problem

Given:pointsA,B,C,magnitudeM

Required:⊙:B,C∈⊙ tanto⊙ fromA=M

137.Problem

Given:∀∆ABC

Required:centerof⊙ cuttingequalchordsfromAB,BC,CA

138.Theorem *

∆ABC,KLM:BC=LM ∠A=∠Ken⊙F,Gof∆ABC,KLMthenFB=GL

139.Theorem *

∀⊙C,CA:CA⊥CB∀chordBP×CA@NthenBAtanto⊙ANP

140.Theorem D,*

AB‖CD AD×BC@Ethenen⊙ on∆AEB,ECDtouchext.

141.Problem *

Given:pointsA,BlinePQ magnitudeR

Required:⊙:A,B∈⊙,chordin⊙ =R∈PQ

142.Problem *

Given:∀∆ABC,magnitudeP

Required:⊙ w/center∈AB,chords∈BC(pr),CA(pr)=P

143.Theorem *

∀∆ABC,in⊙O,en⊙P AO(pr)×en⊙P@FthenFB=FO=FC

144.Theorem *

∀∆ABC:EmdptABCD×/2∠C×ED⊥AB@D

Then∠ACB+∠ADB=2∟

145.Theorem *

∀AB,ACfixedinposition,BCfixedlength,D,EmdptAB,AC

DF,EF⊥AB,ACthenFBconstantforanyAB,AC



146.Theorem *

∀isos∆ABC:AB=ACw/en⊙ ∀ADE×BC,en⊙ @D,E

ThenABtangentto⊙BDE

147.Theorem *

∀4-gonABCD:BC(pr),BA(pr)×AD(pr),CD(pr)@P,Q

en⊙∆PCD×en⊙QBC@C,RthenPRQcolinear

148.Problem

Given:pointsA,BsamesidelineCD

Required:⊙:A,B∈⊙,CDtanto⊙

149.Problem *

Given:2lines,⊙ w/centereqDbothlines,∠M

Required:⊙:bothgivenlinestangentto⊙,

new⊙ cutsseg⊙ =∠Mfromgiven⊙

150.Theorem *

∀⊙,chordAC∀B,D∈AC⊙BDEtouchingint.⊙AC@E

ThenAB,CDsubtendequalanglesfromE

151.Theorem *

∀semi⊙diamAB,chordAD×chordBC@E

Thenonen⊙∆CDEtangents@C,D⊥tangentsonsemi⊙ @C,D

152.Theorem D,*

∀⊙ABCw/en⊙ tangenttoen⊙ @C×AB(pr)@D

⊙D,DC×AB@EthenEC×/2∠ACB

153.Theorem *

∀4-gonABCD AC×BD@O en⊙ onOAB,OBC,OCD,ODA

Thencentersofen⊙s:P,Q,R,Sform‖gm

154.Problem

Given:∀rect∟ABCD

Required:en⊙

155.Theorem

Norect∟ butasquarecanbedescribedon⊙

156.Theorem

∀⊙w/inscribedsquareABCD ∀P∈⊙

ThenPA²+PB²+PC²+PD²=2diam²



157.Theorem *

∀⊙O∀diamAOB,COD tangentsonA-D:NAK,KDL,LBM,MCN

4-gonKLMNoftangents≡rhombus

Proposition10.Problem

Createisos∆:base∠ =2apex∠

Method

∀AB,C∈AB:AB•BC=AC²(2.11)

⊙A,ABD∈⊙:BD=AC(4.1)JoinAD

∆ABD:∠B,D=2∠Arequired.

Proof

JoinDC ⊙ADC(4.5)

AB•BC=AC²AC=BD(con)∴AB•BC=BD²

∴BDtan,BCAsecantto⊙ADC(3.37)∴∠BDC=∠DAC(3.32)

∴∠BDC+∠CDA=∠CDA+∠DAC∴∠BDA=∠CDA+∠DAC

ext∠BCD=∠CDA+∠DAC∴∠BDA=∠BCD

∠BDA=∠DBA(1.5)∴∠BDA=∠DBA=∠BCD

∠DBC=∠BCD∴DB=DC(1.6)

DB=CA(con)∴CA=CD∴∠CAD=∠CDA(1.5)

∴∠CAD+∠CDA=2∠CAD

∠BCD=∠CDA+∠CAD(1.32)∴∠BCD=2∠CAD≡2∠BAD

∠BCD=∠BDA=∠DBA(proven)∴∠BDA,DBA=2∠BAD

Problems

158.Theorem

Indiagramof4.10,∠ACD=3∠BAD

159.Theorem

Indiagramof4.10,1)2isos∆havebase∠ =2vertex∠

2)1isos∆hasbase∠ =1/3vertex∠

160.Problem

Given:∀KL

Required:isos∆MKL:apex∠ =3base∠

161.Theorem *

Indiagram4.10,CD=sideregular5-gonin⊙ACD



162.Theorem

Indiagram4.10,⊙A,AC×⊙ACD@D,EthenDE=DC

163.Theorem

Indiagram4.10,⊙A,AC×⊙ACD@D,EAE×BD(pr)@G

Then∆GAB:∠A,B=2∠G

164.Theorem

Indiagram4.10,CA(pr),DC(pr)×⊙A,AC@G,H

Then∆GCH:∠GHC,HCG=2∠HGC

165.Theorem

Indiagram4.10,en⊙∆ABD≡⊙ACD

166.Theorem

Indiagram4.10,⊙A,AC×⊙ACD@D,EJoinE[A,C]

AE(pr)×BD(pr)@GthenCDGE≡‖gm

167.Theorem *

Indiagram4.10,AF≡diam⊙ACDthenDF≡radiusen⊙Oon∆BCD

Aregularn-goniseqSandeq∠

Proposition11.Problem

Given:∀⊙ Required:inscribedregular5-gon

Method

isos∆FGH:∠G,H=2∠F(4.10)

in⊙,inscribe∆ACDeq∠ ∆FGH(4.2)

CE,DB×/2∠C,D(1.9)

JoinAB,BC,AE,ED

5-gonABCDErequired.

Proof

∠ACD,ADC=2∠CAD∴∠ADB=∠BDC=∠CAD=∠DCE=∠ECA

∴arcAB=arcBC=arcCD=arcDE=arcEA(3.26)

∴AB=BC=CD=DE=EA(3.29)∴ABCDE≡eqS

arcAB=arcDE∴arcAB+arcBCD=arcBCD+arcDE

∠AED,BAEonarcABCD,BCDE∴∠AED=∠BAE(3.27)

Sym.∠ABC=∠BCD=∠CDE=∠AED=∠BAE

∴ABCDE≡eq∠ 5-gon∴ ABCDE≡regular5-gon



Proposition12.Problem

Given:∀⊙FRequired:describedregular5-gon

Method

Inscribeanglesof5-gonin⊙:

arcAB,BC,CD,DE,EAallequal(4.11)

tangentsGAH,HBK,KCL,LDM,MEG(3.17)

GHKLMrequired

Proof

JoinF[B,K,C,L,D]

KLtangent∴FC⊥KL(3.18)

∴∠C=∟ Sym.∠B,D=∟

∴FC²+CK²=FK²(1.47)=FB²+BK²

FC=FB∴CK=BK

∆BFK,CFK:FB=FCFK=FKBK=CK

∴∠BFK=∠CFK(1.8)∠BKF=∠CKF(1.4)

∴∠BFC,BKC=2∠CFK,CKFSym.∠CFD,CLD=2∠CFL,CLF

arcBC=arcCD∴∠BFC=CFD(3.27)

∴∠BFC,CFD=2∠CFK,CFL∴∠CFK=∠CFL

∟FCK=∟FCL∴∆FCK≡∆FCL(1.26)∴CK=CL∠FKC=∠FLC

CK=CL∴ LK=2CKSym.HK=2BK

BK=CK∴HK=2BKLK=2CK∴HK=LK

Sym.GH=GM=ML=HK=LK∴GHKLM≡eqS

∠FKC=∠FLC∠HKL,KLM=2∠FKC,FLC∴∠HKL=∠KLM

Sym.∠KHG=∠HGM=∠GML=∠HKL=∠KLM

∴GHKLM≡eq∠ ∴GHKLM≡regular5-gon

HowtoDrawaRegularN-gon

Mark⊙ centeronnotepaperline.Scribea⊙ with3-4lineradius.

Divide360bynanduseasmallprotractortomarktheangles.Use

aruleroncenterandmarkstomarkthe⊙ ntimes.Thenconnect

thedots.OrdoitEuclid'swayandgomad.



Proposition13.Problem

Given:regular5-gonRequired:in⊙

Method

CF,DF×/2∠BCD,CDE@FJoinF[A,B,E]

∆BCF,DCF:BC=DC(hyp)CF=CF

∠BCF=∠DCF(con)∴BF=DF∠CBF=∠CDF

∠CDE=2∠CDF=∠CBA∠CDF=∠CBF

∴∠CBA=2∠CBF∴∠ABF=∠CBF∴BF×/2∠ABC

Sym.AF,EF×/2∠BAE,AED

FG,FH,FK,FL,FM⊥AB,BC,CD,DE,EA

∆FHC,FKC:∠FCH=∠FCK∟FHC=∟FKCFC=FC

∴FH=FKHC=CK(1.26)Sym.FL=FG=FM=FH=FK

∴G,H,K,L,M∈⊙F,FG

∠G,H,K,L,M=∟ ∴AB,BC,CD,DE,EAtanto⊙F(3.16)∴⊙F≡in⊙

Proposition14.Problem

Given:regular5-gonABCDE

Required:en⊙

Method

CF,DF×/2∠BCD,CDEJoinF[A,B,E]

∴BF,AF,EF×/2∠CBA,BAE,AED(4.13)

∠BCD=∠CDE∠FCD,FDC=½∠BCD,CDE

∴∠FCD=∠FDC∴FC=FD(1.6)Sym.FB=FA=FE=FC=FD

∴A,B,C,D,E∈⊙F,FA∴⊙F≡en⊙

Problems

168.Theorem

∀eqSn-gonw/en⊙≡eq∠ n-gon

169.Theorem

∀reg.(regular)5-gonABCDEAC×BE@FthenAC=AB+BF

170.Theorem

∀reg.5-gonABCDEJoineveryothervertex(AC,BD,...)

AC×BD@KBD×CE@L...@OthenKLMNO≡reg.5-gon

171.Theorem *

∀reg.5-gonABCDEthen3∆ABC<5-gon<4∆ABC



Proposition15.Problem

Given:∀⊙G

Required:inscribedregular6-gon

Method

diamAGD ⊙D,DG×⊙G@E,C

EG(pr),CG(pr)×⊙G@B,F

6-gonABCDEFrequired

Proof

GE=GD DE=DG(d.1.15)

∴GE=DE∴∆EGD≡eqS∆

∴∠EGD=∠GDE=∠DEG(1.5.C1)

∴∑∠EGD,GDE,DEG=2∟ (1.32)

∴∠EGD=2/3∟ Sym.∠DGC=2/3∟

∠EGC+∠CGB=2∟ (1.13)∴∠CGB=2/3∟

∴∠EGD=∠DGC=∠CGB

∴∠BGA=∠AGF=∠FGE∴∀∠@G=2/3∟

∴arcAB=arcBC=arcCD=arcDE=arcEF=arcFA(3.26)

∴AB=BC=CD=DE=EF=FA(3.29)∴ABCDEF≡eqS

arcAF=arcED∴ arcABCD+arcAF=arcED+arcABCD

∴arcFABCD=arcABCDE∴∠FED=∠AFE(3.27)

Sym.∀2∠ of6-gonequal∴ABCDEF≡eq∠

∴ABCDEF≡regular6-gon

Corollary1.

Sideof6-gon=radiusofitsen⊙

Also,tangents@verticesformregular6-gon.(Method4.12on⊙G)

Problems

172.Problem

Given:∀eqS∆ABCw/en⊙O

Required:reg.6-goninscribedin⊙O

173.Theorem

In#172,1)side6-gon=radius⊙O 2)6-gon=2∆ABC



Proposition16.Problem

Given:∀⊙

Required:inscribedregular15-gon

Method/Proof

AC≡sideinscribedeqS∆(4.2)

AB≡sideinscribedreg.5-gon(4.11)

arcABC=1/3⊙

∴arcABC=5/15⊙ arcAB=3/15⊙

∴arcBC=2/15⊙ EmdptarcBC(3.30)

∴arcBE=1/15⊙ ∴15chords=chordBErequired

Corollary1.

Usingmethodof4.13and4.14onecancreatein⊙ andex⊙

ofreg.15-gon

Problems

174.Problem

Given:∀⊙

Required:incribed∆:anglesinrelationof2:5:8



ProblemDiagrams

Inthefirstvolume,Ibabiedyouwithdiagramsandlabelling

conventions.Inthisvolume,notsomuch.Inthenextvolume,not

atall.

4. 18.

49.

11.Drawthethreetouching

circlesandthenlabelas

indicated.

22.Usediagramandlabelling

from#19.

25.Drawtangents@A,B.Pick

∀D∈⊙ betweenthemandlet

thetangentonDdetermineE,F

27.Drawthestacked⊙s,then

enclosethemina4-gon,then

labelcarefully.



33.Bestifonecirclemuch

smallerthantheother.

36.Creatediagramaccordingto

description.ThenproduceABto

determineD∈⊙O

41.Drawtangent@C.Add2

eq∠ linesfromC.PutAonone

line,Bonother.

43.Draw⊙.FromOoutside⊙,

drawsecantsOAB,ODC.Join

AD,BC

53.Don'tdrawaregular6-gon.

Use∀6-gonandreasonitout.

54.Don'ttrytocalculate∠EBC.

Drawa⊙.Put∀4-goninit.

ProduceABtosomeEoutside

⊙.Andassume∠EBC=∠ADC

55.Draw⊙,thenlines,then

jugglelabelsintoplace.

57.PutA,D,Conbottomleft

thirdof⊙.ThenP,Qwon'trun

offthepage.

58.MakeBC<ADsoH•|•(B,F)

andsoHin⊙

64.PlaceEnearAandFout

towardscircumference.

65.LabelbothAC,BDleftto

right.

75.Draw⊙,addrect∟ and

labelitclockwiseABCD

84.Draw⊙s,labelA,B,putC

inside⊙BCE,thendrawchords

ACD,BCE,thendiamCH,then

DE.

85.BestifABis5-6+cmandP

near,butnotat,middleof

arcAB.



88.LabelarcADEBwithD,E

closetogetheratthetoporF

goesoffthepage.

118.Believeitornot,arough

sketchwilldo.Spincompass,

throwthreesidesof∆around

⊙,addlastthreelines,and

label.

120.Draw⊙,draw∆aroundit,

thenlabel.⊥radiicanbeused

forptsoftangency.

124.Arouchsketchof∆,in⊙,

andupperpartofex⊙ will

suffice.

125.Doatidyroughsketchor

gomad.

134.Draw⊙,addEDA,ECB,join

AD,BC,addPE:PsamesideAB

140.Makeyourdiagramsothat

AD,BCarenotproducedin

ordertomeet.Theyshould

intersectbetweentheparallel

lines.

152.Draw⊙ thendraw∆ABC

withClowerthanBsotanonC

andAB(pr)intersectnear⊙



ProblemHints

1.diam⊙Bmustbechord⊙A

2.Sidesof4-gonarechordsofcircle.

3.Bisectchordsfromcenterstocreaterect∟

4.Uselastresult.

5.Simplyreasonfromlastresult.

6.∆APQ:AP²+AQ²=whatfromEuclidBookII?

7.v1#118(Everymind'sEuclidvolumeI,problem118)

8.v1#146

9.Bycontradiction,letCF×DE@H

10.‖gmize∆OPN

11.ShowPA‖radiusODusingisos∆

12.‖gmize∆AHCintosquare

13.Thisissimply3.15.Thenshow∀otherchordislonger.

14.⊙Omustbe⊙O,OAandOA+radius⊙C=OC

15.Seedefinitionsoftangentandparallel.

16.Slightlyaltermethodoflastproblem.

17.2isos∆with∟ apexes(or"apices"FYI)

18.Use3.17onitsowndiagram.

19.#18

20.Reasonitoutfromlastresultasashortproof.

21.Bycontradiction:ElseDEcuts⊙,DFGtan⊙ @F×AC@G

22.1.15.C.2

23.Showtangentsmake2∟ onPQ.

24.Needan∠ =∠OBC.Use1.32and3.1.

25.Use#18toshow4-gon=2×some∆

26.#18combinedwithabitofalgebra.

27.⊙A,(L-M)

28.Noteon#27

29.Reasonitoutfromlastresultasashortproof.

30.Twopairsofequivalent∆



31.Justdrawthediagram,addtwochords,andthink.

32.Adda⊙ touselastresult.

33.Need∠AEC=∠BFDsojoinAC,BD.Isos∆.

34.AddEFwhichwillbe⊥ toABandthattangent.

35.Re#14,calculaterequiredradiusandworkbackward.

36.IfDB,BAoneline,youneed∠stocompare@B.

37.∆LKBtoshowLK=½ABusingpriorresults.

38.Usejustone⊙ ×‖@B,C,addtangents@B,C

39.JoinCD.Show∠BDE=∠DBE=∠CBA

40.AddOCF:OC=CF.Use∆PCF,PCOtogetan∠ =2/3∟

41.∀P∉C,joinP[A,B]PA×tangentonC@E.JoinEB.

42.3.21

43.3.21

44.3.21,1.32

45.Askyourselfwhysomeof∠sconstantandnotindividual∠s.

46.∠PAQ=∠PAB-∠QAB∴∠RAB=½(∠PAB+∠QAB)

47.Skipthediagramandreasonitout.

48.3.22andsomearithmetic.

49.The4∠sindiagram3.22areint∠ onsides.

50.Supplementaryangles.

51.eqS∆in⊙

52.Oh,please...

53.v1#36.JoinAD.

54.Converseof3.22istrue.Useit.

55.4-gonCPBE:show∠EBP=∠BEP

56.Equal∠sonbaseseenasequal∠sonchord.

57.Solve∠sof∆EHQ.sup∠A=∠C

58.Show∠DFB=∠BAD

59.∀⊙ chordsAB,CD×@Ethen∠AEC=½∠(arcAC+arcBD)

60.#59.ShowBD×AC@½(∠AED+∠BGC)

61.Use⊙,equal∠s∴ equalchordsorarcs.

62.∠DAE=ext∠ ofwhat∆?

63.⊙D,CD×AB(pr)@FmakingABF(notBAF).

64.Methodof#63.



65.1.27

66.ShowarcBF=arcCFwhereAD(pr)×⊙L@F

67.Oh,please...

68.3.26,3.29

69.∆BOP,BOQand1.47

70.#227,constantastiedtochordand∠s

71.v1#58

72.#71

73.CBDneedtobeoneline.Don'tmakethishard.

74.Drawaclearenoughdiagramandyouwillseeit.

75.Maximize∆DAC.

76.3.21

77.∆ABD,BCDandalgebrafromBookIandII

78.#77

79.Cyclic4-gonsonBC,FD

80.1.29forequalangles.

81.Onecyclic4-gonforveryshortproof.

82.ShowDCEFcyclic4-gon.

83.JoinAD,CE.Buildprooffrom‖linesand3.31.

84.Show∠EKC=somenecessarily∟ ondiam.

85.CmdptAM.PM×QR@D.DQ(pr)to∀E.Need∠EQC=∟

86.ForAD‖CEneed∠DAB+∠ECB=2∟ (1.28)

87.#30

88.Showanglesof∆AFH=anglesof∆ABD.

89.AB⊥CA×⊙ @B.Brequired.Nowproveit.

90.2.4,2.7andsquaresonthesumanddifferenceoflines.

91.∆DAE≡∆DAF

92.ChordPDF,diamBE,joinPE,3.32

93.DAPQ:whatflipsforequal∠s

94.Labeltan@P:∠EPA=∠PBA

95.Prove∠ABC=∠ABD,resultfollowsfrom1.13.

96.TanEBFfor3.32.Seedef.ofsimilarsegments.

97.3.32andacyclic4-gon.

98.Show∆QPS,QPRbothisos∆



99.Maybeuseasegmentofacircle?

100.Unless∆isos,twosolutionsfitthesegment.

101.d.1.15

102.Areaof∆fromBookI.

103.Useanalysisand#102.Seg⊙ from3.33×⊙ @C

104.OnAB:seg⊙=∠m,seg⊙=½∠M.Thinkaboutitthenstudysoln.

105.3.36straightup

106.Lookatyourlastdiagram.

107.Cyclic4-gon.

108.Anythreenon-colinearpointsdefineacircle.

109.∀AB,CD(AB+CD)(AB-CD)=AB²-CD²

110.⊙diamBC×DE(pr)@N,Oandnoteon#109.

111.Justshowthisistrueofanytwoofthecircles.

112.YouneedaCEandCFinadiagramlike3.36.

113.Uses3.31,3.36,2.3,1.47.

114.Useanaxiom.

115.#18.Proveone∠(ABC)<∟ andSym.theothertwo.

116.#115

117.Showequalanglesusing1.47.

118.#18

119.Required⊙ isanin⊙ of∆touching⊙O.

120.Need3∠bisectors×@G.AGby#117,proveDG,SymEG.

121.Consider#19.

122.Workwith∑ of∠ toshowcolinearby1.14

123.AO,BO,COmustbisect∠A,ext∠B,ext∠C

124.Nothingbutabunchofequaltangentsfromptsoutside⊙

125.Usetansonex⊙GDHforAE=BD.Sym.therest.

126.#117

127.#121

128.#125

129.Locatecenterin⊙,tangentsforsides

130.Proposition3.37

131.Proposition1.26

132.3.32:showhowbothtangentsonAareoneline.



133.O[A,B,C]arewhatinin⊙ anden⊙?

134.3,22and∑(opp∠ of4-gon)

135.Drawadecentdiagramusingisos(noteqS)∆

136.Oh,please.Whatequalsthesquareonatangent?

137.Distancefromcenterofequalchords?

138.Drawadecentdiagram.FB=GLby1.26

139.Ocenter⊙ANP.If∠OAB=∟,whatis∠APB=∠APN?

140.Cometoadeeperunderstandingof3.32.

141.AB(pr)×PQ@Canduse3.36.

142.CD×/2∠C×AB@D.⊙Dforchords.

143.JoinBO.2equalbyAF.2equalby1.6.

144.cyclic4-gon

145.Forgetthesenseofmovement.Show∆FBCfixedinform.

146.Proposition3.32.

147.Need∠DRP+∠DRQ=2∟

148.Secant?

149.Reducetolastproblemthenreasonitout.

150.3.32onboth⊙

151.tanonen⊙ @C×AB@O.NeedOB=OC.

152.Need∠ECB=∠ECA.Use3.32and1.32.

153.Use4.5toshowPS,QR⊥OAforstarters.

154.Youdon'tneedahintforthis.

155.Assumerect∟ on⊙ thenproveitisasquare.

156.Proposition1.47

157.ProveLM=LKandsym.theotherthree.

158.Understandtheanglesindiagram4.10.Takethetime.

159.Don'tmakethishard.Twolines.Citetheproofs.

160.Leverage4.10tomakeashortproof.

161.⊙A,AC×⊙ACD@D,F.IfCDside5-gon,soareDF,CA.

162.Soundfamiliar?

163.Leverageyourwork.Threelines.

164.UseangletoolsfromBooksIandIII.

165.Useequal∆by#162.

166.#162



167.⊙A,AC×⊙ACD@D,E

168.Show∀2anglesequal

169.AC=AF+FC∴ need∀side=FC

170.Outer5-gonsymmetric.Show∠K=∠LKL=LM

171.Create‖gmABCF

172.ShoweqSandeq∠

173.NeedBE=BOand∆ABC=∆EBC

174.2+5+8=what?



ProblemSolutions

1.Method

JoinABBC(pr)⊥AB×⊙B@C,D(1.11)⊙A,ACrequired

Proof

∆ABC,ABD:AB=ABBC=BD(d.1.15)∠ABC=∠ABD=∟

∴ AC=AD(1.4)∴ D∈⊙A,ACandCDdiam⊙B

2.Proof

Eachsideof4-gonischordof⊙ (d.3.5)

Eachchordcanbeusedtodeterminecenter⊙ (3.1)

∴ Each⊥ onmdptchord×center≡fixedpoint

3.Proof

ABC‖DEF:A,D∈⊙PC,F∈⊙Q(1.31)PK⊥AB(1.11)

PK(pr)×DE@M Sym.QL⊥BC×EF@N

∴KLNM≡‖gm∴ KM=LN(1.34)

KB=½AB BL=½BC(3.3)∴ KL=½ACSym.MN=½DF

KL=MN∴ AC=DF

4.Proof

AL⊥FCAP⊥DCBM⊥CG BQ⊥CE(1.11)

BX⊥AL(pr)BY⊥AP‖DE

∠FG×AB=∠DE×AB∴∠BAY=∠BAX∴BX=BY(1.26)

∴ BX=½FG BY=½DE∴ FG=DE(#3)

5.Method

Lineoneitherpointofintersection‖AB

Proof

∀lineonintersection!‖AB<2AB(#4)

∴ lineonintersection‖AB=2ABismaximum(#4)



6.Proof

CD⊥PQ×PQ@D(3.3)

AP²+AQ²=2(AD²+PD²)(v1#146)=2(AC²+CD²+PD²)(1.47)

=2(AC²+CP²)(1.47)

AY=CA+CY=CX+CA

AX=CX-CA

∴AX²+AY²=2(AC²+CX²)=2(AC²+CP²)=AP²+AQ²

Note:Seev1#139

7.Proof

⊙A'×⊙B'@B,E

A'B'⊥ BEandA'B'∈ bisectorofBE∴ A'B'×/2AB,BC(3.3)

∴A'B'‖EC,AE(v1#118)∴AEConelineandBE⊥ AC

Sym.chordC'D'∈⊙C',D'⊥ AC

∴commonchords‖

Sym.othertwocommonchords‖

8.Method/Proof

OmdptAB

AP²+BP²=2OP²+2AO²(v1#146)

∴ OPmustbeminimized

JoinOCOC×⊙C@P

OCminimumfromO(3.8)∴OPminimum∴AP,BPminimum

9.Proof

DEdiam⊙A‖FGdiam⊙BJoinF[D,C]∴DCFoneline

ElseletCF×DE@H

AB×⊙A@C(3.11)∴∠BFC=∠AHC(1.29)

∴∠AHC=∠ACH∴AH=AC∴ AH=AD↴ ∴DFConeline

10.Proof

radiusOQ‖PN:P,QoppsidesABJoinPQ

∠NPQ=∠OQP(1.29)∠OQP=∠OPQ(1.5)∴∠NPQ=∠OPQ

PQ×/2∠OPN∴P,QoppsidesABthenQ∈PQ×/2∠OPN

Sym.QO×⊙O@RP,QsamesideABthenR∈RQ×/2∠OPN



Note:Problem10isusefulfordiagrammingasthebisectorofany

angleisalwaysontheperpendiculardiameter.

11.Proof

JoinO[D,E]∠PAB=∠PBA(1.5)∴∠PAB=∠OBD=∠ODB(1.15)

∴PA‖DO(1.27)Sym.QA‖OE

PAQoneline(3.12)∴ DOEoneline∴DE‖PQandDOEdiam⊙O

12.Proof

CK⊥BD∴ ACKH≡square

∴FE,BDeqDC∴ FE=BD(3.14)∴AE=BK=½FE

AH=HK∴EH=BH∴DH=FH

13.Method

JoinCAchordBAD⊥CArequired

Proof

Else∀otherchordEAF=BAD

CG⊥EF∠CGA=∟ ∴∠CAG<∟ (1.32)∴CG<CA(1.19)

∴EFnearerCthanBD∴∀EAF>BAD↴ ∴BDleast

14.Method

AB=radius⊙CJoinBCAddradiusCD:∠CBA=∠BCD

CD(pr)×BA@O∴ isos∆OBC Orequired

Proof

∠OCB=∠OBC(con)∴OC=OB(1.6)

BA=CD(con)∴OD=OA

∴⊙O,OA×AB@A,⊙Otangent(touches)⊙C

Note:If2⊙stouch,theysharetangentatsharedpoint

15.Method

CA⊥AB×AB@A,⊙C@D DE⊥CDrequired

Proof

DEtan(3.16.C1)DE‖AB(1.28)

Note:Modernizingthestatementof3.16makes3.16.C1redundant

butIkeeptheoldreferencestomatcholderEuclids.



16.Method

radiusCD‖ABDE⊥CDrequired

Proof

DEtan(3.16.C1)DE⊥CD(1.29)

17,Method

AD⊥CA=M JoinCD×⊙C@B BE⊥CB×CA@E EBrequired

Proof

∆CAD,CBE:∠C=∠C,∠CAD=∠CBE=∟,CA=CB

∴AD=BE(1.26)BEtan(3.16.C1)

18.Proof

Indiagram3.17:

FD(pr)×⊙ @HandEH×⊙ @K

JoinAKthenAKtanto⊙ (3.17)

DH=DF(3.3)∴ AK=AB

Note:Thisisafundamentalresult.

19.Proof

AP=AS,BP=BQ,CQ=CR,DR=DS(#18)

∴AB+CD=AP+PB+DR+RC=AS+DS+BQ+CQ=BC+DA

20.Proof

‖gmABCDdescribedoncircle

∴ AB+CD=BC+DA(#19)

AB=CD BC=DA(1.34)

∴ AB=BC=CD=DA∴ ABCD≡rhombus

21.Proof

ElseDEcuts⊙ thenDFtanto⊙ @F,DF(pr)×AC@G

∴DF=DBGF=GC(#18)

DE=BD+CE∴ DE+EG=EG+BD+CE

∴DE+EG=BD+CG∴DE+EG=DG↴ (2sides∆>3dside1.20)

∴DE!cut⊙ Sym.DE!outside⊙ ∴DEtan⊙

Note:Youmustoftendistortthediagramforcontradictionproofs.



22.Theorem

Indiagram#19,⊙ centerO,joinO[A-D,P-S]

∆AOS,OAP:OA=OA,OS=OP,AS=AP(#18)∴∠AOS=∠AOP(1.8)

Sym.∠BOP=∠BOQ,∠COQ=∠COR,∠DOR=∠DOS

∴∠AOP+∠BOP+∠COR+∠DOR

=∠AOS+∠BOQ+∠COQ+∠DOS

∴ ∑LHS=∑RHS=2L(1.15.C.2)

23.Theorem

∠MPQ=2∠CPQ ∠NPQ=2∠CQP(#22)

∴∠MPQ+∠NQP=2(∠CPQ+∠CQP)=2∟ (1.32)

∴ PM‖QN(1.28)

24.Proof

∠ABC+∠OBC=∟ =∠ABC+∠BAO(1.32)

∴∠OBC=∠BAO

∠BAC=2∠BAO∴∠BAC=2∠OBC

25.Proof

∆EAC≡∆EDC∆FDC≡∆FBC(1.5,#18)

∴ABFE=2∆ECF=EF•DC=½EF•AB(DC=1radius,AB=2radii)

26.Proof

AB+CD=AL+DK+CG+FB(#18)

∴AD+BC=AB+DC+LK+FG

LM=MK=MO NF=NG=NO

∴AD+BC=AB+CD+2(MN)

27.Method

⊙A,(L-M)

onB,addtangentto⊙A,L-M(3.17)@C

AC(pr)x⊙A,L@D

in⊙B,MradiusDE‖AD

DErequired



Proof

DC=M=EB(con)∠ACB=∟ (3.17)∴∠CBE=∟ (1.29)

∴CB‖DECB=DE(1.33)∴DEcommontangent(3.16.C.1)

Note:Ifyouuse⊙A,L+M,tangentpassesbetweencircles

28.Method

CopyMtochordDE∈⊙DEF

⊙DEFcenterG(3.1)

GM⊥DE⊙G,GM

AFHtanto⊙ABC,⊙G×⊙DEF@F,Hrequired(#27note)

Proof

DE,FHeqDG∴DE=FH=M

29.Method

CopyPQ,RStochordsof⊙A,⊙B

Describe⊙sonA,Btouchingthesechords

Createtangentontheseinner⊙swithsecantsin⊙A,⊙B

Tangentlinerequired

Proof

Secantsequaltochords(#28)

Note:Afteryouhaveestablishedresults,asinthelastfew

problems,youcanthenshortenproofsbyusingtheseresultsina

reasonedsequence.Atsomepoint,thereisnovirtueinspecific

constructionswhentherelevantresultsareestablished.

30.Proof

PQtan@EJoinC[A,B]

∆CAE,CAM:AE=AM(#18)CM=CE(d.1.15)∠AEC=∠AMC=∟

∴∆CAE≡∆CAM(1.4)Sym.∆BCE≡∆BCN

∴∠ACB=∠ACM+∠BCN=∟(1.13)

31.Proof

∀chordsABC,DEF,inlarger,tangenttosmaller@B,EJoinO[B,E]

∠B=∠E=∟ (3.18)∴AC,DFeqDO

∴AC=DF(3.14)



32.Method

chordAB∈⊙O=AB radiusOC⊥chordAB ⊙O,OC

tangentfromPto⊙O,OC@E×⊙O,OA@D,FPFrequired

Proof

AB=DF(#31)

Note:Learntousepriorresultslikethistoshortenproofs.

33.Proof

∠OCA=∠ODB=∟ (3.18)∴∠CAO=∠DBO(1.32)

∠ACE=∠AEC∠BDF=∠BFD(1.5)

∴∠AEC=∠BFD∴ CD‖DF(1.28)

Note:Makesureyouunderstandthebasisofeverystatementin

everyproof.Otherwise,youaredoingallofthisfornothing.Who

caresif"youknowtheanswer."

34.Proof

DOConeline(3.11)FO×‖tan@E

E∈tan‖AB∴EF=CD(CD=radius‖EF)

OD=OF(d.1.15)∴OC=OE(a.3)

35.Method

DE‖AB:D(DE,AB)=M

⊙C,(radius⊙C+M)×DE@F,G

⊙F,M(or⊙G,M)required

Proof

D(F,AB)=M∴ABtanto⊙F

D(F,C)=(M+radiusC)∴⊙Ftouchesext.⊙C

Note:IfABin⊙C,DEoppsideABfromC

IfABoutside⊙C,DE•|•(AB,C)



36.Proof

LineonO‖CA×⊙O@DoppsideCOfromA

∴DfixedandABDoneline

OD‖CA(con)∠@A=∟ (3.18)

∴DO(pr)×AA'(pr)@∟

∴DOfixedline∴ Dfixedpointwrt(withrespectto)A

JoinB[A,D]∠BOD=∠BCA(1.29)

∴∠ODB+∠OBD=∠CAB+∠CBA(1.32)

∠ODB=∠OBD ∠CAB=∠CBA(1.5)

∴∠OBD=∠CBA∴DBAoneline

Thisproblem36shouldrightfullyfrustrateyou.It'snotcompletely

clear,onthefirstpass,whatthequestionevenmeans.Andeven

thoughyoumoreorlessunderstandthequestion,youareasking

yourselfwhatyouevenneedinordertoproveit.Sometimes,you

haveanideaofhowtoproveitbutcan'tseehowtosayitinEuclid-

speak.Thepointofthiskindofproblemistoextendyour

knowledgetoincludeallthesethings.Ifitseemspainful,knowthat

anyprobleminlifeisonlypainfulifyoucare.Sopainisgood.And

ifyoucare,mathematicscontinues,inthisway,tobepainful.Get

usedtoit.

37.Proof

L,MmdptAB,CD (v1.#39)

∠EBK=∠FBK(#18)

∠FBK=∠LKB(1.29)

∴∠LBK=∠LKBLK=LB(1.6)∴LK=½AB

Sym.MK=½CD∴LM=¼∑sides(#19)



38.Proof

‖line×∀⊙ @B,C tan@B×A'A@F

AE⊥tanonB×tanonB@E AD⊥BC×BC@D

∠FBA=∠FAB(#18)∴∠FBA=∠ABD (1.29)

∆ABE,ABD:AB=AB,∠ABE=∠ABD,∠AEB=∠ADB=∟

∴AE=AD(1.26)∴tanFB≡tanto⊙A,AD@E

Sym.tanonC≡tanto⊙A,AD∴⊙A,ADfixed

Note:Thisproofworksbecauseyoushowthatforanyofthecircles,

thetangentstoitarealsotangentto⊙A,AD.Thisisalsoalesson

inpost-Euclid"ModernGeometry"fromwhichprojectivegeometry

wasdeveloped.

39.Proof

JoinCD.∠CDA=∠CAD(1.5)

∠CDA+∠BDE=∟ (3.18)∠CBA+∠CAB=∟ (1.32)

∴∠BDE=∠CBA

∠DBE=∠CBA(1.15)∴∠BDE=∠DBE∴∆BDE≡isos∆(1.6)

40.Proof

OCF:OC=CF∆PCF,PCO:PF=PO,OF=OP

∴∆POF≡eqS∆∴∠POC=2/3∟

∴∠EPA=⅓∟ (1.32)∴∠PEA=2/3∟ (1.32)

∴∠CED=2/3∟ (1.15)

∠COA=∠OBC+∠OCB(1.32)=2∠OBC(1.5)∴∠OBC=⅓∟

∠BAD=∟ ∴∠ADB=2/3∟ ∴∠CDE=∠CED=2/3∟

∴∠ECD=2/3∟ (1.32)∴∆CED≡eqS∆

Note:Bythispoint,youcanshortenequivalent∆bitsasinline1.

41.Proof

∀P≠C∈convexside⊙ JoinP[A,B]PA×tanonC@EJoinEB

∴PE+PB>EB(1.20)∴PA+PB>EA+EB

EA+EB>CA+CB(1.20)∴∀P,PA+PB>CA+CB

Note:I'mrushingitabitonthe2d(1.20).ForP•|•(C,B):

BD⊥tanonF:BF=FD.JoinD[A,E]NowBE=DEandyoucanseethe

1.20,ifyoucouldn'tseeitbefore.Thisisaveryusefulresult.



42.Proof

∠CQD=∠AQB∴ ∠AQBconstantonAB(3.21)

Note:ThisisTodhunter'sproblem205.Itseemsalmosttootrivial

onceyoudiagramitout.Maybehejustwantedyoutodiagramit

out.

43.Proof

∆COA,BOD:∠B,∠ConchordAD∴∠B=∠C(3.21)

∠O=∠O∴∠A=∠D(1.32)

44.Proof

∠AQP,∠QRBconstantonAP,PB(3.21)

∴∆onbaseQRhasconstantapexangle(1.32)

Note:If∠Aconstantthensupplementof∠Aconstant.

45.Proof

4-gonABCD:∑∠ =4∟

∠BACconstant(con)

∠BDCconstant(3.21)

∴∠ABD+∠ACD=4∟ -∠BAC-∠BDC=constant

46.Proof

∠RAB=½(∠PAB+∠QAB)

∠RBA=½(∠PBA+∠QBA)

∴∠R+½(∠PAB+∠QAB+∠PBA+∠QBA)=2∟ (1)

½(∠Q+∠QBA+∠QAB)=∟ (1.32)(2)

Sym.½(∠P+∠PAB+∠PBA)=∟ (3)

∴(1)=(2)+(3)∴∠R=½(∠P+∠Q)=constant(3.21)

Note:Nowprovethehint.

47.Proof

∠A+∠C=2∟ (3.22)

∠A=∠C(1.34)

∴∠A=∠C=∟ Sym.∠B=∠D=∟ ∴‖gm≡rect∟



48.Proof

∠CAB+∠CDB=2∟ (3.22)Sym.∑(∀6∠)=6∟

∆ABC:∑∠ =2∟ (1.32)

∴∑ext∠ =4∟ (a.3)

49.Proof

int∠ACB+ext∠ onAB=2∟ (3.22)

Sym.∑(∀4int/ext∠)=8∟

∠ACB+∠CAB+∠CBD+∠DBA=∑∠∆ABC=2∟

∴∑ext∠ =6∟ (a.3)

Note:Thosefouranglesinline3areonthechordsthatmakeup

∆ABC.Ifyoutakeanglesfromcenterinthisproblem,then

∑(int/ext∠)=10∟ ∑int∠ =4∟ (=π)∴∑ext∠ =6∟.

50.Proof

∠ODC+∠ADC=2∟ (1.13)

∠ODC=∠OBA=∠ABC

∴∠ABC+∠ADC=2∟ ∴4-gonABCDcyclic

51.Method/Proof

∆ABCw/en⊙:∀∠(∠ACB)=2/3∟

∀D∈arcABthen∠ACB+∠ADB=2∟ (3.22)

2∟ -⅓×2∟ =2/3×2∟ (a.3)∴∠ADB=2∠ACB

52.Method/Proof

∆ABCw/en⊙:∀∠(∠ACB)=1/6×2∟

∀D∈arcABthen∠ACB+∠ADB=2∟ (3.22)

2∟ -1/6×2∟ =5/6×2∟ (a.3)∴∠ADB=5∠ACB

53.Proof

6-gonABCDEF:AB,BC‖DE,EFJoinAD

∠FED+∠FAD=2∟ =∠ABC+∠ADC(3.22)

∠ABC=∠FED(v1.#36)

∴∠FAD=∠ADC(a.3)

∴FA‖DC(1.27)



54.Proof

∠ABC+∠EBC=2∟ (1.13)

∠EBC=∠ADC(hyp)

∴∠ABC+∠ADC=2∟

∴4-goncyclic(3.22converse)

∴∠ADB=∠ACB(3.21)

Note:Or:theanglesfromCandD,usingsidesanddiagonals,are

bothonchordAB.Makesureyougraspthisasanimportantresult.

55.Proof

∠ECP+∠EBP=2∟ (3.22)

∠ECP+∠ DCP=2∟ (1.15)

∴∠EBP=∠DCP=½∠DCB

∠BEP=∠BCP(3.21)=½∠DCB

∴∠EBP=∠BEP∴ EP=BP(1.6)

Note:Firstthreelinesofproofarearecurringmethodforshowing

equalangles.Showinga4-goniscyclicisasusefulas‖gmizea∆.

56.Proof

∠M=∠AQB=∠BPA∴chordPQ∈ ⊙ABPQ

∴arcABPQconstant(3.21)∴PQconstant

Note:Learntoseegeometricelementsinalltheirpossiblecontexts.

Thisletsyouleveragethemostpowerfulcontext.

57.Proof

∠P=2∟ -(2∟ -∠A)-∠B(1.15,323.22)=∠A-∠B

∴½P=½∠A-½∠B

∠Q=2∟ -∠B-∠A(1.32)∴½∠Q=∟ -½∠B-½∠A

∴∠E=2∟ -(∟ -½∠B-½∠A)-∠A(1.32)

∴∠E+½∠Q=∟ ∴∠PHQ=∟ (1.15)



58.Proof

AD×BF@H:Hin⊙

∠ADE=∠ABC(3.22)∴∠HDF=∠HBA∴∠DHF=∠BHA(1.15)

∴∠DFH=∠BAH(1.32)or∠BFD=∠BAD∴F∈⊙ (3.21)

Note:IfAD×BF@Houtside⊙,youcanprove4-gonABDFiscyclic

byconverseof3.22.Thepointoftheproof,ineithercase,isthatif

∠BADis∈⊙ then∠BFDonlyequals∠BADifF∈⊙.Thisisan

importantresult.

59.Proof

∠AFG=∠BGF∴arcED+arcABH=arcHC+arcEAB

∴arcHC-arcED=arcBH-arcEA

∴HEmakesequalangleswithAB,DC

Note:Thisisasubstantialresult.Drawdiagram.Colorarcs.Figure

itout.NotethatifAB‖DC‖EHthen∠ =∞.AlsoifEH×BCoutside

⊙ thenangleis½∠(arcAC-arcBD)

60.Proof

AC×BD@½(arcDA+arcBC)=½(∠DOA+∠BOC)(#59)

∠ODE=∠OAE=∟ ∴∠DOA+∠DEA=2∟ (1.32)

∠DEA+∠BGC=2∟ (hyp)∴ ∠DOA=∠BGC

Sym.∠BOC=∠AED

∴∠(AC×BD)=½(∠AED+∠BGC)=∟

61.Proof

ABfixed∴∀∆CAB:C∈fixed⊙ w/chordAB(3.26)

AD(pr)×⊙ @D'

∠ACD'=∠BCD'∴AD'=BD'∴D'mdptarcADB

∴D'fixedfor∀AD(pr)×/2∠C

62.Proof

∠DAE=∠ACB+∠AEB(1.32)

∴∠ACB,AEBconstant(3.21)∴∠DAEconstant∴DEconstant(3.26)

Note:AlsotrueifC,D;C,EsamesideA,B(differenceof∠,notsum)



63.Method

⊙D,CD,×ABF@F FD×⊙C@E arcAE=3×arcBDrequired

Proof

∠ACE=∠CEF+∠CFE(1.32)∴∠ACE=∠CDE+∠CFD(1.5)

∴∠ACE=∠DCF+2∠DFC(1.32)∴∠ACE=3∠DCF

∴arcAE=3×arcBD

Note:Recall1.32isext∠ =∑opp∠ notjust∑∠=2∟

64.Proof

FE×OA@H KmdptOF JoinEK

∆EFK≡∆EOK(1.8)∴∠EKO=∟ ∴KE‖OH(1.28)

∴∠FEK=∠EHO ∠KED=∠EOH(1.29)∴∠EHO=∠EOH

∠GOB=∠OGH+∠OHG(1.32)

∴∠GOB=∠OEG+∠OHG(1.5)=∠EOH+2∠OHG

∴∠GOB=3∠EOH∴ BG=3AE(3.26)

65.Proof

∠ABC=∠BCD(3.27)∴AB‖CD(1.27)

66.Proof

AD(pr)×⊙L@FJoinKD,LF

A,K,Lcolinear(3.1)∠KAD=∠KDA∠LAD=∠LFA(1.5)

∴∠KDA=∠LFA∴LF‖KD(1.28)

KD⊥BC(3.18)∴LF⊥BC(1.29)∴LF×/2BC(3.3)

∴arcBF=arcCF∴ ∠BAD=∠DAC

67.Proof

∠ACB=∠ADB(3.27,28)∴BC=BD

68.Proof

AB‖CD∴∠ABC=∠BCD(1.29)

∴arcAC=arcBD(3.26)∴ AC=BD(3.29)

arcAC=arcBD∴arcAC+arcCD=arcCD+arcBD

∴arcACD=arcBDC∴AD=BC(3.29)



69.Proof

∆BOP,BOQ:OB=OB∠BOP=∠BOQ(hyp)

∠BPO=∠BQO=∟ ∴BP=BQ(1.26)

AB=BC(3.26,29)∴AB²=BC²∴AP²+PB²=CQ²+QB²(1.47)

BP=QB(proven)∴AP²=CQ²∴AP=CQ

Note:Squaresonlines,1.47,andBookIIpropositionsallowyouto

dealwithgeometryalgebraically.

70.Proof

1)AB•|•(AL,AM)

BP⊥AM×AM@PBQ⊥AL(pr)×AL@Q

∴PM=QL(#69)∴AL+AM=2AP

AB,∠PAB,∠APBfixed∴2APconstant

2)AB!•|•(AL,AM)

BP⊥AM×AM@PBQ⊥LA(pr)×LA(pr)@Q

LB=MB(#55)∴LQ=PM(#69)∴AM-AL=2AP=constant

71.Proof

DC=DA(v1#58)∴C∈⊙D,DA(3.31)

72.Proof

DmdptAB∆ADC≡∆BDC(1.8)∴∠ADC=∠BDC=∟

∴D∈both⊙ (#71)

73.Proof

∠ABC=∠ABD=∟ (3.31)∴BC,BDoneline(1.14)

74.Proof

∀chordAC×⊙diamOA@B∴∠OBA=∟ (3.31)

∴OB×/2AC(3.3)andB∈diamOA

75.Proof

rect∟ABCDw/en⊙ ∴∠ADE=∟ ∴AC≡diam⊙ABC

Ocenter⊙ABC rect∟ =2∆DAC(1.34) ∆DAC:ACfixedbase

Height∆DAC<ODunless∠DOA=∟

∴maxrect∟w/en⊙:AC⊥BD∴sidesequal(1.4)∴square



76.Proof

∠E=∠D=∟ ∴⊙diamAC≡en⊙ of4-gonACDE(#71)

∴∠ACE=∠ADEsamesidechordAE(3.21)

77.Proof

∠ABD=∟ (3.31)∠BCD>∟ (3.31)

AD²=AB²+BD²(1.47)∴AD²=AB²+BC²+CD²+2BC•CE(2.12)

78,Proof

CD=½AB(v1#58)∴B,E,A,F∈⊙D,DA

∠ECB=½∠EDB(3.20)∴∠ECB=½∟ =½∟ACB(3.21)

∴EC×/2∠C

Sym.∠FCA=½∠FDA=½∟∴FC×/2∠(AC×BC(pr))

79.Proof

D,F∈⊙diamBC∴∠FBC=∠FDG

E,G∈⊙diamFD∴∠FDG=∠AEG

∴∠AEG=∠FBC∴EG‖BC(1.28)

Note:Cyclic4-gonFBDC:∠FDC=sup∠FBC

∴∠FDG=sup∠FDC=∠FBC

4-goniscyclicbecause∠BFC+∠CDB=∟ +∟ (3.31)buttheseare

notanglesofthe4-gon.Iftheywere,4-gon≡rect∟ andBCnot

diam⊙.

80.Proof

EF‖BC∴∠OEB=∠EBC(1.29)

∠OEB=∠OBE(1.5)∴∠OBE=∠EBC∴EB×/2∠OBC

Sym.w/CB(pr)toD,FC×/2∠OBD

81.Proof

∠M=∠B=∟ ∴∠M+∠B=2∟ ∴ABCMcyclic4-gon

∴KFtanto⊙ABC@B∴∠MBK=∟ ∴MB⊥KF

Note:KBFisonelineasdiagof‖gmKF

82.Proof

DE=DF=DC(v1#58)∴B,E,F∈⊙D,DC∴DmdptEF(3.3)



Haveyounoticedhowoftentheresultofv1#58isused?

83.Proof

JoinAD,CE∠ADB=∟ (3.31)∠DBE=∟ (hyp)

∴∠ADB=∠DBE∴AD‖BE(1.27)∴∠BAD=∠CBE(1.29)

∠ADB=∠BEC(3.31)AB=BC∴ BE=AD

∴DE=AB=D(between⊙ centers)andDE‖AB(1.33)

84.Proof

∠CED=∠CAB(3.21bothonDB)

∴∠CED=∠CHB(3.21bothonCB)

∠ECK=∠HCB(1.15)∴∠EKC=∠HBC(1.32)∴∠EKC=∟ (3.31)

Note:IfyouflipHandC,thesamestrategywillwork.

85.Proof

CmdptAM PM×QR@D DQ(pr)to∀E

∴PQMR≡rect∟ (3.31)∴DQ=DP

∠EQC=∠EQA+∠AQC=∠PQD+∠AQC=∠QPD+∠AQC

∴∠EQC=∠APM+∠PAM=∟ (1.32)

∴QRtantosemi⊙AM@Q Sym.QRtantosemi⊙BM@R

Note:Sometimesyoudon'tevenknowhowgeometryexpresses

somerelation.Thisproblemshowshowwesay:"QRisacommon

tangent."

86.Method

semi⊙AC BO⊥ACxsemi⊙ @O ⊙O,OBrequired

Proof

ACtanto⊙O,OB@B(3.16.C1)AD,CEtanto⊙O,OB

AD=AB(#18)∴∆OAB≡∆OAD∴∠OAB=∠OAD

∴∠DAB=2∠OAD Sym.∠ECB=2∠OCB

∠DAB+∠ECB=2(∠OAB+∠OCB)

∠AOC=∟ (3.31)∴∠OAC+∠OCA=∟ (1.32)

∴∠DAB+∠ECB=2∟ ∴ AD‖CE(1.28)



87.Method/Proof(analysis)

tanfromA‖tanfromB∴∠ACB=∟ (#30)

DmdptAB∴ C∈⊙D,DA(3.31)

DE=RDE⊥ABFEG‖AB

FG×⊙D,DA@C

Note:WhyisC∈⊙D,DA?WhyisC@FG×⊙D,DA?

88.Proof

∠FDG=∠FEG=∟ (3.31)∴FDGE≡cyclic4-gon∴∠DFG=∠DEG

∴∠DFG=∠DBA(3.21)

∆AFH,ABD:∠A=∠A∠AFH=∠ABD

∴∠AHF=∠ADB(1.32)=∟ (3.31)∴FH⊥AB

Note:Line2:∠DFG=∠DBA.EGAoneline.

∴∠DFG≡∠DFA=∠DBAallonchordDA.

With3.21,alwaystraceanglesbacktochords.

89.Method

AB⊥CA×⊙ @BBrequired.

Proof

A∈⊙diamCB ∀P∈⊙C,CD CP×⊙diamCB@Q JoinAQ

∠CBA=∠CQA(3.21)∴∠CQA=∠CPA(1.16)

∴∠CBA>∠CPAfor∀P

Note:Theseharderproblemsshouldbethoughtofassolutionsto

studyafteryoustriveforyourownsolutions.Strivingpreparesthe

mind.Withoutskininthegame,youdon'treallycareandwon't

reallylearn.

90.Proof

OG×/2AB@G OH×/2CD@H(3.3)

AE²+EB²=2(AG²+EG²)CE²+ED²=2(CH²+HE²)

EG=HO EH=GO(1.34)

∴AE²+EB²+CE²+ED²=AG²+OG²+CH²+HO²

=2(OA²+OC²)(1.47)=diam²

Note:Line2:from2.4,2.7,AE=AG+GE,EB=AG-GE

∴AE²+EB²=2(AG²+GE²).Dothealgebra...



91.Proof

JoinD[A,B]∠DAF=∠DBA(3.32)=∠DAB(3.27)

∴∠DAF=∠DAE(DAB)

∆DAE,DAF:∠DAE=∠DAF,,AD=AD∠E=∠F=∟

∴DF=DE(1.26)

92.Proof

BC(pr),PD(pr)×⊙C@E,F PD=DF(3.3)

∆BPD≡∆BFD(1.4)∴ ∠BPD=∠BFD=∠BEP(3.31)

∠BPA=∠BEP(3.32)∴∠BPA=∠BPD∴ PB×/2∠APD

93.Proof

∠DAP=∠PQA(3.32)=∠QAB(1.29)

∠DPA=∠QBA(1.13,3.22)∴ 3d∠sequal(1.32)

Note:line2:∠QBA+∠QPA=2∟(3.22)

∴∠QPA=sup∠QBA=∠DPA(1.13)

94.Proof

PEtanto⊙O@P:PE,PAsamesidePB

∴∠EPA=∠PBA(3.32)

∠PBA=∠PCD(1.13,3.22)∴EP‖CD(1.27)

95.Proof

CA(pr),DA(pr)to∀E,F

∠CAF=∠ABC∠DAE=∠ABD(3.32)

∠CAF=∠DAE(1.15)∴∠ABC=∠ABD∴AB(pr)×/2∠CBD(1.13)

96.Proof

JoinOP(prbothwaysasdiams),EBF⊥OPtanboth⊙ @B(3.16.C1)

segmentsonAB=∠ABE,ABF=segmentsonBC(3.32)

∴segmentsABpairwisesimilarsegmentsBC

Note:Compareyourdiagramon#96tothediagramfor3.32.Yours

doesn'thavethesidesofthe"segmenttriangles"oneithersideof

AB,BC.Butsegmentsarethesameforanysuchsidesfromany

pointonthearcs.(3.31,3.28,etc.)



97.Proof

∠APN=∠AQM(3.32)∟ANP=∟AMQ

∴∠PAN=∠QAM(1.32)∴∠NAM=∠PAQ

∟ANP=∟AMP∷ANPM≡cyclic4-gon

∴∠ANM=∠APQ(3.21)∴∠AMN=∠AQP(1.32)

Note:Bemethodical.Lookatthediagram.Youcanseethat

∠ANM=∠APQ,∠NAM=∠PAQ,∠PQA=∠NMA.Listtheseout.Then

listwhatyoucanseeforequal∠ using3.32andcyclic4-gons.

Thenbringthetwoliststogetherwithintermediatesteps.

98.Proof

∠RPS=∟ (3.31)∠QPS=∠PAB(1.15,3.32)

∠PAB=∠OSB(1.32)=∠QSP∴ ∠QPS=∠QSP

∟RPS=∠PSR+∠PRS(1.32)

∠QPS=∠QSP∴∠QPR=∠QRP

∴QS=QP,QR=QP∴RQ=SQ

Note:line3:compares∆OAR,PSRandassumes1.15

99.Method/Proof

OnAB,seg⊙ =∠M(3.33)DC⊥AB×arcAB@C∴∆ABCrequired

100.Method/Proof

OnAB,seg⊙ =∠M(3.33)AD⊥AB=L DCE‖AB×seg⊙ @C,E

∆ABC≡∆ABErequired

101.Method/Proof

DmdptAB OnAB,seg⊙ =∠M ⊙D,M×seg⊙ @C,E

∆ACB≡∆AEBrequired

102.Method/Proof

OnAB,seg⊙ =∠M DmdptAB DC⊥AB×seg⊙ @C

∆CAB≡isos∆ center⊙ ∈ CD(pr)(3.1)

∴lineonC⊥CDistanto⊙ (3.16.C1)

∀P≠C∈arcAB:PM⊥AB×AB@M∴PM<CD

∴∆PAB<∆CABfor∀P≠C(1.37)



Whendealingwith"area"inEuclid,golookatthepropositionsfor

"area."Thisisallyouhaveandallyouneed.Thisalsokeepsthings

simple.EverythinginEuclidisdefinedinEuclid.

103.Analysis

BnearerAthanC∴ OBbase∆BOC

∴height<OCunless∠COB=∟ thenheight=OC

∴∆maxwhenisos∆(#102)∴∠OBC=∠OCB=½∟ (1.32)

∴OnOA,seg⊙ =½∟ seg⊙ ×⊙O@C∴AC×⊙O@B,C

Note:Makesureyouunderstandwhy∠OCA=½∟ andwhy

C∈⊙O.

104.Method

OnAB,seg⊙ =∠M,seg⊙ =½∠M

⊙A,∑sides×seg⊙=½∠M@D

AD×seg⊙=∠M@C∆ACBrequired.

Proof

∠ACB=∠CDB+∠CBD(1.32)∠ACB=2∠CBD(con)

∴∠CDB=∠CBD∴ CD=CB(1.6)

∴CA+CB=CA+CD=AD=∑sidesandAB,∠Masrequired.

105.Proof

TA•TB=TP²=TQ²(3.36)∴TP=TQ

106.Proof

PQ×AB(pr)@T∴ TP=TQ(#105)∴AB(pr)×/2PQ@T

107.Proof

∠ADC=∠AEC∴AEDCcyclic4-gon(3.21)

∴BC•BD=BA•BE(3.36.C1)

108.Proof

AC•CB=DC•CE=FC•CG((3.35)

D,E,Fdefine⊙DFE

DC•CE=FC•CGandD,E,F∈⊙ ∴G∈⊙DFE(3.35)



Shouldthisproofof#108domoretoshowthatapointonFC(pr)

furtherorclosertoCthanGwouldnotbeonthecircle?Doesthis

needprovinghere?

109.Proof

KmdptBC

GE²=GB•BC(3.36)∴GE²=GK²-BK²(2.5,6)

∴GK²=GE²+BK²∴4GK²=4GE²+4BK²

∴4GK²=AE²+BC²(#106)

AE=DF(#27)

GK²=GE²+BK²∴ HK²=HF²+CK²

∴GK²=HK²∴ GK=HK∴4GK²=GH²=AE²+BC²

Note:GB=GK-BK,BC=GK+BK∴GB•BC=GK²-BK²

110.Proof

⊙diamBC×DE(pr)@N,O

NE•NO=DN²-DE²(note#109)

DN²=BD•DC(3.35)

NE•NO=AE•EC(3.35)

∴AE•EC=BD•DC-DE²∴DE²=BD•DC-AE•EC

FN•FO=DF²-DN²(note#109)∴DF²=FN•FO+DN²

DN²=DC•DB(3.35)

FN•FO=FA•FB(3.36.C1)

∴DF²=BD•DC+FA•FB

111.Proof

∀2⊙s×@A,B

FixedT:tanTPtoone⊙ =tanTQtoother⊙ ∴ ABToneline

ElsejoinTA TA(pr)×one⊙,other⊙ @L,M

TP²=TA•TLTQ²=TA•TM(3.36)

ButTP=TQ(hyp)∴TA•TL=TA•TM↴ ∴ABToneline

Note:Thisproblemisalessoninsteppingbackandbeingabit

moreabstractinyouranalysis.



112.Method

JoinAC⊙diamACchordCD=MN∈⊙diamAC⊙A,ADrequired

Proof

⊙A×BC@E,F

∠ADC=∟ (3.31)∴CDtanto⊙DEF(3.16.C1)

∴CE•CF=CD²=MN²

113.Method

ChordBP=MN AP(pr)×tanCB@T TPBrequired

Proof

TP•TA=TB²(3.36)∴TP•PA+TP²=TB²(2.3)

∴TP•PA=TB²-TP²=PA²=BP²=MN²(3.31,1.47)

114.Proof

JoinAB.AddtangentsatA,B

Eachtanmakes∠w/AB<∟

∴∠A+∠B<2∟ ∴tanA×tanB(a.12)

115.Proof

LA=LC∴∠LAC=∠LCA∴∠LAC,LCA<∟ (1.17)

∠LAC=∠ABC(3.32)∴∠ABC<∟ Sym.other2∠

Note:Whenyouhavetoprovesymmetricalthings,provethe

easiestandsym.theothers.Justmakesuretheyarereally

symmetrical.

116.Proof

∠ABC+∠ACB<2∟

∴∑(anglesofbisectors)<∠ABC+∠ACB<2∟

∴bisectorsintersect(a.12)

Note:Todhunter,whochosetheseproblems,hasareasonfor

pointingouttheintersectionoftangentsandbisectors.



117.Proof

DA²=DG²+GA²(1.47)=DE²+EA²∴DG²+GA²=DE²+EA²

DG²=DE²∴ GA²=EA²∴∠DAG=∠DAE∴ DA×/2∠EAG

Note:Ifyoucan'tseethejustificationofanystatementinthisproof,

figureoutwhatproposition,definition,oraxiomisbeingused.

118.Proof

GH=GF(#18)∴AG+GH=GF+AG

Sym.BN+NM=BFandBL+LM=BD

Andsoonfortheentireperimeter.

Inthelastfiveproofs,youcanseehowtheargumenthasbeen

shortenedinvariousways.Thereisnovirtueinatediousproof.

Yourreadercannotbesostupidastoneedeverydetailspelledout.

Learnwhenenoughofaproofissufficient.Butitmustbesufficient.

MyapproachistomakeitjustalittlemoredetailedthanIwould

need,ifIwerereadingit.

119.Method

OA×⊙O@D EDF⊥OD×AB,AC@E,F

EG×/2∠AED×AD@G ⊙G,GDrequired

Proof

Using∆AOB,AOCwecanshowAG×/2∠BAC

∴⊙G,GD≡in⊙ of∆AEF(4.4)andtouches⊙O@D

Note:TrimA[B,C]equalw/compassand∆AOB≡∆AOC(1.4)

IfAO(pr)×⊙O@K,thereisasecondsolution,samemethod.

120.Proof

OGA×/2∠DAE(#117)∴∠AOD=∠AOE(1.32)

∠ADG=∠GED(3.32)∴∠ADG=½∠DOG(3.20)=½∠GOE

∠GDE=½∠GOE(3.20)∴DG×/2∠ADESym.EG×/2∠AED

∴⊙Gin⊙ of∆ADE(4.4)



121.Proof

BO,CO×/2∠ABC,BCD OE⊥BC×BC@E

∴⊙O,OE×AB,BC,CD(4.4)∴⊙O,OEin⊙

Else1)⊙O,OE×AD@2pts

BA(pr)×CD(pr)@SLM‖AD×SA,SD@L,M:LMtanto⊙O

∴LM+BC=LB+MC(#19)

AD+BC=AB+CD(hyp)∴LM+BC=LA+AD+MD+BC↴ (1.20)

2)⊙O,OEfallsshortofAD

Sym.with1)

3)4-gonABCD≡‖gm∴ BA!×CD

Sym.with1)

∴ADtanto⊙O,OE∴∃in⊙

Note:Thisproofismoreofalessoninadequateproofsthana

solvableproblemformostpeopleatthispoint.Ifyouare

ambitious,provetoyourselfthatparts2and3aresymmetrical

withthefirstpart.

122.Proof

∠ACB+∠BCL+∠LCM+∠MCA=4∟ (1.15.C1)

∠BCD,ECA=½∠BCL,MCA(con)

∠ACB=½(∠ACB+∠LCM)(1.15)

∴∠BCD+∠ACB+∠ECA=2∟

∴D,C,Ecolinear(1.14)

Note:Ifline4isnotobvioustoyou,workitout.

123.Proof

∠OBD=∟ ∠DBC=½∠ABC

∴∠OBC+∠DBC=∟ ∴BO×/2ext∠B

∠BDO=∠DBA+∠DAB=½(∠ABC+∠BAC)(4.4)

∠OBD=∟ (con)∴∠BOD=½∠ACB(1.32)

∴∠BOD=∠BCD∴BDCOcyclic4-gon∴∠DCO=∟ (3.22)

∴CO×/2ext∠C∴⊙O≡ex⊙ onBC(#122)



124.Proof

AE=AD AH=AG(#18)∴HE=GD

HE=HC+CE=CK+CF

GD=DB+BG=BF+BK

∴CK+CF=BF+BK∴KF+2CK=FK+2BF∴BF=CK

∴FK=BK-BF=BK-CK=BG-CH=BA-CA

125.Proof

BG=BD CH=CD AG=AH(#18)∴AB+BD=AC+CD

∴AB+BD=½perimeter∆ABC

Sym.BA+AE=½perimeter∆ABC

∴AB+BD=BA+AE∴AE=BD

Sym.BF=CEandCD=AF

Note:Onaproblemlike125,assoonasyouhavelabelledthe

diagram,youcanseethatthesolutionissymmetric.Soyouprove

oneandsym.two.

126.Proof

OAx/2∠A(#117)Sym.DA×/2∠A∴O∈DA

Sym.O∈EB,FC

127,Proof

SPTtantoboth⊙

BCon⊙centers×HL,KM@B,C∴∠HBP=∠KCP=∟ (#27)

LT=MT=PT∴ TmdptLM

∴BL+CM=2PT(v1#89)=LM Sym.BH+CK=HK

∴HL+KM=HK+LM∴ in⊙ possible(#121)

Note:Lessoninusefulnessof#121.

128.Proof

ProduceAB,ACtoD,F:ex⊙ onBC×AB,BC,AC@D,E,F

∴AD=AF=½perimeter∆ABC(#125)

∴D,Fconstant∴ex⊙ onBCfixed

Note:D,FfixedonAB,AC,∠Afixed∴D,F∈fixedlineDF∴ex⊙ fixed



Alemmaisaminorproofusedwithinanotherproof.WhenIwas

tryingtosolvethisproblem,thelemmaseemedunfair.Howare

yousupposedtoknowyouneedsuchalemma?Obviously,the

pointoftheproblemistolearnthelemma.

129.Lemma:Indiagram4.3,weshow∠MKN=½∠MLN+∟

JoinK[M,N]∴ ∠KMA=∠KMB=½∠LMN

∴∠MKB+½∠LMN+∟ =2∟ (1.32)

Sym.∠NKB+½∠LNM+∟ =2∟

∴∠MKN+½∠LNM+½∠LMN=2∟

=∟ +½(∠L+∠M+∠N)(1.32)

∴∠MKN=∟ +½∠MLN

Method/Proof

DE‖PQ:D(DE,PQ)=R

OnPQ,seg⊙ =∟ +½∠V(lemma)

∴seg⊙PQ×DE@centerin⊙

Addin⊙ AddtangentsPN,QN ∆NPQrequired.

130.Method/Proof

JoinAB AB(pr)×EF@C

D∈EF:CD²=CA•CB

⊙ABDrequired(3.37)

131.Proof

FB=FC∴∠FBC=∠FCB

∟FGB=∟FGC∴BG=CG(1.26)

132.Proof

∠(tan@Aonen⊙∆ADE×AD)=∠AED(3.32)

∠(tan@Aonen⊙∆ABC×AB)=∠ACB(3.32)

∠AED=∠ACB(1.29)

∴tan@Aonen⊙∆ADE≡tan@Aonen⊙∆ABC



133.Proof

Ocenteren⊙ ∴OA=OB=OC

Ocenterin⊙ ∴ OA,OB,OC×/2∠A,B,C(4.4)

OA=OB∴∠OAB=∠OBA=½∠BAC=½∠ABC

∴AC=BC(1.6)Sym.AB=AC∴∆ABC≡eqS∆

134.Proof

∠PEC=∠EDC(3.32)

∠EDC=∠ABC(3.22,1.13)

∴∠PEC=∠ABC∴EP‖AB(1.27)

Note:∠EDC=sup∠ADC,∠ADC+∠ABC=2∟

135.Proof

PQAoneline(hyp)QM,QN⊥AB,AC

∆AQM,AQN:∠QAM=∠QAN(4.4)∟AMQ=∟ANQ AQ=AQ

∴AM=AN(1.26)

AM=½ABAN=½AC(3.3)∴AB=AC∴∆ABC≡isos∆

Note:Lastlineusesen⊙

136.Method/Proof

JoinAB D∈AB(pr):AB•AD=M²(1.45.C1)

∴D∈⊙ (3.36)∴⊙BCDrequired

137.Method/Proof

Required⊙ mustbeeqDfromsides∴ centerin⊙ required.

138.Proof

∠A=∠K∴∠BFC=∠LGM(3.20)

∴∠FBC+∠FCB=∠GLM+∠GML(1.32)

∠FBC=∠FCB∠GLM=∠GML(1.5)

∴∠FBC=∠GLM ∠FCB=∠GML

BC=LM(hyp)∴FB=GF(1.26)

139.Proof

∠APB=½∠ACB(3.20)=½∟ ∴BAtanto⊙ (3.32)

Note:Makesureyouunderstandthisshortproof.



140.Proof

⊙AEB GEHtanto⊙AEB∴∠AEG=∠ABE(3.32)

∠AEG=∠DEH(1.15)∠ABE=∠ECD(1.29)

∴∠DEH=∠ECD∴GEHtanto⊙ECD(3.32)

141.Method

JoinAB AB(pr)×PQ@C EmdptAB

EF⊥AB:AF>½R ⊙F,FA

secantCKLon⊙F:KL=R(#32)

CM∈PQ:CM=CK ⊙ABMrequired

Proof

⊙ABM×PQ@M,N

∴CM•CN=CA•CB(3.36)=CK•CL

CM=CK∴CN=CL

∴MN=KL=R

142.Method

CD×/2∠C×AB@D DE⊥AC×AC@E

M∈AC:EM=½P ⊙D,DMrequired

Proof

⊙D×AC@M,N∴EmdptMN(3.3)∴MN=P

DF⊥CB(pr)∴ ∆CDE≡∆CDF∴DF=DE∴chord∈CA=P(3.14)

143.Proof

JoinBO ∠BAF=∠CAF(4.4)∴arcBF=arcCF∴BF=CF(3.26,29)

∠OBF=∠OBC+∠FBC=∠OBA+∠FAC

=∠OBA+∠OAB=∠BOF(1.32)∴BF=OF(1.6)

144.Proof

en⊙ on∆ABC∴CD×/2∠C×/2arcAB(3.26)

ED(pr)×/2arcAB(3.30)∴D∈arcAB∴ACBDcyclic4-gon

∴∠ACB+∠ADB=2∟



145.Proof

Fcenteren⊙ on∆ABC∴AF=BF=CF

∆BFC:baseBCfixed(hyp)

∠BFC=2∠BAC(3.20)∴fixedangle

∠FBC=∠FCB∴fixedangles(1.32)

∴∆FBCconstant∴FBconstant

Note:Endofthe19thcentury,theytriedtobringmovementand

theCalculusintoEuclid.NothingmovesinEuclid.Soinpure

geometry,ignoremovement,proveastaticinstance.

146.Proof

∠ABD=∠ACD(1.5)∠ACB=∠AEB(3.21)

∴∠ABD=∠BED∴ABtanto⊙BDE(3.32)

Note:Thisshowsthattheformof3.32forcesABtobetangent.

147.Proof

∠DRP+∠DCP=2∟ ∠DRQ+∠DAQ=2∟ (3.22)

∴∠DRP+∠DCP+∠DRQ+∠DAQ=4∟

∠DCP+∠DAQ=2∟ (1.13,3.22)

∴∠DRP+∠DRQ=2∟ ∴PRQcolinear(1.14)

148.Method/Proof

AB(pr)×CD@C EC:EC²=AC•BC ⊙ABErequired(3.37)

Note:EcanbeeithersideofC,so2solutions.IfAB‖CD,

FmdptAB FE⊥CDxCD@E ⊙ABErequired.And,yes,thisis

#130;I'mrepeatingitforareason.

149.Method/Proof

Centersofboth⊙ onlineAB≡×/2angleofgivenlines.

Ingiven⊙,chordPQ⊥ABsubtending∠M

⊙ onP,Q,pointoftangencytoeithergivenlinerequired.(#148)

Note:(topofnextpage)



Thedifficultyin#149isthedepthofreasoningrequired.Itmust

encompasstheequidistanceofthelines,thenecessitygoverning

thecenters,theneedforPQtobe⊥ toAB.Thefirstlevelof

solvingproblemsistohammerdownoneachproblemandstudy

thesolutions.Thenextlevelcomeswhentheproblemsputenough

geometryinyourheadthatyouhaveasenseofwhatisnecessary.

150.Proof

TEtanto⊙AC@E ∠TED=∠DBE(3.32)

∠TEC=∠DAE(3.32)∴∠DEC=∠AEB(1.32)

Note:1.32:∠A+sup∠B+(∠B-∠A)=2∟ anddiagramsym.

151.Proof

tanonen⊙ @C×AB@O

∴∠OCE=∠CDE(3.32)=∠CBA(3.21)

∴OC=OB(1.6)∴Ocentersemi⊙

∴tan@Conen⊙ ⊥ tan@Consemi⊙

Sym.fortangents@D

152.Proof

∠CED=∠ECD(1.5)

∠ECD=∠ECB+∠BCD=∠ECB+∠BAC(3.32)

∠CED=∠ECA+∠BAC(1.32)∴EC×/2∠ACB

153.Proof

P,SonlineonmdptOAandis⊥OA(4.5)

∴PS⊥ACSym.QR⊥AC∴PS‖QR(1.28)Sym.PQ‖SR

Note:Thisislikethoseproblemswithseriesofcircles.Youhavea

lotofobjectsinthediagram.Focusonthegoal.‖gmhastwopairs

of‖sides.Soaroughsketchwilldotodeterminewhichpoints

relatetowhat.Proveonepair;sym.onepair.

154.Proof

rect∟ ABCD AC×BD@O∴OmdptAC,BD(1.34)

OB=OC(v1#58)∴OA=OB=OC=OD∴⊙O,OA≡en⊙



155.Proof

rect∟ABCDw/in⊙ AB+CD=BC+DA(#19)∴2AB=2BC

∴AB=BC∴rect∟≡square

156.Proof

∠B=∟ ∴AC≡diam⊙ ∴∠APC=∟ (3.31)Sym.for∠BPD

∴AP²+PC²=AC²(1.47)Sym.BP²+PD²=BD²

∴AP²+PC²+BP²+PD²=AC²+BD²=2diam²

157.Proof

MB=MC(#18)∴∠MOB=∠MOC(1.8)

∴MO×/2∠BOCSym.KO×/2∠AOD∴∠MOB=∠KOD

∆MOB,KOD:∠MOB=∠KOD OB=OD ∟MBO=∟KDO∴BM=DK

LB=LD(#18)∴LM=LK

Sym.LK=LM=MN=NK∴KLMN≡rhombus

158.Proof

∠ACD=∠BDC+∠CBD(1.32)∠BDC=∠BAD(4.10)

∠CBD=2∠BAD(4.10)∴∠ACD=3∠BAD

159.Proof

∆BCD,BAD:base∠ =2vertex∠ (4.10)

∆ACD:base∠ =1/3vertex∠ (#158)

160.Method/Proof

∠MKL,MLK=∠CADin4.10∴∠MKL,MLK=∠CAD,ADCin4.10

∴∠KML=∠ACD(1.32)∴∠KML=3∠MKL,MLK(#158)

161.Proof

⊙A,AC×⊙ACD@D,F∴AF=AD∴∠AFD=∠ADB(3.32)

∠ADF=∠AFD(1.5)∴∠FAD=∠BAD(1.32)∴∠ADF=2∠DAF

DG×/2∠ADF×⊙A,AC@D,G

∴∠ADG=∠GDF=∠FAD=∠DAC=∠ADC

∴CDsideregular5-gonin⊙ACD



162.Proof

E≡Fin#161∴∠EAD=∠DAC(#161)∴DE=DC(3.26)

Note:Thisisanexampleofleveragingallyoucanfromwhatyou

havealreadydone.

163.Proof

∠BAG=2∠BAD(#162)∠ABD=2∠BAD(4.10)

∴∠BAG,ABG=2∠AGB

164.Proof

∠GCH=∠BCD(1.15)=∠ADB(4.10)

∠GHD=∠GBD(3.21)∴∠HGC=∠BAD(1.32)

∴∠GHC,HCG=2∠HGC

165.Proof

⊙A,AC×⊙ACD@D,E∴∆BAD≡∆EAD(#162)

∴en⊙∆ACD≡en⊙∆ABD

166.Proof

∠DAE=∠DAC(#162)∴∠DAE=∠ADC∴AE‖DC(1.27)

∠CDB=∠CAD(4.10)=∠ECD(#162)∴BD‖EC(1.27)∴CDGE≡‖gm

167.Proof

⊙A,AC×⊙ACD@D,E∴∠DFE+∠DAE=2∟ (3.22)

∠BAD=∠DAE(#162)

∴∠DFE=2∟ -∠BAD=∠CBD+∠BDA=2∠CBD

∴∆ACD,FDE≡isos∆∴CD=DE∠COD=∠DFE∴ DF=CO(1.26)

168.Proof

eqSn-gonABCD...w/en⊙ Weshow∠ABC=∠BCD.

∠ABCsubtends⊙ -(arcAB+arcBC)

∠BCDsubtends⊙ -(arcBC+arcCD)

AB=CD(hyp)∴arcAB=arcCD(3.28)∴∠ABC=∠BCD(3.27)

Sym.remainingangles.



169.Proof

Adden⊙ ∴∠BFC=½(arcAE+arcBC)∠FEC=½(arcCD+arcDE)

∴∠FBC=∠BFC∴BC=FC=AB

∠ABF=∠BAF∴AF=BF∴AC=AF+FC=BF+AB

170.Proof

CB=CD∴∠CBD=∠CDB(3.26)∴∠CAB=∠BCA

∠ABC=BCD∴∠CBD=∠CDB=∠BAC=∠BCA(1.32)

∴outer∆s≡isos∆withequalapexangles(1.6)

∴∠sofinner5-gonequal(1.15)

AK=CLBL=DM∴KL=LM=MN=NO=OK

∴sidesinner5-gonequal∴inner5-gonregular

171.Proof

Adden⊙ JoinA[C,D]CF‖AB×AD@F

∴AD‖BC(#65)∴ABCF≡‖gm∴∆ABC≡∆AFC(1.34)

∴∆AED≡∆ABC∴ 5-gon>3∆ABC

AC=AD AB+BC>AC(1.20)∴AB+BC>AD

BC=AF(1.34)∴AB>FD∴AF>FD∴∆CFD<∆CAF∴5-gon<4∆ABC

Note:5-gon+(∆CAF-∆CFD)=4∆ABC

172.Method/Proof

OD⊥BC×BC,⊙O@D,E∴BE=ECSym.remainingsides

∴6-gon≡eqS∴6-goninen⊙≡eq∠ (#169)∴regular6-gon

173.Proof

1)∆BOD,COD:OD×/2∠BOC∴∠BOD=∠BAC(3.20)∴∠BOE=2/3∟

∠OEB=∠OBE=2/3∟ ∴BE=BO

2)∆OBC≡∆EBC∴6-gon=2∆ABC

174.Method/Proof

Inscribereg.15-gon Joinvertices1,33,88,1 ∆1,3,8required

Note:Theselatersolutionsareminimized.Yoursolutionsshouldbe

sufficientlydetailedtodefendthemselves.



Notation

Labellingisdonetoptobottom,lefttoright;orclockwisefromtop-

leftapexofnon-triangularfigure.Labellinginpropositionsfollows

thatoftheoriginal1867diagrams.

Operators

intersect,cut ×

bisect,bisector ×/2

trisect ×/3

at @

parallel ‖

between ⋅|⋅

AbetweenBandC A⋅|⋅(B,C)

perpendicular ⊥

ABperpendiculartoCD AB⊥CD

equivalent,equalineveryway≡

equalinmagnitude =

on ∈

noton ∉

equilateral(equalsides) eqS

equiangular eq∠

equidistant eqD

distancefromAtoB D(A,B)

absolutedifference ~

|a-b| ~(a,b)ora~b

summation ∑

A+D+C+D ∑[A-D]



Points

onorendpointsoflines A,B,C,...

consideredinthemselves P,R,S,..

ascenterofafigure O

Lines

byendpoints AB

creationfrompoints JoinAB

JoinAB,AC,AD JoinA[B-D]

mid-point mdpt

PmdptAB,QmdptCD P,QmdptAB,CD

Angles

angle ∠

interiorangle int∠

exteriorangle ext∠

alternateangle alt∠

oppositeangle opp∠

rightangle ∟

Triangles

triangle ∆

righttriangle ⊿

∀triangle ∆ABC

equilateraltriangle eqS∆

equiangulartriangle eq∠∆

isoscelestriangle isos∆

CFbisectorofangleC CF×/2∠C

ADmedianonangleA ADmed∠A

BEaltitudeonangleB BEalt∠B



Circles

circle ⊙

createbycenterandradius ⊙A,AB

asexistingcircle ⊙A

asdefinedbythreepoints ⊙ABC

touchingcenter oncenter

oncircumference ∈⊙,on⊙

incircle'swhitespace in⊙

linePQtangent@pointA tangentPAQ

circumcircle en⊙

inscribedcircle in⊙

escribedcircle ex⊙

Polygons

polygon n-gon

bynumberofsides(4+) 4-gon

parallelogram ‖gm

rectangle rect∟

rectangle,sidesAB,CD AB•CD

squareonlineAB AB²

Logic

therefore ∴

symmetrically Sym.

byhypothesis (hyp)

byconstruction (con)

contradiction ↴

any,every,each,all ∀

exists,existsuniquely ∃,∃!

not,notequivalent !!≡

ifandonlyif iff



Euclid'sAxioms,Postulates,andDefinitions

Allofthefollowingarefrom Loney'slasteditionofTodhunter's

Euclid.Theirnumberingdiffersslightlyfrom anotherversionof

Todhunter's.Andlookingaround,thereisnoconclusivenumbering.

Allareclose.Beyondthat,youwillfindthatthereisabitofback

andforthbetweenaxiomsandpostulatesfromtexttotextaswell.

Corollariesdatefrom the17thCandcandifferfrom texttotext.

ThenumberingofthepropositionsisEuclid'sandarethesamein

allEuclidtexts.

Euclid'sAxioms

BookI

a.1Thingsequaltothesamethingarealsoequaltooneanother.

a.2Thingsaddedtoequalsmakeequals.

a.3Thingstakenfromequalsleaveequals.

a.6Thingstwicethesamethingareequaltoeachother.

a.7Thingshalfofthesamethingareequaltoeachother.

a.8Thewholeisgreaterthanitspart.

a.9Magnitudeswhichcanbemadetocoincideareequal.

a.10Twolinescannotencloseaspace.Theymusthave0,1,orall

pointsincommon.

a.11Allrightanglesareequal.

a.12Ifalinecuttwootherlinessuchthat,ononesideofthefirst,

theothertwomakeanglessummingtolessthantworightangles,

thelines,extendedonthatside,mustintersect.

Euclid'sPostulates

p.1.Alinemaybedrawnbetweenanytwopoints.

p.2.Alinemaybeindefinitelyextended.

p.3.Anypointandanylinefromitmaybeusedtoconstructa

circle.



Euclid'sDefinitions

BookI

d.1.1Apointispositionwithoutmagnitude.

d.1.2Alineislengthwithoutbreadth.

d.1.3Theextremitiesandintersectionsoflinesarepoints.

d.1.5Asurfaceislengthandbreadth.

d.1.6Theboundariesofsurfacesarelines.

d.1.7Aplaneisasurfacesuchthat,foranytwopoints,theirline

liesentirelyonthesurface.

d.1.8Aplaneangleistheinclinationoftwolinestooneanother

whichmeetontheplane.

d.1.9Aplanerectilinearangleistheplaneangleoftwostraight

lineswhichmeetattheirvertex.

d.1.10Whenalinemeetsanothersothatthetwoanglescreatedby

theformerononesideofthelatterareequal,theseareright

anglesandthelinesareperpendicular.

d.1.11Anobtuseangleisgreaterthanarightangle.

d.1.12Anacuteangleislessthanarightangle.

d.1.13Aplanefigureisanyshapeenclosedbylines,whichareits

perimeter.

d.1.15Acircleisaplanefigureboundedbyitscircumferencewhich

isequidistantfromitscenter.

d.1.20Atriangleisboundedbythreestraightlines.Anyofits

angularpointscanbeitsapexwhichisoppositeitsbase.

d.1.22Apolygonorn-gonisaplanefigurewithnlinesforsides.A

figurewith4sidesisa4-gonor"quadrilateral."

d.1.23Anequilateraltrianglehasthreeequalsides.

d.1.24Anisoscelestrianglehastwoequalsides.

d.1.29Parallellinesarecoplanarlineswhichcannotbeproducedto

intersect.

d.1.30Aparallelogramisa4-gonofopposingparallelsides.

d.1.31AsquareisaneqS4-gonwithonerightangle.

d.1.33ArhombusisaneqS4gonwithnorightangles.



BookII

d.2.1∀rectangleABCDiscontainedbyanytwoadjacentsides.In

ournotation,thisis"rectangleABCD≡AB•AD".

d.2.2Ina‖gm,therearetwointernal‖gmsonadiagonalandtwo

complements.Thecomplementscombinedwitheitherinternal‖gm

isagnomon.

d.2.3∀ABproducedinbothdirections:ifwechooseapoint(cut)

betweenAandB,wedivideABinternally.Ifwechooseapointto

eitherside,outsideofAB,wedivideABexternally.

BookIII

d.3.1Equalcircles(⊙)haveequalradii,thereforeequaldiameters.

d.3.2Alinetouchesa⊙ ifitmeetsthe⊙ and,produced,doesnot

cutit.Thisisatangent(tan)withitspointofcontact.

d.3.3⊙stouchwhentheymeetbutdonotcuteachother.If⊙Ais

in⊙Btheytouchinternally,elseexternally.

d.3.4Alinecuttinga⊙ attwopointsisasecant.

d.3.5Achordisalinejoiningtwopoints∈⊙.Asecantproducesa

chord.

d.3.6Chordsareequidistant(eqD)from⊙ centerwhentheir

perpendiculars(⊥)fromtheirmidpointsto⊙ centerareequal.Of

twochords,theonewiththegreatest⊥ isfartherfromcenter.

d.3.7Asegmentofa⊙ isachordandwhatitcutsoff,awayfrom

⊙ center.Segmentsofcirclesaresimilariftheiranglesareequal.

d.3.8Asegment'sangleiscontainedbyanypoint∈⊙ joinedtothe

endpointsofitschord.Thisgivesasegmenttwoangles.

d.3.9Anypartofa⊙'scircumferenceisanarc.

d.3.10Asectorofa⊙ isboundedbytworadiiandthearcbetween

them.

d.3.11⊙swithsamecenterareconcentric.



BookIV

1.Ann-gonisinscribedinanothern-gonwheneveryvertexofthe

firstn-gonisonthesideofthesecond.

2.Ann-gonisdescribedonanothern-gonwheneveryvertexofthe

secondn-gonisonasideofthefirst.

3.Ann-gonisinscribedina⊙ whenallofitsverticeslieonthe⊙.

4.Ann-gonisdescribedona⊙ whenallofitssidesaretangentto

the⊙.

5.A⊙ isinscribedinann-gonwhenallsidesofthen-gonare

tangenttothe⊙.

6.A⊙ isdescribedonann-gonwhenallverticesofthen-gonlie

onthe⊙.

7.Alineisplacedina⊙ whenitismadeachordofthe⊙.


